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ABSTRACT. This paper obtains an asymptotic formula for the number of solutions to the equation
12412 +12 412 = N in integers 11, ls,1s,l4 such that ¢ < {nl;} < b, where 5 is a quadratic irrational
number, 0 <a<b<1,57=1,2,3,4.

1. Introduction

In 1770, Lagrange proved that each natural number N can be represented as the sum of four squares
of integers:

B3 +12+103=N. (1.1)
Denote by I(N) the number of representations (1.1).The following asymptotic formula is known for
I(N) (see [4]):
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is the Gaussian sum, and ¢ is an arbitrary positive number. Let us consider a subset of the set of
integers having the form

A=A{l|a<{nl} <b},

where 7 is a quadratic irrational number, and a and b are arbitrary numbers from the closed interval
[0, 1]. Denote by J(IV) the number of solutions of Eq. (1.1) in integers from the special set .A.

Theorem 1.1. The following formula holds for any positive small :

J(N) = (b—a)*I(N) + O(N®913%).



2.

Auxiliary Assertions
Lemma 2.1 (see [5]). For any tuple a,b,c,d € Z such that ad —be = 1, ab and cd are even and for
any &, €8 = 1, the following relation holds

z  ar+b\ 12 micz?
0<cr+d’cr+d>£(cr+d) P\ 14 0(z:7),
where
0(z,r) =

n=—oo

Z exp(min®r + 2mwinz)
is an analytic function and z,r € C,Imr > 0

Lemma 2.2 (see [1, 3|)

The following assertions hold for the Gauss sum

q7 a/ b Z 627m a7 er] 7 Sq,a - S(qy ay O) :
1<5<q
(1) if (g,a) = d, then

S(q,a,b) = {(C)ls(q/d, a/d,b/d)

if dlb,
if dfb;
if (a,2) =1, then
Sorq = { 27/2(1 +1i7) if 7y is even,
o(v+1)/2p2miv/8
(3) if (¢,2a) =1, then

if v>11isodd

S(.ab) (L), T
if (¢,2) =1, then

4ag =1
g . Va if g=1

a1 — 3. . _
i/q if ¢g=-1

(mod gq);

(mod 4),
Lemma 2.3 (see [2, 7))

(mod 4).

(g,0,b) < 7(q)g"/*(a,b,9)'/2,
where K(q,a,b) = '

e2mai )4 s the Kloosterman sum, jj =1 (mod q)
SJS
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(4,9)

3. Proof of Theorem 1.1
1. Let us extend the function

1 if a<z<b,
1/10(90){0 .

if 0<a<a or b<z<l1
to the whole real line in a periodic way with period 1. Let

)= D TNy )
[=—0

k=0,1,2;



then 1
J(N)=e / Sa(B)e 2mBN g,
0

By the 1. M. Vinogradov “small glass” lemma (see [6, p. 22]), we choose r = [log N|, A = N, For
a=a+A/2and f=b—A/2 the function ¥ from this lemma is denoted by ;. Setting o = a —A/2
and 3 = b+ A/2, denote by 12 the corresponding function 1. Then the following inequality hold:

JiI(N) < J(N) < J2(N),

where .
Jo(N) — e / SHBYeTIN GG, k1, 2. (3.1)
0

For J1(N) and J3(IV), let us deduce asymptotic formulas whose principal terms are identical. Let us
substitute the Fourier series expansion

Ye(nl) = Y er(m)e™ 4 O(NTIET)
Im|<ra-t
of the function ¢ (nl) in (3.1):

Te(N)=e > alm) D> alma) Y clma) D cp(ma)

|mq|<rA-1 |mo|<rA—1 |mg|<rA—1 [y |<rA—L

1
x / S(8,m1)S(B, ma)S(B, ma)S(8, ma)e=>"5Ndg 4 O(N>-1o Ty,
0

where -
S(ﬁ,m) _ Z 627Ti5l2—l2/N+27Tim7]l.
[=—00
Note that for m1 = ma = mas = my4 = 0. the principal term Ji(N) has the form
ci(0)JI(N).

2. In the sum S(3, m), for 0 < |m| < r/A, let us set

d 1
Bt (o)=L 1<g<7 T[N, Inl<_.
l=j+qn.

Then

d 2 ,
[ d . , i\ .
S(B,m) = E exp <2M<L +m77]> +m<2y1+—>32>
=1 q TN
X 3 exp | mi{ 2 +L *n? + 2rmi( mn + 5 2 +_i n
> exp vt — g nti(2m =) )an ).

n—=—oo
Let us make the change ’
i )
=2y + —, y=mntjl
then we obtain

5(57 m) _ Z 627Tidj2/q627rimnje7ritj2e(yqytq2).

Jj=1



From the functional equation for the theta-function (Lemma 2.1), let us express 0(yq, t¢?):

- -7 1
0(yq,tq®) = £ (tg?) "% y/t9<tq @>

Then

5(187 £q\/_ Z < n—mUQ) )S(q7d7n)7

n=—oo

where
S(q,d,n) Zexp <2m ;ny)

is the Gaussian sum.
3. Let d"/q", d/q, and d'/q’ be neighboring Farey fractions such that
dll d dl / 1
— <=-<—=, 7<q+tqg, gtq¢ <7+gq.
q q q
For (m1, ma, ms, m4) # (0,0,0,0), let us consider

I(N,m1, ma, m3, my)

1
/ S(8,m1)S(8,ma)S(B, ms)S(B, ma)e "N g
0

/

- /ala+d")) o

1 1 —271'in1 — —
gy / DYDY
g=1

0
i
P ( tg? (1 = mima)? + (na = mang)® + (ns — mama)® + (na - m4nq)2)>

X Z S(q,d,n1)S(g, d,n2)S(q, d,n3)S(q, d, ng)e= 2 N/agy.
1<d<q
<d7q):1

4. Knowing the exact values of the Gaussian sums and the A. Weil estimate for the Kloosterman
sum, let us estimate

W = Z S(q, Cl; m)S(q, Cl, HQ)S(CL Cl7 WS)S((], d7 n4)e—2m'dN/q
1<d<q
<d7q>:1

< ¢ (9)(N, )2

For this purpose, let us represent ¢ in the form 27q;, where (2, 1) = 1. If 21, 22 vary in the complete
systems of residues modulo 27 and ¢, respectively, then the form ¢y a1 + 2722 varies in the complete
system of residues modulo q. Then we have

S(qy d7 nz) - 5(2’\/7 dqu nz)S(qu dz’yy nz)

Furthermore, let d = qia1 + 27a2, where a1 and as vary in the reduced systems of residues modulo
27 and g1, respectively. Then

S(g,d,n;) = S(27, a1,m:G1)S(q1, az, ni27),



where ¢1q1 =1 (mod 27), 22 =1 (mod g1). We obtain W = W; x Wy, where
Wy = Z S(27, a1,n1q1)S(27, a1,12q1)S(27, a1, n3q1)

1<a1<27
(a1,27)=1
_ La1
x S(27,a1,n4q1) exp ( — 2ﬂz27N>,
Wy = Z S(q1, a2, n127)S(q1, a2, 1227)S(q1, az, ns27)
1<a<ar
(a2,q1)=1
5 a2
X S(qu a2, n42"/) exp ( — 27qu—N> .
1

For odd n;q1, let us partition the sum S(27, a1, n;¢1) into two sums with summands of the form
j=2xand j =2x+ 1. Then

271 . _
- 218 (2a1 22 + nsqr
S(27, a1, mq) = Y exp( ( 51 012)
r=1

) _ 27—1_1 ) _
2mi(ar + niqa 2mi(2a122 + (2a1 + nsG1)x
+ exp (%) Z exp( ( 25_1 iq1)) .

r=0
In this case, by Lemma 2.2 (1), S(27,a1,n:G1) = 0.
For even n;q,

S(27, a1, 1)

a iq1/2 2 i a 71 /2 2
— exp ( _ QM’M) S exp <2m,a1(x + a1miq1/2) >

27 27

r=1

_ 2
a1n$<q2—1> 0 ity =1,

S(27,a1,n:q1) = exp —2m’—ﬂ{ x { 27/2(1 4 i7) if v is even,
2(v+1)/2p2miv/8 if ~>1is odd.

By Lemma 2.2 (2), we have

Then

N2
—a1N — a1 (n? +n3 + nj + ni) (%)

2v+4 ;
Wy <2 Z exp | 2mi 77 .
1<a; <27
@\ /)
Finally, by Lemma 2.3, we have
W1 < 7(27)2°2(N,n} +n3 + nd +nj, 27) "2
Applying Lemma 2.2 (3) and 2.2 (4) to the sums S(q1,az,n;27), we obtain

—ao N — (N2 4 n2 4 n2 4 n2)92+2v
Wa = qf Z exp<27ri< @ aa(n g + s+ na) ))

|<az<qr h
(a2,q1)=1

Then, by Lemma 2.3,
W < 7(q1))" (N0} + 13+ 03 + 03, q1)'7>
As a result, we obtain the desired estimate for |W|.



5. Let us substitute the estimate for |W| in the integral (N, mq, ma, ms3, my):
1/(a(g+4')) N2
N, 1/2 Y
0 TGN
—1/(a(q+q"))

7N ((n1 — mang)® + (n2 — mang)® + (n3 — mang)® + (na — mang)®)
<o ew (‘ — AL @ — )

I(N m17m27m37m4 <<Z 3/2q

;| <oo
i=1,2,3,4

Denote by S(7) the obtained sum in ¢. Let us divide the interval of integration into intervals:
1/(qla+q")) —1/(alg+7))  1/(a(q+7))  1/(algtd")
RN
-1/(qlg+4¢"))  -1/(alg+¢")) —1/(qlg+7)) 1/(q(g+7))
we have S(7) = S1 + S2 + S3. For an arbitrary positive constant k, we have

- N/(q(g+q')) P
1/2 Y
S3<<ZWQE(N,(])/N / 2
=t —N/(ala+a")
(o)
% Z o~ k(1 =m1ng)® +(n2—mang)? +(ns—msna)>+(na—mang)?)
n1,n2,13,N4=—00
T
1
<N —z W, Q)P < TN > 1/2 < N3/4te,
=11 0N qu<rs 11
In a similar way, we obtain S; < N3/4t2,
For S2, we have
1/(gN%#+%) 1/(qlg+7)) 1/(g(g+7))
S > / D>
1<g<NU:2—¢ 1<q<N02 € /(qN078+E) NO2Z—e<g<T 0

=591+ S22+ S23.

In the sum Sz, let us isolate n; such that n; —m;ng = ||mingl|, i = 1,2,3,4. Since 1 is a quadratic
irrational number, it follows that it can be represented in the form

A 1
77:§+y27 (AyQ):17 |y2| <@'
For
Q= N3
we have
Amgq
lmingl| = 0 + lyamag| > — Q
Then there exists £ > 0 such that
—kNZ2

TN [[mang||?
o ( TehT <27ryN>2>> ©
For other values of n; and for an arbitrary positive k, we have
exp ( _ m2N(n; — mang)?
¢*(1 + (2myN)?)

) < exp(—kN®5T22(n; — myng)?).



As a result, we obtain
1/(gN%8t<)
—kN? L. 1/2 Ar2
S K e Z Wq (N,q)"“N dy

1<g<NO2—¢ 0

< 1
& e—kN2 NLQZ(S_Q Z =7 & NO,97
SN qinos—ess O

) N/(q(quT))d
S0 K Z 3—/2(15(]\77 Q) /2N / —Z
1<g<NO.2—¢ q (N0:2=2) /q y
% Z o~ k((n1=m119)+(na—mang)*+(ns—msng)+(na—manq)?)

n1,n2,n3,N4=—00

1
< NO,8+2EZ Z < NOOt2e

1/2
SIN qr< o251
) N/(q(g+T)) p
Y
S8 K Z ¢ (N, q)'°N / 3
0,2 q Lty
NY=2—e<g<T 0
[e @]
% Z o~ k((n1=m119)+(na—mang)®+(ns—msng)+(na—manq)?)

1,122,103,y =—00
< N1+5N—O,1+E < NO79+2E.

The theorem is proved.
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