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1 | INTRODUCTION

The author develops the theory of boundary value problems based on two principles.' These are a local principle and
factorizability principle at a boundary point like.>* The first principle was known earlier, and it also was known as a
freezing coefficients principle. Usually, the second name corresponds to partial differential equations theory, but the
first name was introduced for multidimensional singular integral equations and, more general, for pseudodifferential
equations. The last case permits to obtain rough properties for pseudodifferential equations and related boundary value
problems, namely, Fredholm properties only in comparison with differential operators and boundary value problems
where one has as a rule results on existence and uniqueness.

There are a lot of approaches to construct such a theory (see, for example, previous studies®'®). I have written many
times'"'* what is the difference between this consideration and others; it is a choice of distinct key principles. In any
case, one needs to declare an invertibility of so-called local representatives of an initial pseudodifferential operator to
describe its Fredholm properties.

Local principle and factorizability was first introduced in Simonenko* (for multidimensional singular integral oper-
ators in Lebesgue L,-spaces) and Eskin® (for pseudodifferential operators in Sobolev-Slobodetskii H*-spaces). For man-
ifolds with a smooth boundary, the problem reduces to a half-space case, for which a factorizability principle holds
immediately because under localization at a boundary point and applying the Fourier transform, we obtain a well-
known one-dimensional classical Riemann boundary value problem for upper and lower complex half planes with a
multidimensional parameter. This approach does not work if a boundary has at least one singular point like a conical
point. One needs here other considerations and approaches.

Such operators and equations appear in a lot of applied problems that simulate different real situations (see, for
example, Cordero et al'* and Rodino et al'*). Therefore, it is very important to find new approaches and methods for
studying these mathematical objects.
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2 | OPERATORS IN CONES

Our main goal is to describe possible solvability conditions for the pseudodifferential equation
(Au)(x) = f(x),xeD,

where D is manifold with a boundary and A is pseudodifferential operator with the symbol A(x,£).
Such operators are defined locally by the formula
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... if D is a smooth compact manifold because one can use freezing coefficients principle, or in other words local principle.
For manifold with a smooth boundary, we need a new local formula for defining the operator A: More precisely, in
inner points of D, we use the formula (1), but in boundary points, we need another formula
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For invertibility of such operator with symbol A(-,£) nondepending on spatial variable x, one can apply the theory of
classical Riemann boundary problem for upper and lower complex half planes with a parameter £. This step was sys-
tematically studied in the book.? But if the boundary D has at least one conical point, this approach is not effective.

The conical point at the boundary is such a point, for which its neighborhood is diffeomorphic to the cone CCR™;
this cone C should be a sharp convex cone nonincluding a whole straight line; hence, the local definition for
pseudodifferential operator near the conical point is the following
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We consider the operator (2) in the Sobolev-Slobodetskii space H*(R™) with norm
Julf = [ 3P + g)*ds
Rm

and introduce the following class of symbols nondepending on spatial variable x: 3c;,c, > 0, such that
a<lAG)(L+[E) " < EER™ ®3)

The number a€R we call the order of pseudodifferential operator A.

It is well known that pseudodifferential operator with symbol A() satisfying (2) is a linear bounded operator acting
from H*(R™) into H*"*(R™). *

We are interested in studying invertibility operator (2) in corresponding Sobolev-Slobodetskii spaces. By definition,
H¥(C) consists of distributions from H*(R™) with support in C. The norm in the space H*(C) is induced by the norm
H*(R™). We associate such operator with corresponding equation

(Au)(x) = f(x), x€C, “4)

where right-hand side f is chosen from the space Hp “(C).
H(C) is the space of distributions S'(C), which admit continuation on H'(R™). The norm in H5(C) is defined by

1£1lg = infl[If]];,

where infimum is chosen for all possible continuations [.
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3 | THE WAVE FACTORIZATION

Below, we will consider the symbols A(§) satisfying the condition (3).

Let us denote by C the conjugate cone

C=xe R™{xy>0,VyeC}.

Definition 1. Wave factorization of symbol A(£) with respect to the cone C is called its representation in
the form

A(§) = Ax(§)A=(9),

where the factors A.(£),A_(§) satisfy the following conditions:

O)};

1. AL(§),A_(¢) are defined everywhere without may be the points {§€R™: 5 €0 (CU(
T(—C), respectively, which

2. A4(§),A_(§) admit an analytical continuation into radial tube domains T'(C )

satisfy the estimates i
AZ (¢ +in)[<a(1+ [ + ITI)‘

AL (E—in)| < (1 + ] + o)) ¥ vre .
The number @ is called index of wave factorization.
Example 1. Let C=C% = {xeR":x,>alx’|, x" = (x1, -+, Xm-1),a>0},

& &
A:_a_x1 ..... a—24-k keR\{0},

and then according to some properties of the Fourier transform, the symbol of this operator has the form
AQ) =&+ 8+ o+ Gk
The following equality is the wave factorization of the Helmholtz operator. We will write it as
En HIE T+ =
(Va T T8+ gl Pkt ) (VaT T 18- -1 P

meaning for \/a2¢2, —|&'|*~k?* the boundary value

V€, + 07 —1¢ Pk

4 | PSEUDODIFFERENTIAL EQUATIONS, TRANSMUTATION OPERATORS,
AND SOLVABILITY

Here, we will consider a special cone of the kind
m—1
C% = {xeR™xp> Q) arlxk|, ax>0}
k=1

and Equation 4 for the case & —s=n+4d,n €N,I51 <1/2, only.
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Let T be the bijection operator transferring dC¢ into hyperplane x,,, = 0; more precisely, it is transformation R"—R"™

of the following type

m—1
b = Xm— D, Qklxi|,
k=1
and we introduce the operator
FTF'=V,,

(5

where a=(ay,a,,...,a,, 1) and, further, one can construct the general solution for our pseudodifferential Equation 4.

Theorem 1. A general solution of the Equation 4 in Fourier image is given by the formula

4§ =Az'()QE)G.Q (AT ) (6)+

+A;1<s>v_aF(ick<x'>5<"-” (%)

k=1

where ¢y, (x) € H*(R™Y) are arbitrary functions, sy =s—a@+k—1/2k=1,2,..,n, If is an arbitrary continua-
tion f on H®~%(R™),andQ(¥) is an arbitrary polynomial satisfying (3) for o =n.The a priori estimate holds

lully<CAIFI + ledy,),

where '], denotes H*(R™™")-norm.

Proof We continue f on whole R™ and denote this continuation by If. Then we put

U—(x) = (If)(x)=(Au) (x),

so that u_(x)=0 in the cone C?. The general solution is constructed by the following way. After wave fac-

torization for symbol with preliminary Fourier transform, we write

Ax(H)a(E) + AT E)a- () = AT Q) €).

One can see that A~ (£)If (€) belongs to the space H*"*(R™), and if we choose the polynomial Q(), satis-

fying the condition

[Q(EI~(1+ 1§D)",

then Q1 (£)AZ(&)If (£) belongs to the space H~°(R™).Further, according to the theory of multidimensional

Riemann problem,' we can decompose the last function on two summands (jump problem):

Q_lA;ll}‘ :f+ +f—a
where f,€H(C%),f_€H(R™\C%) and
fo= GmQ_lAlllf-

So we have

QA u+ QAT =f, +f_,

or

Q'Asu—f, =f_—-Q'ATa_.

(6)
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In other words,
AL0-Qf . = Qf _—AT'a_.

The left-hand side of the equality belongs to the space ﬁI‘"‘a(Ci), and the right hand belongs to
H™™°(R™\C%); hence,

FY(Aa-Qf ) = F1(Qf _~AT"a.),

where the left-hand side belongs to H"°(C) and the right-hand side belongs to H™"~°(R™\ ("), from
which we conclude immediately, it is distribution supported on dC¢.Then the function

TF(A.a-Qf )

is supported on the hyperplane t,, =0 and belongs to H " ~%R™). Such distribution belongs to the subspace
generated by a Dirac mass function and its derivatives,"” and it looks the following:

n—1
> ci(£)8™ (t).
k=0

Therefore,

TF Y (AL0-Qf ,) = :i:ck(t’)a(”(tm).

Further, we apply the Fourier transform

FTF (A -f ) = F('Elck<t’>6<"><rm>),
k=0

taking into account (5) and obtain
A©RE-0E () = V-oF ( Tax(r)6 ) ).

from which according to (6), we have
a§) =AZ(§QE)GQ
OAOFE+ +47 OV-oF ( )8 Vxn) ).

k=1

The a priori estimate can be proved by a usual method.'”

To refine the formula (5), we write

(FTu)(§) :/eix"su(xl, ---,xm_l,xm—a|x/\)dx:

RM

:/eiyyé’/ei(mera\y'DEmu(yl’ "'7ym—1’ym)dy: /eialy'|§meiy'§'a(y1, "'7ym—17§m)dyl7

R™ Rm—l

where i denotes the Fourier transform on the last variable, and Jacobian is
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1 0 0
0
D(x1;x25 "’7xm): 0 0 ol =1.
D(y17y27 "'7ym)
—asign(y;) —asign(y,) e—asign(Yp,_,) 1
If we define a pseudodifferential operator by the formula
() = [ A
RVVI.
and the direct Fourier transform
i) = [ Huw,
Rm
then we have the following relation formally at least
(FTu)(§) = / ot o Db €y, oy, &)y ™)

Rm—l

In other words, if we will denote the (m — 1)-dimensional Fourier transform (y' —¢  in distribution sense) of function
@bt analualin by B (££,), then the formula (7) will be the following:

(FTu)(§) = (Ea * @)(§),

where the sign * denotes a convolution for the first m — 1 variables and the multiplier for the last variable &,,. Thus, V, is
a combination of a convolution operator and the multiplier with the kernel E,(& &,,). It is a very good operator, and it is
bounded in Sobolev-Slobodetskii spaces H(R™).

5 | POLYSINGULAR INTEGRALS AND POTENTIALS

Here, we consider the formula (7) more precisely, and we will try to obtain an explicit expression for this Fourier trans-
form. Obviously,

el@bitet b Db gy, Ly E Yy =

R
+c0 +o0
/ei(al‘Y1‘§m+Y1§1) /ei(amfl‘ym—l‘€m+ymfl§m—1)a(y17 ---7ym_17§m)dyl;

and to move further, we need to study the following one-dimensional integral
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“+00

(SF) (£ E) = / abIEn I8 () dy

—o0

+o0

0
_ /eiy@k—akgm) F5)dy + / D Etadn) f(y)dy

0

+o0 +00

- / V-0 (y) f(y)dy + / HEHaEy (y) F(y)dy.

—o0 —0o0

where x, is an indicator of R..
According to Eskin,® we have the following relations:

+0o0

/eiy(fk—ak§m)x_(y)f() 2f(§k ak§ 27‘['/51{ akg )
/ eV Ctasn)y (y) f(y)dy if(%'k—kak&'m) +v p— / WT??’ ©)

so we have
7°ei(aky|§m+y§k)f(y)dy :f(gk_akgm) Zf(fk + ai§,n) n

/gk + akgm"? Por / fk—ak§m—n

Since we need to do the same on each variable, it seems we will get a very trouble representation. That is why we will
restrict them by a three-dimensional case.

6 | THREE-DIMENSIONAL CASE, A PYRAMID, AND BISINGULAR

OPERATORS

Thus, we consider here m =3, and for calculating the operator V,,a=(a;,a,), we evaluate

/ PO 6 OG5 (3 E Ny dy, —

R2
+00 +00
/ ei(a1y1§3+y1§1)( / @08y, y,. 53)dy2> dy, —

“+o00

~ . +oo2 . —o—oo2
/ei(al‘Y1\§3+Y1§1 (ﬁ(yb%«z a2§37§3) u(y17§22(12§37§3)+v.p.§ L;(.V:Zaé?;)d:_ ' i u§y1aa77>§3)j77)dy
2 2537 2742537

—0o0

1

—o0
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where i denotes the Fourier transform on the last variable y; and @ denotes the Fourier transform on two last
variables y,,ys.
Let us denote
+00

1 . .
ne =1 / d@VIEEG(y £,k )y,

2

—0o0

+00

1 [, R
(@) =3 [ SR E ),

—00

+oo
wi(§) = / ) (S,00) (3, £, + sy )dy,

—o0

+o0

wa(t) = / @) (S,0) (71, E,—aaty ),

—o0

where

(S2u)(§1,65.63) = 271/%

—0o0

Further, taking into account (8) and (9), the fact Fyl_,glft =i and the integral

(S0 £,.8) = Vs / ;_5 |

we obtain

/ (a1 ]+azlys| §3e 01€1+3:65) (yl y27§3)dy1dy2

R
U(§—a1§3,5,—a265, &) + (€, + ards, §—aé;5, &)
4

SEDE + ab bk, G- (S0 -0k, -0k, &)

a(§—ards, 6 + ads, §5) + iy + aids, 6, + axds, &)
4

+%(Sla)(§l + a3, 6 + axés, 53)_%(51’1)(51_‘1159 &+ axés,63)

i (S200) (§1—ar§5, &, + @265, 85) + (Sai1) (€ + ands, &, + @25, 65)
2
+(S18:21) (&) + @13, &, + @23, §3) = (818:80) (6,13, &, + @285, E5)

(S2) (§1—a15, §,— 0285, §5) + (S2il) (61 + ands, 65— a5, 65)
2

—(818:8) (&1 + @185, 6,285, &5) + (S18:28) (& —ai§5, §,— a5, §5)-

Thus, we see that the operator V, is composed from operators S;,S,, and a certain change of variables.

Exercise 1. (Exercise 1) Find the representation for the operator V, for a polyhedral angle.
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7 | BOUNDARY VALUE PROBLEMS FOR A POLYHEDRAL ANGLE
Let us consider a simple boundary value problem for the equation

(Au)(x) =0, xeC% (10)

for the case ® —s=144,l61 <1/2, where A is an elliptic pseudodifferential operator admitting the wave factorization
with respect to the cone C.
According to Theorem 1, we have the formula for a general solution; for our case, it can be written as

(&) = A7 (§)(V_aFco)(8), (11)

where co(x) is an arbitrary function from H% (R?).

7.1 | Transformations of a general solution

Now we need to choose additional conditions to determine uniquely this function. First, we will do the following: We
will write an expression for V_, Fc,, and then we will see what kind of conditions for a solution u is more preferable.
Using our previous calculations, we can write

Ax(Oa) = Ci(fi—aids, §—aks) + Gk —a1&s, & + axfs)

> s (12)
+ C3(§; + @185, §,—axd;) + Ci(§; + aids, &, + aafs),

where

&Gy, Gmaity) = ooy, G028~ 5 (S0 =iy, Er-:8:) -
— (S0 (601t Er=0a8) + (18:80) =iy, Ex-:8y):

Collrmas b + k) = S BolE=s & + @)= 5($120) (G -mnn by + )+
(8200 Gy, € + @) ~(5:8:00) (G-, & + k)

Elr + s, Erm:8) = 3 80lds + i Eamafs) +5(5180) (6 + iy Eama)
+2(8280) (& + @i, Eym0a)—(5:8:80) (€ + iy, Er-aEy);

Cally + mbnny + 038 = 3 8ol —01s Eymab) + (ST + @nny T 0+

(8200)(§1 + @1&3, &, + a2ds) + (S15200) (61 + @ié3, &, + axdy).

NS

+

It is very interesting that the last formulas are very similar to the well-known formulas for boundary values of a two-
dimensional Cauchy type integral.'®

7.2 | Simplest solvable boundary value problem with a nonlocal condition

It seems the problem of finding the unknown function cy(&;, &,) is very hard, but we suppose that we know the following
function #(&,,§,,0). It means that we know the following integral

+00

/u(xl,xz,x3)dx3 =g(x1,X2); (13)

—0o0

thus,
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4(§1,65,0) = g(61,85). (14)

7.3 | Studying a general solution and lifting

The formula (11) includes a representation for V_,é,, where ¢(£) is a function of two variables. Thus, if ¢ (&,,£,)
depends on two variables £, &,, then V_,¢, depends on all three variables &, £, &s.

Lemma 1. If d(x;,x;)€H*(R?), then D(X;,X5X3) = d(X; + a;X;3, X, + a,X;3) belongs to the space H* ~ 4(R>).

Proof Let us estimate

+oo
D(glv 527 %'3) = /eng(x)dx = / /ei(x1§1+x2§2)d(xl + a1x3,x; + a2x3)dx1dx2 eix3§3dx3.

R3 —00 R?

Let us consider the inner two-dimensional integral

/ei(x1§1+x2§2)d(x1 + ai1xs3, X2 + axx3)dxidx;

RZ
and apply the change of variables

X1 +aixs =1nh

Xy +axxXs =1

and

016 +x26, = (h—a1x3)§) + (—a2x3)§, = 0§ + b~ () + axd,)xs,
and we have

“+o00

D(£,5.6) =d(6,.5) /eiXS(ga_algl_azgz>dx3 = d(§),£,)8(6—aid, — k).

—o0

Therefore,

ID|I2 = / (1+ [€)1D(E)FdE ~ / aE,.5) ( / 1+ €]+ |53|>“d53) dt

R? r

—0o0

where T is the hyperplane & —a,&; — a6, =0 in R°.
Further, we take € R so that 8> 1 and taking into account that (14 €1+ 1&)* *P~(1 +1E)* *# on T and

/ ! 25+
(14 1)+ fgly* = B LT D

1+[E]+1&)°
after integrating, we have
+oo +oo
Jav Bl ighPas =2 [ 411+ 6 dg~a+ )
s 0

and it implies
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DJ|~ / RIAE )1+ ) = (d),,1 5 O

7.4 | One-dimensional singular integral equation

’

Substituting (14) into (12) and collecting similar summands, we obtain the following equation for the unknown ¢y(§ )

’

AZHE,0)(G (&) + (S:00)(€)) = &(E),

or if we designate A (£,0)g(¢)=f(¢)

&o(§) + (S280)(§) = f(€) 1%

Equation 15 is a one-dimensional singular integral equation with a parameter &;. It can be solved (if it is possible) by
standard methods."® Indeed, since S? = —1/2I, we easily obtain acting by S, for (15)

(5280)(§)—1/280(€) = (S2)(&),
from which by subtraction, we have
&(&) = 2/3(f(§)—(Sah)(€))- (16)

Now if we have found ¢,(¢ ), we have the solution of the problem (10) and (13).

7.5 | A priori estimates

Here, we will give the a priori estimates for the solution. Since
#(§) = AL (E)(V-a0)(§),

Theorem 2. Let A(§) admits the wave factorization with respect to the C%. Then the boundary value problem
(10) and (13) has a unique solution for an arbitrary g€ H** 4(R?) in the space H?*(C<.). This solution can be
constructed explicitly by the Fourier transform and the one-dimensional singular integral operator. The a
priori estimate

|lulls=clgly1/2
holds for —1/2<38<0.

Proof. We need to prove the a priori estimate only. Since f(&) :A;ﬁ({',o)g({’), then
AL(£,0)8(¢) € />~ ®(R?) = H*(R?). We remind

So =s—@+1/2=-1/2-6,

so that —1/2 < sy < 0. Then we have according to (16)

[Cols, <c([fl, + [Safl5, ) <clfly,

because the operator S, is bounded in H* (R?). *Finally,

[fls,<clglssa)2

according to properties of pseudodifferential operators. Further, we can use the estimate from Theorem 1.
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8 | CONCLUSION

We have considered here simplest variant of a boundary value problem, but we hope that the obtained representation
for a general solution of the elliptic pseudodifferential equation will help us in considering other boundary value prob-
lems like, for example, the Dirichlet and Neumann problems at least.!”'® Moreover, we will try to extend our consider-
ations to more complicated singularities, ie, so called thin singularities.'*>*
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