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Abstract. For discrete operator generated by singular kernel of
Calderon—Zygmund one introduces a finite dimensional approximation
which is a cyclic convolution. Using properties of a discrete Fourier trans-
form and a finite discrete Fourier transform we prove a solvability for
approximating equation in corresponding discrete space. For comparison
discrete and finite discrete solution we obtain an estimate for a speed of
convergence for a certain right-hand side of considered equation.
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1 Introduction

A basic object of this paper is a multidimensional singular integral

vp. [ Koo = puly)dy, €D,
D

which generates the Calderon—Zygmund operator with variable kernel [1,2],
where D is a domain in R™ unbounded as a rule.

Taking into account forthcoming studies of such a general operator using
a local principle here we consider a case of constant coefficients, i.e. when the
kernel does not depend on a first variable and the Calderon-Zygmund operator
looks as follows

(Ku)(z) = v.p. / K(z — y)u(y)dy = (1)

lim / K(x —y)u(y)dy, = € D.

e—0
Dn{|z—y|>e}

We assume here that the kernel K(z) of the integral (1) satisfy the fol-
lowing conditions: (1) K(z) is a homogeneous function of order —m, K (tx) —
t=™K(x),Vt > 0; (2) K(z) is a differentiable function on a unit sphere S™~1;
(3) the function K () has zero mean value on the S™~1 [1,2].
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1.1 Canonical Domains

We will consider different types of domains D because the theory is essentially
depended on this type. So for example cases D = R™ and D =R}’ = {x € R™ :
x = (21, ,Tm, Ty > 0} are essentially distinct. Invertibility conditions for the
operator K do not coincide for these cases.

1.2 Infinite Discrete Case—Series

To obtain a good approximation for the integral (1) we will use the following
reduction. First instead of the integral (1) we introduce the series

> K(E—§ua@hm, (2)

§E€DNAZ™

which generates a discrete operator K, defined on functions ug of discrete vari-
able £ € DN AZ™. Since the Calderon—Zygmund kernel has a strong singularity
at the origin we mean K(0) = 0. Convergence for the series (2) means that the
following limit
mo Y K@= §)ua@)h”
FERZ™NQNND

exists, where Qn = {z € R™ :  max |zk] < N}. It was shown earlier that
m

a norm of the operator Kq : Ly(hZ™ N D) — Ly(hZ™ N D) does not depend
on h [9]. But although the operator is a discrete object it is an infinite one, and
to solve equations with a such operator one needs to replace it by a certain finite
object.

1.3 Finite Discrete Case—Systems of Linear Algebraic Equations

It is natural to consider a system of linear algebraic equation instead of an infinite
system generated by the series (2). This method is called projection method [3].
It proposes following actions. Let Py : Lo(D NZ™) — Lay(DNQn NZ™) be a
projector on a finite dimensional space. One needs to solve the equation

Py KgPnug = Pyvg (3)

in the space Ly(D N Qn NZ™) instead of the infinite system of linear algebraic
equations
Kdud = Ud (4)

in the space Ly(D NZ™).
The following result plays a key role in the theory of projection methods,
and it was proved for some special domains D and integrable kernel K (z) [3].

Proposition 1. If the Eq. (4) is uniquely solvable in the space Lo(DNZ™) for
arbitrary right-hand side vqg € Lo(D NZ™) then the Eq. (3) is uniquely solvable
in the space Lo(D N QN NZ™) for enough large N.
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Here we consider the case D = R™ and prove this proposition 1 with some
novelties because the Eq.(4) is a system of linear algebraic equations and for
large N one needs much time to solve it.

Our considerations are based on two steps: continual infinite object (1) —
discrete infinite object (2) — discrete finite object (3) with justification and

error estimates. Some pieces of this programm were realized in authors’ papers
[4-9].

2 Discrete Fourier Transform and Symbols

Let us define the discrete Fourier transform for functions ug of a discrete
variable & € hZ™

'3 h_l
(Faua)(§) = Y wa(@e™h™, €€ W™ h=——,
Y8

TEhZ™

where T™ is m-dimensional cube[—m, 7|™.

Such discrete Fourier transform preserves all basic properties of the classical
fourier transform, particularly for a discrete convolution of two discrete functions
Ud; Vd

(wa*va) (@) = Y wal® — G)oa(@)h™

gehzm

we have the well known multiplication property

(Fa(ug *va))(§) = (Faua)(§) - (Fava)(§)-
If we apply this property to the operator K, we obtain

(Fa(Kqua))(§) = (FaKa)(§) - (Faua)(8).
Let us denote (FyKy)(§) = 04(§) and give the following

Definition 1. The function o4(§),& € WT™, is called a periodic symbol of the
operator K .

We will assume below that the symbol o4(¢) € C(AT™) therefore we have
immediately the following

Property 1. The operator K, is invertible in the space Lo(hZ™) iff
oa(€) # 0,V¢ € hT™.

Definition 2. A continuous periodic symbol is called an elliptic symbol if
oa(€) # 0,¢ € RT™,

So we see that an arbitrary elliptic periodic symbol o4(§) corresponds to an
invertible operator Ky in the space Lo(hZ™).

Remark 1. It was proved earlier that operators (1) and (2) for cases D =
R™, D = RY are invertible or non-invertible in spaces Lz(R™), L2(R) and
Lo(hZ™), Ly(hZT) simultaneously [6,8].
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3 Periodic Approximation and Cyclic Convolutions

Here we will introduce a special discrete periodic kernel Ky n(Z) which is defined
as follows. We take a restriction of the discrete kernel K4(Z) on the set QnNZ™ =
Q% and periodically continue it to a whole Z™. Further we consider discrete
periodic functions ug, y with discrete cube of periods Q% . We can define a cyclic
convolution for a pair of such functions w4 n,vq,n by the formula

(ua,N *va,N)(T) = Z Ug,N (T — §)va,n (G)R". (5)
7EQY
(We would like to remind that such convolutions are used in digital signal

processing [10]). Further we introduce finite discrete Fourier transform by
the formula

(Fanuan)(€) = Y uan(@)e™h™, &e Ry,
zeQy

where R = KT™ N hZ™. Let us note that here € is a discrete variable.
According to the formula (5) one can introduce the operator

Kqnuan(Z Z Kin (& — g)uan(§)h™
TEQY

on periodic discrete functions ug x and a finite discrete Fourier transform for its
kernel
UdN Z KdN wghm éeRﬁl\,.
z€QY,

Definition 3. A function O’d’N(f) e R, is called s symbol of the operator
K. This symbol is called an elliptic symbol if o4 n(§) # 0,V € RS,.

Theorem 1. Let 04(§) be an elliptic symbol. Then for enough large N the sym-
bol oq n (&) is elliptic symbol also.

Proof. The function
Z Kqn(Z)e™h™, ¢ e rT™,
zGQd
is a segment of the Fourier series
> Ka(@)e™th™, & e hT™,
Fehzm

and according our assumptions this is continuous function on AT™. Therefore
values of the partial sum coincide with values of o4 n in points £ € R‘]i\,. Besides
these partial sums are continuous functions on AT™. O

As before an elliptic symbol oy, N(é) corresponds to the invertible operator
K, n in the space LQ(Q%).
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4 Approximation Rate

Let A : B — B be a linear bounded operator acting in a Banach space B,
By C B be its finite dimensional subspace, Py : B — By be a projector,
Ap : By — By linear finite-dimensional operator [5].
Definition 4. Approximation rate for operators A and Ay is called the follow-
ing operator norm
||PNA — AnPn||B—By

We will obtain a “weak estimate” for approximation rate but enough for our
purposes. We assume additionally that a function wug is a restriction on hZ™ of
continuous function with certain estimates [4,5]. Let’s define the discrete space
Cr(a, B) as a functional space of discrete variable & € hZ™ with finite norm

[z —g|*

tallen @ = lluall, +  sup .
e " agenzn (max{1+ (7], 1+ [3]})”

It means that the function ug € Cj(a, §) satisfies the following estimates

. _ |z —g|*
|ua(Z) —ua(y)| < c - —5
(max{1 + |z], 1+ [g]})”
lug(7)] SW, Vi, jehZ™, a,8>0,0<a<1.  (6)
X

Let us note that under required assumptions Cp,(a, 8) C La(hZ™).

Theorem 2. For operators Kq and K4 n we have the following estimate
m+2(a—0
(PvKa — KanPn)uallp, ey < ON (a=8)
for arbitrary ug € Cy(a, 8),8 > a+m/2.
Proof. Let us write
(PNK4— KgnPn)uqg = PNKiPnug — Kg nPnug + PNnKg(I — Pn)ug,

where I is an identity operator in Lo(hZ™).
First two summands have annihilated, and we need to estimate only the last
summand. We have

|1PnKa(I — Px)ual| < Cl[(I = Py)udl|
because norms of operators K, are uniformly bounded, and for the last norm
taking into account (6) we can write
hm
_ 2 ~\|121,m
IT=PyudlP<C 3, Jua@Prm<C > AT <
FEhZ™\Qn FEhZm\Qn
and further
C / |z|2(@=B) dy
R""\QN

The last integral using spherical coordinates gives the estimate N"+2(¢—F5)
which tends to 0 under n — oo if 8 > o +m/2. O
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5 Main Theorem on Approximation

Here we consider the equation
Kgnug N = Pyvg (7)

instead of the Eq. (4) and give a comparison for these two solutions.
Below we assume that operator K is invertible in Lo(hZ™).

Theorem 3. If vg € Cr(a,f),8 > a4+ m/2,uq is a solution of the Eq. (4),
uq,N 1S a solution of (7) then the estimate

l[ug — vwa, N1y (nzm) < CN™t2(a=p)
is valid, and C is a constant non-depending on N.
Proof. Let us write

e~y = K 'va — K P =

(I — Pn)K; va+ PvK; vq — K\ Pynva

For the summand PNKglvd — K;}VPNvd we have a corresponding estimate

by the Theorem 2 because the operators K d_l and K d_le are constructed similar
initial operators Kgq and Kg4 n.

The first summand is estimated like the proof of the Theorem 2 and using the
property that operator K, is uniformly on & is bounded in the space Cj,(a, )
[9] and the operator K, ' has a symbol with required properties [8]. O

6 Conclusion

We have introduced such a finite approximation for original integral (1) because
there are a lot of algorithms for calculating a finite discrete Fourier transform,
these are so called fast Fourier transform algorithms [10]. On the other hand this
step-by-step approximation permits to justify mathematically without additional
difficulties results on a solvability for a corresponding approximate equation.
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