SYMBOL CALCULATIONS THE APPROXIMATE
INTEGRALS OF MOTION FOR HAMILTONIAN SYSTEMS
WITH N DEGREES OF FREEDOM

V.E. Bogachev'*and N.A. Chekanov!?

! National Research University “Belgorod State University”, 308015, Belgorod, Russia
2The Belgorod Law Institute, 308024, Belgorod, Russia

On the base of the Birkhoff-Gustavson method the algorithm and program in MAPLE for symbol-numerical calcu-

lations of the normal form and integrals of motion for resonance and nonresonance Hamiltonian systems with any

number of degrees of freedom are developed. Examples of this program’s work for some Hamiltonian systems are

presented.

1. INTRODUCTION

Since many dynamic systems of the classical mechan-
ics can not be presented in an analytical form (for ex-
ample, [1-3]), different approximate analytical meth-
ods [4-8] and many direct numerical ones for the di-
rect calculations [9-11] were developed.

At present time the perspective direction is the
development of hybrid or combine methods, in which
first the symbolic calculations are performed with the
consequent numerical computing using contemporary
mathematical packages, for example, MAPLE, RE-
DUCE, MATHEMATICA and others [12-14].

In the present paper the developed algorithm and
program for calculation of normal form and integrals
of motion are presented. Examples for some Hamil-
tonian systems with n degrees of freedom are also
given.

2. THE BIRKHOFF-GUSTAVSON
METHOD

Let us the classical system with n degrees of free-
dom is given, which Hamiltonian is presented in the
polynomial form of the expansion
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Wherep - (]917]927 e 7pn) and q= (C]h q25- -+, qn) are
canonically conjugated variables, Ci, . 1. mi, . .m.

are known coefficients. Frequencies wj, are resonance
or nonresonance quantities. For resonance frequen-
cies there are r-relations:
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where quantities a;; are integer numbers.

As known [15], the classical Hamilton function
H(q,p) is in the normal form if there is the relation

DG n) =0, (3a)
where the expression
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is so called the normal form of the differential opera-
tor.
As known [15], one has to solve basic equation

D(q,) WS g, n) = —HS (q,n) +TE (q,n), (4)

where W (%) is a homogeneous polynomial of the S
degree in generating function

(5)

that reduces to normal form any term of initial
Hamiltonian (1) of the S degree. Terms of Hamil-
ton function with higher degree than S are calculated
according to formula

F(g,n) =q-n+Wi(gn),
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where i = S+1,5+2,...and I —|k|+ k] (S—1) =1,
1<kl <l<i, 1 >2,8>3, |kl = |kt| + || + ...+
lknl, K= kil - kol o Kyl

In paper [15] it was proved that there exist (n—r)
approximated, independent integrals of motion of

type
- Ly

where p = (p1, 2, ... 7un) is a n-dimensional real
vector, there is a relation
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Hamiltonian function, that quadric part is in normal
form, i.e. v[2] +v[3]+ ... +V[j]+ ... +v[jmax] is the
potential part of initial Hamiltonian function;

if gip #£ 0, then normal form is calculated in action-
angle variables;

if intg2 #£ 0, then integrals of motion are calculated;
if intg2 £ 0 and testl % 0, then Poisson bracket
pb = {H, intg2} should not be equal 0;

if intg2 #£ 0 and test2 £ 0, then Htest2 has to be
equal initial Hamiltonian function.
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Performing the back transformation from (£, ) —
(¢,p), one obtains the integrals of motion in initial

polynomial of the generating function, where ¢(5)
and w(®) are homogeneous polynomials of S degree

variables p = (p1,p2, .-, Pn), 4= (41,2, - - - @n). PPl d e g, S =l b+ L+
by +mit+ma+ ..+ my;
intgli] - integrals of motion in variables

3. DESCRIPTION OF ALGORITHM

Input:

n — number of degree of freedom;

SMAX — desired maximal degree of normal form and
integrals of motion; jmax — maximal degree of initial
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4. EXAMPLES

Let us present results for some Hamiltonian systems.

4.1. Resonant Hamiltonian system (wy : wo : w3 =1:1:1) with n = 3 degrees of freedom [16]:
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Normal form with order of SM AX — 4 was obtained:
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4.2. Resonant Hamiltonian system (wj :wg :ws =1:1:1) with n = 3 degrees of freedom:

1 1 1
H = Sw (pT+ai)+ 592 (P +a3) + 59 (Pi+a3) +c(dias + Ba5 + qia3) - (13)

Normal form with order of SM AX = 4 was obtained:

G4 :G<2>+G<3>+G<4> (14)
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4.3. Resonant Hamiltonian system (wy :wy :ws :wg=1:1:1:1) with n = 4 degrees of freedom [17]:
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Normal form with order of SM AX = 4 was obtained:
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and integral of motion:
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CUMBOJIBHBIE BBIYNCJIEHN A ITPNBJIN?KEHHBIX WHTETPAJIOB JABU2KEHW 5
AJ14d TAMMJIBTOHOBBIX CUCTEM C N CTEITEHsIMHW CBOBO/JbL

B.E. Boza4es, H. A. Yexanos

Ha ocuose meroma mHopMmasibubix (popm bupkroda-I'yecrapcona pazpaboTaHbl AJITOPUTM U IPOTPAMMA, CHMBOJIb-
HO-YHCJIEHHOTO TIOCTPOSHUS HOPMAJIBHON (popMbl U HOPMATBHBIX WHTETPAIOB JABUKEHUS [T PE3OHAHCHBIX

¥ HEPE3OHAHCHBIX TAMHJIBTOHOBLIX CHCTEM C MPOU3BOJLHBIM YHCIOM cremnenedt ¢Boboabt B cpeme MAPLE.

IlpencraBiensr mpuMmepbl pabOTHI TPOTPAMMBI AJI9 HEKOTOPBIX TAMUJIBTOHOBBIX CHCTEM.

CHMMBOJIBHI OBYNCJAEHHA HABJVM2KEHNX IHTETPAJIIB PYXY OJIA
TAMIJBTOHOBHNX CUCTEM 3 N CTVYIIEHAMNM CBOBO/U

B.€. Bozauwos, M.O. Yexanos

Ha ocuosi merony vopmaabuux ¢opm bipkroda-I'yecrascona pospobieni aaropury i mporpamMa cUMBOJIBHO-
quca0Bol moOYA0BY HOPMAAbHOI hopMu 1 GOPMATBHUX IHTETPATIB PYXY /s PE3OHAHCHUX 1 HEPE3OHAHCHUX
raMiJIbTOHOBHX CHCTEM 3 HOBLILHMM YHCJIOM CTyneHis cBobonu B cepenosuini MAPLE. TIpencrasieno mpu-
KJIaAu pobOTH TPOrPAME [Jis AEAKUX TaMiIbTOHOBUX CHCTEM.



