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Abstract

A model of an economic-production system with a flow-based method for organizing production
is considered. The space of states of the subject of labor is introduced. The state of a particular
subject of labor is determined by a point in the state space. The state of the economic-production
system is determined through the aggregation of the states of a large number of the subjects of
labor that are in the process of production. The paper assumes that if the state of each individual
subject of labor is known, then the state of the parameters of the economic-production system is
known. Using the variational and differential principles, Lagrange's function of the economic-
production system is recorded. The equation for the normative technological trajectory of the
movement of a subject of labor along a technological route is defined in the state space. When the
subject of labor moves along a technological trajectory from one technological operation to
another technological operation, technological resources are transferred to the subject of the labor
as a result action of technological equipment. The Lagrange function of the economic-production
system with a flow-based method of organizing production is recorded. The Lagrange function is
constructed using the variational and differential principle. Methodological differences are shown
when using the variational and differential approach to construct the Lagrange function of
economic-production systems. It is shown that the Lagrange function, taking into account
production and technical and socio-economic constraints, determines the subjective function of
the economic-production system. The integrals of the movement of subjects of labor in the state
space are defined, which can be used to model economic-production systems with a flow-based
method of organizing production. It is shown that the integrals of motion are conservation laws
that characterize the process of processing subjects of labor along the technological route.
Keywords: subjective function; variational principle; differential principle; production system;
technological operation; basic product; acceptable deviations; technological trajectory; production
system.
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AHHOTaums

PaccmoTpeHa MoAenb  9KOHOMUKO-MPOU3BOACTBEHHON CUCTEMbl € MOTOYHbIM  METOAOM
opraHusaumm npousBoAcTea. BBeaeHO NPOCTPaHCTBO COCTOSHWMIA npegmeta Tpyda. CocTosHue
OTZeNbHOro npeamMeTa Tpyfa OnpeaenseTcss TOYKOW B MPOCTPAHCTBE COCTOSHWMA. CoCTosHWE
9KOHOMUKO-MPOU3BOACTBEHHON CUCTEMbI  OMpPEAENseTca Yepe3 arpervpoBaHve COCTOSHWI
60NbLIOr0 KO/MMYecTBa NpPeaMeToB TPyAa, HaxOAsLMXCS B npouecce NpovsBoacTea. B pabote
npeanonaraeTcs, YTo ec/ivi U3BECTHO COCTOSHWE KaXKAO0ro OTAe/IbHO B3ATOro npeameta Tpyaa, TO
N3BECTHO COCTOSHME MapameTpPOB 3KOHOMMKO-NPOW3BOACTBEHHOW CUCTEMbI. C MCMONb30BaHMEM
BapMaLMOHHOIro U auddepeHLMansHOro NPUHLMNOB 3anucaHa PyHKUMS JlarpaH»ka SKOHOMUKO-
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NPOVU3BOACTBEHHOW cucTeMbl. OnpefieNieHO B NPOCTPAHCTBE COCTOSHWI ypaBHeHWe Ans
HOPMATMBHOW TEXHOMOMMYECKON TPAEKTOPUM ABMKEHUA NpeaMeTa TpyLa no TeXHONOrMYecKoMy
mapLipyTy. [pu ABMXeHUM npegmeTa Tpyfa MO TEXHONOrMYECKOW TPaeKTopuu OT OLHOA
TEXHONIOTMYECKO onepauuy K ApYyroid TeXHONOrMYeckor onepaumnm Ha npeaMeT Tpyga
MepeHOCATCA TEXHOMOMMYECKNe pPecypecbl B pe3ynbTaTe BO3AENCTBMA  TEXHOMOMMYECKOro
obopyfoBaHusA. 3anucaHa (QYyHKUMA JlarpaHxa 3KOHOMMWKO-MPOW3BOACTBEHHOW CUCTEMbI C
MOTOYHbIM METOAOM OpraHu3aumMu npom3BOACTBA. [INA NOCTPOEHWUS (YHKUMKM JlarpaHxa
1CMONb30BaH BapuauMOHHbIA 1 AnddepeHLManbHbIi NPpUHLMN. MoKas3aHbl MeTOA0N0rMYecKmne
OT/INYMA NPU UCMOMb30BAHWUN BapuaLMOHHOIo 1 AnddepeHLManibHOro noaxoaa 418 NocTpoeHus
(yHKUMM  JlarpaHXa 3KOHOMUKO-MPOW3BOACTBEHHbIX CUCTeM. [loKa3aHO, 4TO  (PYHKUMA
NarpaHa € y4eTOM  NPOM3BOACTBEHHO-TEXHUYECKUX U COLUATIbHO-9KOHOMUYECKNX
OrpaHNYeHUin  onpegenser LeneByrd (YHKLUMIO 3KOHOMUKO-NPOW3BOACTBEHHON  CUCTEMbL.
OnpefeneHbl MHTerpasibl ABVXEHWUS MPeAMeTOB TpyAa B MPOCTPAHCTBE COCTOSHWIA, KOTOpPble
MOryT ObITb MCMOMb30BaHbl /19 MOAENMPOBaHMS 3KOHOMMUKO-MPOU3BOACTBEHHBIX CUCTEM C
MOTOYHbIM METOLOM OpraHu3aumMn npomus3soAcTea. [lokasaHo, YTO WHTerpabl ABMXKEHUS
AB/IAKOTCA 3aKOHaMW COXPaHEeHWs, XapakTepusytoLive npouecc 06paboTku npeameToB Tpyjaa
BLO/Ib TEXHO/IOMMYECKOro MapLupyTa.

KnoueBble crioBa: uUenesas (yHKUMS; BapuvaUWOHHBIA  NpUHUMN;  AnddepeHUmanbHbli
MPUHLMN; NPOU3BOLCTBEHHAA CUCTEMa; TeXHONOrM4yeckas onepaums; 6a30Bblii  MPOAYKT;
[OMNYCTVMble OTK/IOHEHWS; TEXHOMOMMYECKUI LLIYM; NPOU3BOACTBEHHAA CUCTEMA.

1. INTRODUCTION

The description of the functioning of modem production can be represented in the form of a process
in which the production system passes from one of its states to another. The state of the system can be
defined as the state of the total number N of basic products of the production system [1, p.178]. Under the
basic product (or conventional product [2, p.183]) is understood the element of the production system, to
which the transfer of the value of living labor, raw materials, materials and tools during its movement
along the operating chain of technological maps occurs. Along this movement, a task-oriented
transformation of the starting and raw materials (interoperable procurement) into a finished product
through the directed impact of socially useful labor takes place. The state of the j - base product can be

described by microscopic quantities (engineering and manufacturing arguments) (Sj,fij) [3], where

AS, . . .
S% (% and uj =B{1b At ($/hour), respectively, the sum of total costs and costs per unit of time

transferred by the production system to the j - base product, 0 <j <N . The considered production
system [4, 5] will be characterized by the function Jn(t,S,,u ) [6]. Through the SO and uO variables the
technology of manufacturing process of the base product in the phase technologic space (S,u) of the
observed engineering and manufacturing arguments is defined. Variables SO and uO determine the
standard technologic technological trajectory for the production process [6, 7, 8]:

So = So(t), A, = it @)
in phase space (S,u). The nominal technologic technological trajectory is determinate. Determinacy of

the nominal technological trajectory follows the uniqueness of the given technology of manufacturing of
the base productl [9-10]. Each manufacturing process has nominal technological arguments of production
of the base product and acceptable deviation from the nominal technological arguments. The
manufacturing process, performed with exceeding of the values of the maximum deviation, leads to a

1TOCT 3.1109.82. TepMuUHbI 1 ONPeSEeNneHns OCHOBHBIX MOHATWIA. - M.: occTaHaapT Poccun, 2003, - 15 c.
GOST 3.1109.82. Terms and definitions of basic concepts. - M.: Gosstandart of Russia, 2003. - 15 p. (in Russia)
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violation of the manufacturing process, that is, to the emerging of a reject workpiece2 [9-10]. Let us
assume that the manufacturing process at each m technological process be defined by k technology

factors with their design intent (Zmk)-AZ.. k <Znk<{Zmk)- AZL k, m=1.Nm, ~=1.Nk, where
Nm n Nk denote, thereafter, the number of process stages and the number of technology factors that is
allowed by the process stage. Each technology factor Zmk is a random process with expectation function

(face value) (Zmk) and thereafter upper and lower acceptable deviation (operational margin) AZIrk and

AZ2rk from the statutory value. The upper and lower operational margin AZIrk and AZ2vk determine
the upper and lower divergences of the parameter of the process stage from the given standard
technologic trajectory allowed by the technology of manufacturing of the base product. When
manufacturing the base product with technological parameters within the limits of the upper AZIrk and

lower AZ2nk deviations from the statutory values, allowed by the manufactory process, it is recognized

that the base product is manufactured in accordance with the defined technology. Then, using the means
of the theory of random processes3* the values of technological parameters could be received

Aom &vo <Am <Aom- & M "om - &M< Sm < Som - &Gnwith m for process stage
AOM  AOMZmk, AZInk ,AZ2nk ), &a0m= &AMZnk, AZInk AZ2mk ) w=1..Nk  (2)

2. MAIN PART
With a large number of process stages Nm>> 1, it is convenient to go from a discrete description of

valuesaOm, &Am of the manufactory process to continuous description of valuesAQ(t), &A(t) on the
multitude of integrable and differentiable functions [3]. Note that the values SO(t), &S(t) can be obtained
by the method of integrating technological parametersAQ(t), &A(t). Each j base product in the process

of processing treatment passes from its reference state (initial procurement) to the final state (end product)
in accordance with the given manufacturing process of the base product and forms a technologic

technological trajectory in the phase technologic space (S, a). This technologic technological trajectory is
the implementation of the manufactory process for the j base product. The technological process is

implemented in the neighborhoods of the known manufacturing process of the base product, which is
limited by the zone of admissible technologic trajectories.

The manufacturing process is determined by the plurality of states of the basic products. If it is
known everything about the state of each base product at any particular time, then it is reasonable to
assume that everything is also known about the state of the production system. The change in time of the
properties of each base product of the production system can be represented as the movement of the base

product in the phase space of the observed production and technologic parameters (S,a), and the law of
motion can be obtained by using the methods of the variational calculus. Let us assume that at the instants
of time t-t: and t-t2 the system is in a state Jn = (t1,5j1,Aj1), Sj1=Sj(t1) and in state

2 OCT 3.1121.84. O6wme TpebOBaHWUS K KOMMIEKTHOCTA U O(OPM/IEHUIO Ha TUMOBbIE W FPYNMOBble TEXHONOrMYeCcKmne
npouecchbl (onepaumn). - M.: FoccraHgapt Poccum, 2005. - 48 c.

GOST 3.1121.84. General requirements for completeness and registration for typical and group technological processes
(operations). - Moscow: Gosstandart of Russia, 2005. - 48 p. (in Russia)

3TOCT 14.004-83. TexHonormyeckasi NOAroTOBKa MPOM3BOACTBA. TEPMMHbI U OMPEAENIEHNSI OCHOBHBLIX MOHATWA. - M.:
MoccTaHgapT Poccuu, 2007. - 4 c.

GOST 14.004-83. Technological preparation of production. Terms and definitions of basic concepts. - Moscow: Gosstandart
of Russia, 2007. - 4 p. (in Russia)
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Jn =(t2,5j2,7j2), Sj2 =Sj(t2) thereof. Then, between these states, the implementation of the
technological process must be carried out in such a way that the subjective functional

I =] Jndt €))

has a minimum relatively to possible deviations from the given technology.
Such an approach, which in the construction of the laws of motion of mechanical systems is called
the principle of least action, is used in the construction of economic theories of production systems [11,
12]. The variation of the subjective functional (3) allows us to determine the equations of motion of each
separately taken base product in the phase space of the observed engineering and manufacturing
parameters (S,f) [13-16]. Integrating the equations of motion for each base product, we obtain
information about the state parameters of each base product, and hence information about the state of the
production system as a whole [1, 17, 18]. Since everything is known about the state of each base product,
then everything is known about the state of the production system [7, 8]. In most cases, the subjective
functional (3) contains parameters that describe random factors of the implementation of the
technological process [1, 3, 8 15]. In this case, with the variation of the subjective functional (3), the
equations of motion of the base product, which include random functions of implementation of the
technological process are obtained [19]. Thus, as a result of integrating the equations of motion, a
technological trajectory for the j base product, which is the implementation of the technological process

and is determined by randomly generated factors during the movement of the base product along the
process chain is obtained.

3. RESEARCH METHODS

3.1 THE VARIATIONAL PRINCIPLE OF CONSTRUCTING OF THE SUBJECTIVE
FUNCTION OF THE PRODUCTION SYSTEM

Let the standard technological trajectory (1) of the manufacturing of the base product in the phase
space (S,f) be determined by the growth function of costs during the movement of the base product
along the process chain. growth function of costs is built on the basis of process charts of the
technological process, which determine the sequence of operations of the action of production of the base
product and necessary production resources for performing manufacturing process (raw materials, labor,
electricity, etc.) [3, 19]. growth function of costs - describes the process of accumulation of costs in
accordance with the chosen technology of manufacturing of the base product [20]. We require that the
subjective functional (3) has an extremal value on the set of possible trajectory Sj(t,a) for the
manufacturing process with the given production technology of the base product.

The subjective functional (3), enumerated along a specific technological trajectory, is a function of
the parameter a :

I(a) :j Jn(t, Sj(t,a), fij(t,a))dt. (4)

We calculate the fluctuation of the functional (3):

S —JfSJndt =j T|("I " 3 szu dt—JIi\l|( W 9,990 Vg e ©®)
j=1 KNS; J  {=[dSs dtdf J
The integral is transformed by integration by parts:
Sfj=dd Si(t,a) =— d Sj(t,a)Sa =d —Sj(t,a)Sa =d SSj 6
jj dt (t.a) da dt J(t.2) dtia jj( ) dt . ©
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Technological trajectory SJ(t,a) for an individual J base product of the production system has a
common beginning (t1Sj(t1) and a common ending (t2,Sj(t2)). Therefore, for t =/ and with t =t2 the

variations SSJ are equal zero and the integrated part becomes zero.

Since the implementation of the technological process must be carried out in such a way that the
subjective functional (3) for the production process has a minimum, then the variation of the subjective
functional (5) is equal zero:

2 N .
SN A SIT et =0, @)

which determines the equations of Euler for each individual base product
\J d S\]l-l =0 (8)

For production systems is known both the technology of production of the base product, and the
criteria characterizing the deviation of technological parameters of the base product as it moves along the
technological chain. The last is enough to construct the subjective function Jn(t, St, ) in an explicit

form and write the equations of Euler (8) for each individual base product, which determine the states of
the base product when it moves from one technological operation to another.

The equations of Euler for each individual base product (8) can also be obtained by differential
equations of motion of the basic products along the process chain. However, there is one fundamental
difference between differential equations and variational principles: the differential equations express
some functional connection that connecting the position of the base products along the production chain
of the production system, the transfer rate of cost and the acceleration of the cost transfer to the base
product at the instant of time t . The variational principle also characterizes the normative technological
process as a whole. It formulates the stationary property of the subjective functional for a given
technological process. The variational principle has a more visible and compact form and is often used as
a basis for constructing new methods for describing systems [7, 13, 21, 22].

3.2 DIFFERENTIAL PRINCIPLE OF BUILDING OF THE SUBJECTIVE FUNCTION OF
THE PRODUCTION SYSTEM.

Euler differential equation for the basic products of the production system (8) is necessary and
sufficient conditions for the variation be equal zero (6). Let the movement of the base product along the
technological chain can be described by the equations [18, 19]:

du(t)_/ R dSAt) _ A o
R R ®
where through the /(Sj) indicated rate of change of the rate of transfer of costs to the j base product. In

mechanics, this intensity is called a summarized force. We obtain the Euler equations (8) from the general
equation of the dynamics of the production process:

b ds
Z /G- $5: =0. (10)
A dt2
Using the permutability of the operations of variation and differentiation with respect to time, we
obtain
ds(t) d ZS’Q) dS(t) d d I\%dS(t) dS(t) dSsf
_dtjg_ssi_%lltj~ _dt'SSJ'l\Z_dt it s 9= W4 "ar SJ_&_dt al (D
where
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— SSj=Su, =S-S 1.
dt ] dt

We introduce the integral characteristics F (S,) of the rate of change of costs

F(Sj)=]j f (S)dS (12)
0
Then it follows that
X f (Sj)SS,=-SX F(Sj) (13)
=1 =1

We write the equation of the dynamics of the production process of the base product (10) in the
form

N u2(t) d N N

SX j - - - X Sj(tySj-sS*'X F(sj)y=o0 (14)
=1 2 dt j=1 j=1
We integrate both sides of this equation in the range from t =tlto t=t2
\ “ dS t t=t>
J 4 uz(t)_s&p(sj) dt-_(X J()ss, =0. (15)
tl = 2 = poodt g
Since the variation SSJ for t =tland t = t2 equals zero, hence:
(-k ds: (t) A 2( N 2
X th SS, =0, j sx X -SX F(S,) dt=0, (16)
B E: yett al j4 2 4
and congruence (16) can be transformed to the form
A(n U(t) N n
Sj| X -X F(sj dt=0. (17)
1 j=1 =1
where
N U2(t) N
Jn=X ~r-X F(S) (18)
A 2 =i

he subjective function of the production system.
Thus, the general equation of dynamics (10) led us to the variational principle

SjJndt =0

4. ANALYSIS OF THE RESULTS
When the basic products of the production system move along the technological chain in the phase

space (S,u f, there are functions <p(sj,uj) of economic magnitudes Sj,uj that preserve constant values,
depending only on the initial conditions, during the motion of the system. Such functions will be called
the first integrals of the motion of the production system.

If the subjective function of the production system does not depend explicitly on time, then the total
derivative of it can be written in the form:

din = x| z

+ :

it X_ 6 "5y dfj d

= NlH =

(19)
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( n
By virtue of the equation of Euler (9), we replace the derivatives J d gﬂn
8S dt,,8a:
V=gl
we obtain
N
ds;
£ 8 _Jp =o. 20)
=1 8aJJ dt
From which the intensity
N2 J nds;
£ - Jr =const (21)
ey V8}(Ij dt

is constant at the movement of base products along a technological chain. The systems, having an integral
of this type, are called conservative.

The next integral of the motion of the production system arises from the likeness of the phase space.
As consequence of the likeness of the phase space with respect to the coordinate S, we require that the
subjective function Jn(t,St,a ) of the determined system remains unchanged when the system is

transferred to a segmentSS , as a whole. The change in the subjective function due to a small
displacement along the phase coordinate S:

NL NL 8J
S u(tS,a )='£ J_SS =ss _ (22)
=1 8S; M 8Sj

By virtue of arbitrariness SS it follows that SJn =0 and it means that: the sum of all the
technological influences on the basic products of the production system equals zero.

NL8J
£J1 =0 (23)

M 8Sj
Then, by the equations of Euler (8), we obtain
A . ]
£ d  8Jn d IX(8J,

£ dtyga ~dth, g.

:01 (24)
from which

Ps = £ 8Jr =const . (25)
Flsa J
An analogous integral of the motion of the production system arises from the invariance of the
phase space with respect to the phase velocity
NL 8J
£
A 8A]
and is a necessary condition for the extremum of the microparameters of the production system.
From the equations of Euler (9), the properties of the subjective function are seen. If the production
system consists of two non-interacting parts (production sites, departments, locations [23, 24]), then the
congruence is correct:

Jn=Jnl+Jn2 (27)

The multiplying of the subjective function of the production system by an arbitrary constant does

not change the equations of motion of the base products, but leads only to the appropriate choice of the
system of units of measure for building the model of the production system.

NH®OPMALMOHHBIE TEXHOJTOENN
INFORMATION TECHNOLOGIES



J
Khodusov V.D, Pihnastyi MO. On the methods ofinvestigating the trajectories of the motion of
objects oflabor in the phase space ofstates// HayuHblii pesynbTaT. VIHhopMaLOHHbIe 32
TexHonoruu. - T.3,Ne1,2018

The subjective function of the production system is determined accurate to the total derivative of
any function of the coordinates Sj(t) in time t: 6(t,Sj). The latest is relevant to the fact that the

variation from the function 6n(t, Sj) is the null equation:

4 t2p,n
SOn(t Sj)dt=J ~ S dt:SS'if Ad =0 (28)
ds; ] t dSj

SUMMARY

Using the variational and differential principles, the subjective function for the basic products of the
production system is recorded. The terms of the subjective function that characterize the technological
field of the equipment and the intrinsic properties of the base product are determined. The first integrals
of the movement of the base product along the technological chain are recorded. The properties of the
subjective function for the basic products of the production system are shown. The resulting equations
can be widely used in the design of highly efficient production line management systems, both with the
use of production and technological description, and with the use of PDE-models of production systems
[25, 26]. This approach is a competitive alternative to the use of Clearing functions [16, 26] for modeling
the changes in the state of flow parameters of production lines of modern industrial enterprises.
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