EIKONAL APPROXIMATION IN THE TRANSITION
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Simple variant of eikonal approximation in transition radiation theory is proposed. Spectral-angular density of
radiation on fiber-like targets and nanotubes is calculated using Born and eikonal approximations. The conditions of

validity of both approximations are considered.

1. INTRODUCTION

Transition radiation (TR) arises, in general case,
when a charged particle moves in a medium with chang-
ing dielectric properties [1-3]. It was demonstrated in
[4] that characteristics of TR (spectral-angular density
and polarization) strongly depend on the details of the
target geometry. However, precise calculations of TR
characteristics could be carried out only in the cases of
the simplest geometry, like the normal incidence of the
particle onto the plane border between substances with
different dielectric properties. To calculate spectral-
angular density of TR in more complex situations we
need some approximate methods.

We use the system of units in which the velocity of
light ¢ = 1.

2. BORN APPROXIMATION
IN TRANSITION RADIATION THEORY

The spectral-angular density of TR could be written
in a form [5]
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where ® and k are the frequency and wave vector of
radiated wave, and
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Here g, is the diclectric permittivity of the target
substance (we assume that it tends to unit on large dis-
tances from the target), and E, is time Fourier compo-
nent of the electric field produced in the target sub-
stance by the passing particle. For small radiation angles
we can write (1) in a form
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where 1, is the component of I perpendicular to the par-
ticle velocity v.
For high frequencies the dielectric permittivity could
be written in plasma form:
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where ® , is the plasma frequency. If the value (1 -, )
in (2) could be treated as small perturbation, we can

substitute into (2) non-disturbed Coulomb field of the
moving particle,
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(where p and z are the longitudinal and transverse com-
ponents of radius-vector r, y is Lorentz-factor of the par-
ticle, Ki(x) is the modified Bessel function of the third
kind), instead of complete ¢lectric ficld E,, in the target
substance. This approach is analogous to Born approxi-
mation in quantum scattering theory (see, e.g., [6]).
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Fig. 1. Incidence of a particle onto fiber-like target

Born approximation gives the possibility to consider
TR on targets with rather complex geometry, like di-
electric fibers and nanotubes [3,7]. Let the ultrarelativis-
tic electron incident onto the fiber-like target under
small angle v to its axis (Fig. 1). The radiation effi-
ciency (that is the spectral-angular density of radiation
integrated over impact parameters) could be written in
this case in the form
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where L is the total length of the fiber, n, is the number
of electrons per unit length of the fiber, and F is a func-
tion that determines the angular distribution of radiation.
This function is plotted in Fig. 2 for different fibers with
the same characteristic radius R. We can see that the in-
tensity and angular distribution of TR substantially de-
pend on the details of the fiber structure. This fact creates
new possibilities in diagnostics of nanostructures.




Fig. 2. The function F ®©,¢) for uniform cylindrical
fiber (upper plot), fiber with Gaussian distribution of
the electron density in the plane perpendicular to the
fiber axis (lower plot) and nanotube (middle plot) with
the same characteristic radius, Ro /y = 0.2yy. Here
0,=0cosp, 0, =0sing, direction of the particle’s
velocity corresponds to 0,=0,= 0, direction of the
Jiber’s axis corresponds fo O, =\, 0,=0; y = 107
y = 2000

However, Born approximation in TR theory is valid
only in the range of very high frequencies of radiated
waves (that will be discussed below). So, we need to
develop another approximate method with wider range
of validity for radiation frequencies. One of possible
ways to do this is to use the eikonal approximation.

3. EIKONAL APPROXIMATION
IN TRANSITION RADIATION THEORY

Previously different authors had proposed their vari-
ants of eikonal approximation in TR theory. Particu-
larly, M.L. Ter-Mikaelyan had done that in his well-
known monograph [2]. However, his method substan-
tially used one-dimensional character of the problem
considered.

Another variant, based on the construction of Green
function for Maxwell equations with charge and current
of the moving particle, was developed by Alikhanyan
and Chechin in [8]. However, their method leads to very
awkward calculations in application to problems with
complex geometry of the target.

In the present article we propose the variant of eiko-
nal approximation based on the method of equivalent
photons (see, ¢.g., [9]). In this approach we approximate
the Coulomb field of the incident particle (5) by the
packet of plane waves that permits us to describe the
evolution of the field in target substance using free
Maxwell equations without particle charge and current:
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According to the idea of cikonal approximation (see,

e.g., [6]), we shall find the solution in the form of plane
wave multiplied by the slowly changing function,
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with the following boundary condition under z — -0
(that is before interaction with the target):
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As a result, we obtain the following expression for
vector I :
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Let us compare the ranges of validity of both devel-
oped approximations in TR theory. All conditions [10]
are summarized in Table 1. We see that eikonal results
would be valid in more soft range of the spectrum, then
Born ones (condition (I)), and have no restriction on the
target thickness / along the particle trajectory (condition
(II)). On the other hand, validity of the cikonal ap-
proximation needs the target with rather smoothly
changing dielectric properties in transverse direction
(condition (III), where p, s is the effective transverse
distance on which dielectric properties of the target are
changing substantially).

Table 1. Conditions of validity of approximations
in TR theory
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For our problem of TR on the fiber-like target these
conditions take the form presented in Table 2.

Consider now two limiting cases. At first, let us find
the range of parameters in which the results of Born and
eikonal approximations coincide. It could be demon-
strated that for this goal we must expand the condition
(II) to the eikonal formulae, the condition (IV) to the
Born ones and also apply the additional condition (V)
(see Table 3).

Table 2. Conditions of validity of approximations
Jfor radiation on fiber-like target

ngl(lh_ Born approximation Eikonal approximation
o2 o2
p -2 2., -2 J4
@ —5 <<y é R )<<—2<<1
® ®
®; 2R
In o—2Z" 1 No restriction
oy
(T10) No restriction Ro , >>1
> R
avy No restriction 00~ —<<1
W







. M.L. Ter-Mikaelyan. High-Energy FElectromagnetic
Processes in Condensed Media. New York:
“Wiley”, 1972, 457 p.

. GM. Garibian, C. Yang. X-ray Transition Radia-
tion. Yerevan: Publ. Acad. of Science of Armenia,
1983, 320 p. (in Russian).

. N.F. Shul’ga, S.N. Dobrovol’skii. Theory of transi-
tion radiation from relativistic electron in thin metal
target /AJETP. 2000, v. 90, p. 579-583.

. N.F. Shul’ga, V.V. Syshchenko. Polarization of tran-
sition radiation on some sorts of targets //Problems
of Atomic Science and Technology. 2001, N6(1),
p. 137-137.

. R.G. Newton. Scattering theory of waves and parti-
cles. New York: “McGraw-Hill Book Company”,

10.

1968, 608 p.

. N.F. Shul’ga, V.V. Syshchenko. Transition radiation

of high energy particles on fiber-like targets //Phys.
Lett. 4. 2003, v. 313, p. 307-311.

Al Alikhanyan, V.A. Chechin. Application of eik-
onal approximation in X-ray transition radiation the-
ory //Proc. P.N. Lebedev Phys. Inst. 1982, v. 140,
p. 146-158 (in Russian).

J.D. Jackson. Classical Electrodynamics. New York:
“John Wiley & Sons”, 1998.

N.F. Shul’ga, V.V. Syshchenko. Transition radiation
by relativistic electrons in inhomogeneous substance
//H. Wiedemann (ed.), Advanced Radiation Sources
and Applications. Dordrecht: “Springer”, 2006,
p. 129-148.

MUKOHAJIBHOE MPUBJINKEHUE B TEOPHUHU TEPEXOHOI'O U3JIYUEHUS
H.®. Hlyavea, B.B. Cetuienko

[peanoskeH MPOCTOH BapHAHT SHKOHATBHOTO MPHOIMKCHHS B TCOPHH MCPEXOTHOTO HM3IYUICHHA. Paccumrtana

CIEKTPAJIbHO-YIJIOBAS IUIOTHOCTh M3IYUCHHS HA HUTCBHIHBIX MHIICHIX M HAHOTPYOKAX C HCIIOJB30BAHHEM OOp-
HOBCKOTO ¥ 3HKOHAIBHOTO MPUOIIDKEHII. PacCMOTPEHBI yCIOBHS MIPUMEHUMOCTH 000HX MPHOIIKCHHH.

EMKOHAJBHE HABJIWKEHHS B TEOPII IEPEXIITHOT'O BUIIPOMIHIOBAHHS
M.®. lllynvea, B.B. Cunienxo

3amporoHOBAHO MPOCTHH BAPIAaHT CHKOHAIBHOTO HAOMIKEHHS B TEOPii MEPEXiTHOTO BHITPOMiHIOBAaHHA. Po3pa-

XOBAHO CIIEKTPAIILHO-KYTOBY TYCTHHY BHIIPOMIHIOBAHHS HA HUTKOBHIHHX MIIICHIX Ta HAHOTPYOKaX 3 BUKOPHCTAH-
HSM OOPHIBCBKOTO Ta CHKOHAJIGHOTO HAOMIKCHB. PO3TIHYTO YMOBH 3aCTOCOBHOCTI 000X HAOTH)KCHB.



