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Abstract—The classical motion of particles in external fields is frequently chaotic although deterministic
within the classical limit. Studying the quantum mechanical behavior of such systems amounts to the prob-
lematics of quantum chaos. Quantum chaos manifests itself primarily in the statistical properties of the
energy-level arrays of such systems. However, the typical objects under consideration are systems of the type
billiards with rigid walls. This paper studies the calculated energy levels of the transverse motion of relativistic
electrons in the axial-channeling regime along the [100] direction of the silicon crystal which is described as
motion in the smooth potential well. The nearest-level spacing distributions as well as the spectral rigidity are
studied for the range of parameters where electron motion is chaotic within the classical limit. Both these
characteristics demonstrate agreement with quantum-chaos-theory predictions.

Keywords: chaotic dynamics, quantum chaos, channeling, energy levels, nearest-neighbor spacing distribu-
tion, Wigner distribution, spectral rigidity
DOI: 10.1134/S1027451021040200

INTRODUCTION
The essence of the problem of quantum chaos lies

in the search for distinctive features of the behavior of
quantum systems with chaotic dynamics in the classi-
cal limit [1–4]. One of these features is the statistical
properties of the energy levels of a quantum system.
Systems with regular dynamics lack correlations
between different energy levels, which leads to an
exponential distribution of the distances s between
adjacent levels with a maximum at s = 0, which is
characteristic of the Poisson flow. In chaotic systems,
correlations between different levels lead to their
mutual repulsion; in this case, the interlevel distances
obey the Wigner distribution:

(1)
where ρ is the average density of levels in the consid-
ered section of the energy spectrum of the system
(which is assumed to be constant throughout the
entire section). The presence of correlations between
energy levels is also checked using Δ3 statistics [2–5].

In [6], the predictions of the theory of quantum
chaos were tested for the energy levels of the transverse
motion of relativistic electrons moving in the axial-
channeling regime [7, 8] near the [110] direction of a
silicon crystal. In this case, the statistics of energy lev-
els was studied in a narrow interval near the upper edge
of the potential well formed by continuous potentials

of atomic chains, within which the average density of
levels can be considered constant.

In this work, all energy levels of the transverse
motion of electrons with an energy of longitudinal
motion of 500 MeV in such a well are found and their
statistical properties are investigated over the entire
range of transverse energies, within which classical
dynamics is chaotic. In this case, the initial set of levels
is subjected to the unfolding procedure [2, 4], as a
result of which a new array of levels with a constant
average density over the entire interval is obtained.

EXPERIMENTAL

When a relativistic charged particle is incident at a
small angle to the crystallographic axis densely packed
with atoms, the phenomenon of axial channeling is
possible, when the particle performs finite motion in a
plane perpendicular to the chain axis [7, 8]. In this
case, the discrete potential of the chain can be
replaced with a continuous potential averaged along its
length. In such a potential, the particle momentum p| |
component parallel to the chain axis is retained, which
makes it possible to describe the motion of a particle in
the transverse plane using the two-dimensional
Schrödinger equation

(2)

2 2 2( ) ( 2 )exp ( 4 ),p s s s= πρ −πρ

( ) (ˆ , , )H x y E x y⊥Ψ = Ψ
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with the Hamiltonian operator

(3)

in which the role of the particle mass is played by the
quantity  Where  is the
energy of longitudinal motion [7]. 

The continuous potential of an individual atomic
chain can be approximated by the formula [7]:

(4)

where for the [110] chain of a silicon crystal  eV,
  and  (Thomas-Fermi

radius). The distance between the two nearest [110]
chains in a silicon crystal is  where  is
the lattice period of the crystal. Taking this into
account and neglecting the influence of distant
chains, the continuous potential will have the form

(5)

The symmetry of potential (5) with respect to planes
 and  (Fig. 1) leads to the presence of four

symmetry classes of wave functions, describing the
eigenstate of an electron:

(6)

(7)
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(9)

Since the symmetry group is Abelian, all four types of
eigenstates are nondegenerate [9]. Moreover, the sta-
tistical properties of energy levels for each of these
classes must be investigated independently [3]. The
energy levels of the transverse motion of a charged
particle  in the field (5) are found numerically using
the spectral method [10], which was successfully used
in the channeling problem in [6, 11–14].

The statistical properties of arrays of levels of quan-
tum systems, leading to distribution (1), describe f luc-
tuations in the positions of levels relative to their aver-
age density, which, as a rule, is not constant [9]. To
isolate these f luctuations from the actual location of
the levels, a procedure called unfolding [2, 4] is used,
which is as follows.

At the first step of the procedure, an integrated
level density is introduced:

(10)

where  is the actual level density
 of the quantum system. The step function (10) can

be represented as the sum of the smooth and fluctuat-
ing parts:

(11)

In this work, the function  is approximated by
a polynomial of the fifth degree. In the next step, it
displays the initial energy levels:

(12)

The resulting new sequence of levels  will have a
constant average density  equal to one.

In addition to studying the distribution of distances
between adjacent levels, the presence of correlations is
also checked by calculating the so-called spectral
rigidity, or  statistics [2–5]. For a set of unfolded
levels in a certain interval

(13)

a step function is constructed  similar to
(10), and the variance of the deviation of this function
from the straight line, fitted by the least-squares
method, is calculated:

(14)

The average value of this value  over
a set of consecutive nonoverlapping intervals serves as
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Fig. 1. Potential energy (5) of an electron in the field of two
nearest chains [110] of a silicon crystal.
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Fig. 2. Redistribution of distances between adjacent energy levels after the deployment procedure for the interval (16) of values of the
energy of the transverse motion of an electron (histogram) for four classes of symmetry of the wave function (6)–(9); solid curves cor-
respond to the Wigner distribution (1)—on the left. Results of calculating the spectral rigidity for the same arrays of unfolded levels; solid
curves correspond to prediction (15). The dashed lines indicate the predictions of the theory for regular systems—on the right.
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a measure of the level correlation in the spectrum. For
completely uncorrelated levels (Poisson flow charac-
teristic of systems that are regular in the classical
limit), the dependence of the quantity  on the num-
ber of levels N in the range of width L is described by
the formula  For a chaotic quantum
system, the spectral properties of which are described,
as in our case, by a Gaussian orthogonal ensemble of
random matrices [2–4], this quantity (also called the
spectral rigidity) is described by the formula [4]:

(15)

where  is Euler’s constant.

RESULTS AND DISCUSSION

The total number of energy levels of transverse
motion in a potential well formed by continuous
potentials of chains increases with an increase in the
energy of longitudinal motion  [7]; while choosing

 MeV provides a sufficient number of levels to
study their statistical properties.

The saddle point of the potential (5) is at a depth –
29.38 eV. As the construction of Poincaré sections
shows [7, 8], for the interval

(16)

(from the saddle point to the upper edge of the poten-
tial well) the classical dynamics of an electron is cha-
otic for the overwhelming majority of the initial con-
ditions (regular trajectories occupy less than 1% of the
region of the phase space accessible for motion). Thus,
it can be expected that the distribution of distances
between neighboring energy levels after the deploy-
ment procedure will be described by the Wigner for-
mula (1).

Figure 2 on the left shows the histograms of the dis-
tribution of interlevel distances on the interval (13) for
states belonging to each of the four symmetry classes
(6)–(9), as well as the curves corresponding to predic-
tion (1). We see good agreement of the obtained distri-
butions with the predictions of the theory of quantum
chaos, which is also confirmed by the criterion  (val-
ues  and their corresponding p values for 23 degrees
of freedom are shown in the figures). On the right are
the results of calculating the spectral rigidity, which
also agree well with the predictions of the theory for
systems exhibiting chaotic behavior in the classical
limit.

CONCLUSIONS

All energy levels of the transverse motion of an
electron with an energy of 500 MeV moving in the
mode of axial channeling in the [110] direction of ф

silicon crystal were found numerically in this work. In
this direction, pairs of closest parallel atomic chains
create double-well potentials, above the saddle points
of which the classical motion of an electron is chaotic
for the overwhelming majority of initial conditions.
For energy levels lying above the saddle point, two sta-
tistical properties are investigated: the distribution of
the distances between the nearest neighboring levels
and the spectral rigidity (  Dyson-Mehta statistics).
Both of these characteristics show good agreement
with the predictions of quantum chaos theory for sys-
tems whose dynamics are completely chaotic in the
classical limit.
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