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Abstract. In this note new expansions of ((3) in continued fractions are obtained.
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Foreword

This article is a brief account of my talk given at Moscow session of China-Russia Symposium
"Complex Analysis and its applications"on October 24, 2009.

Preliminaries

Given two sequences of variables
{a,}725 and {b,}72% (1.1)

we can produce the following sequences of fractions:

Ry(by) = by, Ri(by,ay.by) = by + % (1.2)

(15}

Rv{b[}.ﬂl_. (‘)1. R 1§ P [l)y:l = b{] o L].S}

Rv—l{blt s, b?' ey Oy b{/)

for a positive integer v. They are called the fraction R, by the finite continued fraction generated
by sequences (1.1). Below we use the following standard notation:

Rp=(‘){]:___...:_._ U_—l}

If all elements of sequences (1.1) are complex nunbers (but not variables), all fractions (1.4)
are well defined for these complex munbers and there exists the limit

lim R, = a,
V=0

then it is said that o has expansion in continued fraction

ay | ;) _—
=byt+—+it—+ L
=T b, (52)
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They are called the finite continued fractions (1.4) as convergents of the contimed fraction
(1.5). Let us consider further the following difference equation

Tyel — Mut1Ty — Gua1Tym1 = 0, (lb)

with nonnegative v. Let { P, }/2%, and {@,};722, be solutions of this equation with the following

initial values

P, =1, Q_, =0, Fy(by) = by, Qulbo) = L. (1.7)

Then easy induction shows that F, and (), are numerator and denominator of finite continnous
fraction (1.4). Since we have the equality

Pp+l I Py Py—l
(20 ) b & )wamn(E2), 19

it follows that

Ny = det ( Pon Py ) =—a, 1A, = (—l)”ﬁak
S = L+ i ?
Qw—l Qif kel

and therefore

v+l

I ax

B 5 cip
ot S 4 . (_l}y k=1 . (lg)

Qv+1 oA QPQV+1
It follows from Apéry results that the number o = ((3) has the expansion in the continued
fraction (1.5) with
b‘(] =} a1 = 6 b]_ =9, aye1 = —J‘/ﬁ. (l')p+l = (ll{n
34° + 517 + 27w + 5.

where v € N. Yu.V. Nesterenko (1996) has offered the following expansion of the number ((3)

in continuous fraction:
{(3)=1 0. = . Pl (1.11)
=1l+—+—+—+—.. ;
; FRTRETINT

with a, and b, given by the following equalities
b‘(] = l._ a1 = l._ b] =y = [1}2 =4, [112)

[l)_;k.',] =2k + 2. Aape] = k{k oo ].) (I)4k+2 = (113)
2k+4 agro=(k+1)(k+2)

for ke N,
byrsz =2k + 3. anss = (B + 1}2_- bagss = (1.14)
2k + 2. Qgpps = (-IC e o 2)2
for k e N[].
Let P and @] be mumerator and denominator of Nesterenko fractions. It is easy to prove

that munerator and denominator of Nesterenko fractions with subscript 4 — 2 are equal to the
numerator and denominator of Apéry fraction with subscript v, respectively.
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2 The main result

The goal of present work is to give some supplements to Apéry’s and Nesterenko's results. Qur
research is based on the results about difference systems connected with Mejer's functions; 1
gave a talk about these results on conference in memory of professor N.ALKorobov.

Thus, we have found the following expaunsions of the number ((3) in continnous fractions:
Theorem A. The number {(3) has the following two ezpansions in continued fraction: the first

one 1§ - o
oy al Y
2(3) = b5V —1—1]|+——1)|— (2.1)
b | by
with b, and a, given by the equalities
B =3, al = g1,
alt = —(v — 1)%A (42 — 4w — 3)3
forv e [2,40c) NN,
bt = 4(680°% — 450 + 1202 — 1)
for v € N, and the second is
(»2) (=2)
2y i | ag o
U@ =br+ 2 12 (2.2)
2 B2 52

with b, and a, given by the equalities
BB =2 o' = 42,
al? = —(v— )%} — v = 3)((v+ 1)) = ) (v — 1)* - (v —2)%)

forv e [2,+00) NN,
b = 2(1020° — 68v* + 2102 — 3),

forveN.

As a result we specify also a way to obtain many other expansions of the nmumber (3) in
coutinued fractions.

Tle next three sections contain a sketch of proof of Theorem A.

3 Auxiliary functions
Suppose that 2 satisfles to the following conditions:
z| > 1. —3w/2 < arg(z) < 7/2,log (2) = In(|z|) + i arg(z). (3.1)
let 4 be the differentiation z%. and let o be a nonnegative integer. My first auxiliary function

is a finite sum
bt 2 2
. » ; + o +k :
fﬁ.\‘l{zry} = c.:.]_(zry} T E [z}k (V k (l) (U 14 ) I (32}

k=0
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Let us consider the rational function given by the equality

M(-3)
R(a,t,v) = ::;i : (3.3)
I1(t+3)
j=0
My second and fourth auxiliary function are sums of the following series
+oa ; "
" w+a)? :
fanle) = 3 U pa 12 (3.4
t=1 ’
- - v+ (0, o
Balzoy= —;z —F E{R V) (. t,v). (3.5)
Finally my third auxiliary function is defined as follows:
faa(z.v) = (log(2))fs (2. v) + fa‘-.i),_al{z' v). (3.6)

We consider also the functions f,(z.v). k = 1, 2, 3, 4, related with previous functions by
means of the equalities
12

v - o
Jox(z,v) = m{z‘y)fa,k{z‘y)' (3.7)
where k=1, 2, 3. 4, v € Ny, Making use of the expansion of the following rational function

M(—f}"(ﬁ(a. t.v))?

(v1)?

into partial fractions relatively to . and sowme simple transformations we obtain the following
equality

5 Fone () — (108 (2))8" Fia2, ) = (38)
2 . x
(Z(l — i +i)8.8 (% U)Liﬂ(lfﬂ) — Bagay(550),
i—1
where § = z%, i=0,1,r=0,1,23|z|>1l,0eN, s Z,
Ta{l )= Z 1/(z"n%) (3.9)
n=1

are polylogarithms and 3';';;’1[2 v, 3‘;‘;’1 +;(2z1v), are polynomials of z with rational coefficients.
It is clear that
L,(1)=((s), s=>1. (3.10)
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4 Passing to a difference system

In fact, the auxiliary functions f).(z.v) are generalized hypergeometric functions, so called
Mejer’'s functions. They satisty the following differential equation

Do(z.v.0) far(z.v) =0, (4.1)
where v € [0, +o0) NZ, k€ & = {1, 2. 3},
D,(z,v,8) = 2(d —v—a)?(§ +v+ 1)2 — &% (4.2)

is differential operator, and 4 := z%. It follows from general properties of the Mejer's functions
that
{5 TV l)Qf&.k{z'. V) = (6 ==L Q)Qfa.k{z'. oot l) ("1'3}

where v € [0, +00) N Z, k € K. Since,
4
(1= 1/2)"Da(z,v.8) =6* = bapd*™,
k=1

we can obtain by standard considerations the differential system
dXar(2:v) = Ba(z: v) Xap(z; 1), (4.4)

where k=1, 2, 3, |z| > 1. v € Ny,

; . g 0
0 0 1
B.(z;v) = 5 2 L l
bai(z:v) bas(ziv) bag(ziv) baa(z:v)
:fc*.k(z- v)
Naklasa)i= 0 farlzv)

82 (2.)
8 fan(z.v)
where k=1, 2, 3. 2| > L. In view of (4.2),
Dy(z.—v—a—1.8) = D,(z.v.4). (4.5)

Therefore we can put
Xap(zi—v —1—a) = Xar(zv), (4.6)

where v € Ny, and then consider X, :(z:2) on
veM™=((—o0,-1—a]U0,4+ox)NE,

Finally, we use the equations (4.1), (4.3) and (4.4) to obtain the following difference system.
Theorem 1. The column X, 1(z;v) satisfies to the equation

P Xar(z;v — 1) = AL(2v) Xak(z;v), (4.7)
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forve M =(-oo,—1l—a]U[l,+0c))NZ, k=1, 2, 3, |z| > 1; moreover, the matriz A} (z;v)
has the following property:

(v +a)’Ey = A%z —v — a)da." (21v), (4.8)

where E,; 15 the 4 x 4 unit matrir, z € C, v € C.
Although the matrix AZ(2;v) is a 4 x 4-matrix, its elements are huge polynomials in
Qlz, v, a. For example, if we put

l+a
2

then the the matrix A%(z;v) has on intersection of its first row and its first column the element

(4.9)

n=uv)=wv+allv+l), r=1(v)=v+

it y) = a:,_u{z- v)+7al (2. v),
where
v 1 P 2 - = 2 2
agq1a1(z,v) = 5(—1 + 20— o —Bu+ Jop — Hut — o)+ (4.10)
%(—4+ 12a — 13a® + 60° — o)+
%;x{—lﬁ? + 540 — 290° + 5a° — 564 + 20au),
ap i (zmv)=1-0a + 3+ P+ (4.11)
2(4 —8a + 5a” — o® + 24u — 20u + 5o’y + 1647,
So, the equality (4.8) was very helpful for us, when we have checked our caleulations.

5 Reducing the obtained system to the difference system
of the second order in the case o = L.

This is key point in our research, it leads to desirable results. In the case o = 1 the situation
simnplifies since the above system is reducible and our problem can be reduced to the consideration
of a system of the second order. To be more precise, in this case

r=nW)=v+l, p=m)=w+1)> (5.1)
3
%Da{z, v,8) = (1 —1/2)8* + Z Tok+1(V)8", (5.2)
k=0

where
T'](U} = ;11(1‘)}2 = {U iy 1}4 = “_4'. TQ‘[V}I o [)
r3(v) = =2 (v) = -2(v + 1}2-. ry(v) = 0.
Let us consider the row
R(v) = (rn(v). ro(v). 7). ra(v)). (5.3)
Let E, be the 4 x d-unit matrix, and let C{v) be the result of replacement of 1-th row of the
matrix E, by the row in (5.3). Let further D(v) be the adjoint matrix to the matrix C(»). Then

C(v)D(v) = 4*Es. C(—v —2) = C(v), D(~v —2) = D(v), (5.4)
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Set
AT (L,v) = C(v — 1)Af (2. v) D(v). (5.5)
and
yrik(zv)
Via(aiv) = | 82K | 00)Xon(ain), (5.6)
Nax(zv)
where k=1,2 3, |2| > L, ve M = ((—o0, —2] U [0, +00)) N Z. Then
Yix(z:i —v —2) =Yia(2:0), (5.7)
i (v)?2PY (v — 1) = AV (2. 0) Y k(21 0), (5.8)

where k = 0.1, k=1,23, 2] > L.v & M} = ((—o0. —2] U [L,+20)) N Z. Replacing in the
equality (5.8)
ve M =((—oo,-2]U[l,+o0))NZ

by

vi=—v—2 M = ((—o00,-3]U[0,+x)) NE,

and taking in account (5.7) we obtain the equality
(V)2 (v + 2PYin(ziv + 1) = —A7 (2, —v — 2)Yiu(z0), (5.9)

where k=1,2.3, |z] > L. v € M = ((—o00, —3] U[0. +00)) N Z. The matrix A;"(z,v) can be
represeuted in the form

A (ziv) = AP (Liv) = (z — V™(v). (5.10)

where the matrix V™(v) does not depend from z. We will tend z € (1. +oc) to 1. Therefore we
must study the behavior of our auxiliary functions, when tend z € (1, +oc) to 1. Then

I1¢ -3

1

' R(Lt,v)? = ——— =4+ £750(1) (t > +o0) (5.11)
[1(t+3)
j=0
r (00 =3 i e
¢ (E(R }) (1,£,) = "30(1) (t — +o0) (5.12)
for r =0, 1, 23, 4. Therefore
(2= 1)8"fia(z.v) = (5.13)
+as
Z 27" (R, t,v))? = (2 = 1)O(1) (1 — 1/2) - 0 (2 = L+ 0)
i=1
forr=0; 123
(2= 1)8*fra(z.v) = (5.14)

Zz'%—tﬁ(ﬁ(a,t. )P=14+(z—1)0(1)In(l—1/2) 51 (z—1+0)
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(2= 1)8" fra(z,v) = (5.15)
= Z 2TEH )T (%(Rz}) (Lt.v)=(z—-1)0(1) =0 (2—=1+0)
t=1 '
forr=0,1 2 3. 4and
(z2—1)8" fis(z,v) = (z — 1)(log(2))8" fra(z.v)+ (5.16)
(z2— )& frolz,v) + (2 — 1) fra(z,v) = 0 (2 = 1 +0)
for r =0, 1. 2, 3. 4. Further we have
yl.j+l.k{z- v) = 55"}“1__;:(2__ V)- (5-17)
where j=1. 2. 3k=1, 2, 3, 2] > L. v € N;,. Further we have
yak(lv) = zli‘llli{] yie(z,v) = (5.18)
— lirlnn(l — /)0 fie(z,v) = (k= 1)(k—3), where k=1, 2, 3, ,v € Ny,
z=— 1+
(v+1)*° 0 0 0
AREETL N (1;?2,1(15- v) "JT,-Q.Q(]-? v) (1;:"2.3(1:_ v) 0 =
aFY) = a7y (Liv) afha(liv) a™1.3.3(Lv) 0 (5.19)
ataa(liv) alip(liv)  afia(liv)  (v+ 1%
with
aly (Liv) = (5.20)
—72 (7 = 1)(27 — 1)(672 — 47+ 1),
a}%y,(Liv) = 737 — 1)(73 + 2(27 — 1)3), (5.21)
a5 (L;v) = =374 (r — 1)(2r — 1)%, (5.22)
a;?{j.l(ll‘u} = (5.23)
T — 1) (27 — 1)(4r2 - 37+ 1),
ayy.(Liv) = (5.24)
—27%(r = 1)2(2r = D)7 = (r = 1)%),
a;f?;a{l;r/} == (5.25)
(= 1)*((r — 1)* + 2(27 — 1)3),
araa(liv) = (5.26)
=132 - 127 =27+ 1),
“3?4,2{127/} — (5-27)

(r — 1)3(2r — 1)(4r2 — 57+ 3).
alya(liv) = (5.28)
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—r (7 — 1)*(27 — 1)(67% — 87 + 3).
If we consider the second and third equations in the system of equations (5.8) with k= 1. 3
and tend 2 € (1. +oc) to 1. then, in view of (5.18) and (5.19), we obtain equatious

(V)8 frox(liv —1) = (5.29)

2
(Z ‘IT:-[]_«;+1.J'+1“: i”)mj.fl_{l,_k)(l- V)) -

i=1
wherei=1,2, k=1, 3and v e My = ((—oc, —2] U[L,+oc)) N Z.
Let us take

F={F()}*__ and G={G)}I=_., (5.30)
such that
Fl-v—=2)=F(v). G(-v—2)=G(v). Flv) € Q. G(v) € Q (5.31)

for v € Z. Then in view of (5.7),
yra(z.—v —2) = yrelz.v) = (5.32)

fore=0,1 k=1 3and »r € M{™ = ((—o0,-2] U [0,+00)) N Z. In view of (5.29)
2 ¥
(Z “E:;.jﬂ(l:?’)(5Jf1.rn.k)(l-V)) = (5.33)
i=1

m(v)’yre(z,v — 1),

where k=1, 3 and » € M} = ((—o0, —2] U[Ll. +00)) N Z. Replacing in (5.33) v € M by
vi=—v—2¢€ M = ((—o0,-3]U[0,+0o0)) NE,

and taking in account the equality (5.7) we obtain the equalities

2
(Z GEEJH-K“? =2 2)[’5J.-Rf1_n‘k)(l- V}) = (5.34)
F=1

—m () + l}ay}:':‘(;(z. v—+1),

where k=1, 3 and v € M* = ((—oc. —3] U [0, +oc)) N Z. Set
o ¥+l —v —2) -
L, = | F)@-i)+6wmG-1) |, (5.35)

ﬂ}f&{j+1(l;y_ 1)

where j=1,2, v € M{™ = ((—oe, —3] U [L, +o0)) N Z,
Weo() = ( @8h,0) @5b,0) ) = (5.36)

ayt, l:.—v - 2) aFs l:'—f/ —2)
Fv) G(v) LY (v) =

-

apgoll: v) ﬂ;:,:}.::.{l'- v)
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( (8 from)(L.v) )
(52f1,{1.k}(1-.”) '

Foxv) = (5.37)
—p (V)2 (v + 2)PyF (2, —v — 2)

ryf:{c;(z- v)
m vy vyFe(z.v — 1)

where k=1, 3, v € M7 = ((—o00, —3] U [L, +00)) N Z. In view of (5.33) and (5.34)

e L L]

Foxv) = Wrew)Y™(v). (5.38)

Let further
wr gV
Weealv) = | wraaa(v

)

) | = raq(v). wrea(v)] (5.39)
WFE 33 (V )

);

be the vector product of W5 (v) and wra(r), and le
@r6s(v) = (Traa(v))’

be the row conjugate to the column wWeg 3(v). Then for scalar products

(@5 4(v), BE% ,(v))

we have the equalities
(%} 3 —
”—'F(*.::,{V)“-?.GJ(V} =

(T 5(v). T (v) = 0,
where k =0, 1, j=1, 2 and
v e M™ = ((—o0,—3|U[l,+00)) NEZ.

Therefore
HT.-'F.G.;.}(V)H"F_G{U) = { U 0 ) s (5—1{))
where v € M = ((—o0, —3] U [1, +00)) N Z. In view of (5.29), (5.34) and (5.40),

w(k)resV)YEGr (v) = (5.41)
Lt_.-‘(-‘{-}?'_;-;(b’}“'(}{)i *-*{V = U
where k = 1, 3 and v € Mj*** = ((—o0, 3] U [Ll,+00)) N Z.

Thus, for given F' and G we obtain a difference equatlon of the second order, which leads
to desirable results. First, taking F(v) = | and G(v) = 0 for all v € Z, we then obtain the first
expansion described in Theorem A. Further, taking F(v) = 0 aud G(v) = 1 for all v € Z, we
then obtain the second expausion from Theorem A.

Acknowledgement. I express my thanks to A.G. Aleksandrov for his support.



43

(]

6.

=1

10.

11.

12.

13.

14,

Beal¥

HAV'YHBIE BEJOMOCTH “‘l Ne13(68). Brimyex 17/1 2009

Bibliography

R.Apéry. Iuterpolation des fractions contines et irrationalite de certaines constantes,
Bulletin de la section des sciences du C.T.H., 1981, No 3, 37 - 53;

. Oskar Perron. Die Lehre von den Kettenbriiche. Dritte. verbesserte und erweiterte Auflage.

1954 B.G.Teubner Verlaggesellshaft. Stuttgart.

. Yu.V. Nesterenko. A Few Remarks on ((3), Mathematical Notes, Vol 59. No 6, 1996,

Matematicheskie Zametki, Vol 59, No 6, pp. 865 — 880 1996 (in Russian).

. L.A.Gutnik. On linear forms with coefficients in N{(1 + N) (the detailed version,part 3),

Max-Plank-Institut fiir Mathematik, Boun, Preprint Series, 2002, 57, 1 = 33;

. On the measure of nondiscreteness of some modules, Max-Plank-Institut fiir Mathematik,

Boun, Preprint Series, 2005, 32, 1 = 51.

On the Diophantine approximations of logarithins in eylotomic fields, Max-Plank-Institut
fiir Mathematik, Bonn, Preprint Series, 2006, 147, 1 - 36.

. On some systems of difference equations. Part 1. Max-Plank-Institut fiir Mathematik,

Boun, Prepriut Series, 2006, 23, 1 = 37.

. On some systems of difference equations. Part 2. Max-Plank-Institut fiilr Mathematik,

Bonn, Preprint Series, 2006, 49, 1 - 31.

. Omn some systems of difference equations. Part 3. Max-Plank-Institut fiir Mathematik,

Bonn, Preprint Series, 2006, 91, 1 = 52.

On some systems of difference equations. Part 4. Max-Plank-Institut fiir Mathematik,
Bonu, Preprint Series, 2006, 101, 1 - 49,

On some systems of difference equations, Part 5. Max-Plank-Institut fiir Mathematik,
Bonn, Preprint Series, 2006, 115, 1 = 9.

On some systems of difference equations. Part 6. Max-Plank-Institut fiir Mathematik,
Bonn, Preprint Series, 2007, 16, 1 = 30.

On some systems of difference equations. Part 7. Max-Plank-Institut fiir Mathematik,
Bonu, Preprint Series, 2007, 53. 1 — 40.

On some systems of difference equations. Part 8 Max-Plank-Institut fiir Mathematik,
Bonu, Preprint Series, 2007, 64, 1 — 44,

. Omn some systems of difference equations. Part 9. Max-Plank-Institut fiir Mathematik,

Bonn. Preprint Series, 2007, 129, 1 - 36.

. On some systems of difference equations. Part 10. Max-Plank-Institut fiir Mathematik,

Bonu, Preprint Series, 2007, 131 , 1 - 33.

7. Ou some systems of difference equations. Part 11. Max-Plank-Institut fiir Mathematik,

Boun, Preprint Series, 2008, 38 , 1 - 45.



L.A. Gutnik. On some expansions of the number ... 44

O HEKOTOPHBIX PA3JIOXKEHIWAX ((3) B HEIIPEPBIBHEIE TPOBU
JLA. I'yrHuk

MockoBsckuii rocyaapcTEEHHBIA UHCTUTYT 3NEKTPOHWKK M MaTEMaTUKN,
Bonbwoii Tpexcestutenckuii nep., 1-3/12, Mocksa, 109028, Poceuns, e-mail: gutnik@gutnik.meceme.ru

Annotanna. B naunoll pabore noaydens HosLe pasaoxkeinns ((3) b nenpepLisiuLie 1podu.
Kmaiouessie croBa: q3eta-chynxuus, ((3). pasnokeins B HenpepLIBILEe Ipodu.



