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Introduction

The notion of Saito free divisors was introduced by K. Saito (cf. [10]). He also formulated and
stressed the importance of systems of uniformization equations along such divisors (cf. [9]).
In this note. I explain recent progress on systems of uniformization equations along Saito free
divisors defined as the zero sets of the discriminants of complex reflection groups of rank three.
The hypersurface defined by the discriminant of a real reflection group is a typical example
of Saito free divisors. It is known that the discriminant of a complex reflection group of rank
three is also a Saito free divisor (cf. [8]. [5]). But I dou’t know whether it is true for the case of
arbitrary complex reflection groups. My interests on this subject are to coustruet (1) Saito free
divisors, (2) systems of uniformization equations. and (3) their solutions in a concrete manuer.
Restricting to the case of three dimensional affine space, I obtained some results on (1), (2).
But 1t is difficult to attack (3) compared with (1), (2). The purpose of this note is to report my
results on (1), (2) for the diseriminants of irreducible complex reflection groups of rank three.
A part of the results of the last three sections are obtained by a joint research with M. Kato
(Univ. Ryulkyus).

1 Definition of Saito free divisors

Let F(z) = F(zy, 20, ..., xp) be a reduced polynomial. Then D = {z € C* F(z) =0} is a
(weighted homogeneous) Saito free divisor if (C1)+(C2) hold.
(C1) There is a vector field
o~ Z T O,
i=1

such that EF = dF. where miq.mo. ... My, d are positive integers with 0 < m; <m, < -+ <
M.
(C2) There are vector fields
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such that
(i) each ay;(z) is a polynomial of 1.z, ..., Tz
(i1) det(ay(z)) = cF(z) for a non-zero constant ¢,
(iii) V! = E. V'F(z) = ¢;(z) F(z) for polynomials ¢;(z),
(iv) [E, V'] = E;V* for some constants k;,

(v) Vi(y =12... .n) form a Lie algebra over R = C[zy, x5, .. .. T
We now give examples of Saito free divisors.
Let
f(f) =t"+ Igtn_Q == I;-;fn_ﬂ g Ry In_]_f T Iy
be a polynomial of nth degree and let A(xy, 3. . ... T,) be the discriminant of f(#). Then A =0

is a Saito free divisor in C""!.

More generally, the zero locus of the discriminant of an irreducible real reflection group is
a Saito free divisor.

Basic reference of this section is [10].

2 Irreducible complex reflection groups of rank three.

In this section, we collect some results on irreducible complex reflection groups of rank three.
A basic reference on complex reflection groups is Shephard-Todd [16] (see also [8]).

Reflection groups treated in this section are real reflection groups of types Ay, By, Hy and
complex reflection groups of No.24.No.25.N0.26,No.27 In the sense of [L6]. The real reflection
group of type Hy is same as the group No. 23 in [16].

Let G be one of the seven pgroups and let Py, Py, Py algebraically independent basic G-
invariant polynomials and put k; = degs(Pj). We may assume that by < by < k3. Let 7 be the
greatest comunon divisor of kq, ke, by and put k;. =k;/r (j = 1.2.3). For the later convenience,
we write 1.y, x5 for P, P, Py. Let dg(zy, To. z3) be the discriminant of G expressed as a
polynomial of z,, x4, z5.

In the cases Ay, By, Hy, taking G-invariants ;, 1. 13 suitably, Fiya,)(z;, 7. 74).
Fyy(gy(T1. T, 73). Fyy(py) (@1, T2, 3) are discriminants for G up to a constant factor. respectively,
where Fu1. Fga1, Fr are the polynomials given in Theorem of [13[.

group |order | k1, ko, ks | degree | (K], &, &)
Ag W(As) | 24[2.34 [12 (2.3.4)
By W(B;)| 48|2.46 |18 (1.2,3)
H, W(Hy)| 120]2.6,10 |30 (1,3,5)
No.24 G:J,:;f,' 336 —l._ fJ 14 42 (2. 3. .r.)

The conerete forms of discriminants of TW(Ay). 1W(By), W(H;) are as follows:
Type Ay 16zizy — 42823 — 1282323 + 1440 2375 — 2773 + 2563,
Type By z3(zizl — 428 — 458z + 181 2075 — 2773).
Type Hy: —50z3 + (40 — 50zizy)23 + (4z]zy + 60ziz3 + 225223 ) 75 — 213
—115z3z5 — 102823 — 492,
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The diseriminants for the groups No.25. No.26 are same as those for W(Ay). W(B;)
respectively by taking the basic invariants suitably. On the other hand, those for the groups
No.24, No.27 will be given in §5, §.6.

3 Systems of uniformization equations along Saito free divisors.

Let F(x) = () be a Saito free divisor and let 177 (j = 1. 2,....n) be basic vector fields logarithmic
along F = (. Let u = u(x;. o, ....x,) be an unknown function. Assume that V'u = su for a
constant s(# 0) Put @ = (u. V2u,..., V"u) and consider the system of differential equations

(UE) Vi = A;(z)u (7 =1,2,..., n)
where A;(z) (=1,2,..., n) are n X n matrices whose entries are polynomials of z.

If (UE) is integrable. it is called a system of uniformization equations with respect to the
Saito free divisor F = ().

The system (UE) is written by

Viu=su

Viviy = Z hfj(l')l'—ku (V"'-'J'}
k=1

where h’;‘j(r) are polynomials of z. There are n nunber of fundamental solutions of (UEa). Let
u;(x) ( =1.2....,n) be fundamental solutions outside the divisor F = (). Then

(UEa)

plz) = (ui(z), uz(z). . .., un(z))

defines a map of C" — {F = 0} to C". The following two problems are fundamental in the
study on systems of uniformization equations.
PROBLEM 1: Construct fundamental solutions u;(z) (j = 1.2...., n) of (UEa).
PROBLEM 2: Construct the inverse of ¢(z) in a concrete manner.

These two problems are solved in the case 1W(A43) for a special but interesting system of
uniformization equations by K. Saito. For the details of the results, see [9].

4  The diseriminant of the Coxeter group W(H;) of type Ha.

A part of the argument in the case of 1 (4;) in [9] is applicable to the case of the Saito free

divisor defined by the zero locus of the disceriminant of the Coxeter group of type Hy. In this

section, [ will explain the results ou this case. For the details of results in this section, see [15].
The diseriminant of the polynomial P(t) defined by

; : - : Lo 1 :
P(t) =t°+ yit® + yot® + yst + Q_Uyé - (4.1)

is A? up to a constaut factor, where

A = 125y%y; + 864y5 — 1250y7yays — 9000y y5ys + 3125535 + 25000y yaya + 50000y3. (4.2)

Remark 4.1 The equation P(t) = 0 is essentially same as "Die allgemeine Jacobi’sche
Gleichung sechsten Grades” (see p.223 in Klein's book [7]).
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The polynomial A is regarded as the diseriminant of the group W(Hy). In fact, the substitution
of the variables (y1.y2. ys) with (z1.z2.x3) defined by the relations

n o= —4n
y2 = 10z} — 25z, (4.3)
y3 = —4dzi+ -5[)If$2 — dlzy

implies that A coincides with the determinant of the matrix M up to a constant factor, where

M is defined by

T 3z, 51
M= 3z, 23+ 222, TT1T2 + 27T (4.4)

5z3 TzTs + 2731, %(lézrj + dxiTy + 182322)

and det M is the discriminant of W(H;) (ef. [17]). In the sequel, we always regard P(#) as a
polynomial of £ and z. The hypersurface defined as the zero set of the polynomial f; = det M/
is an example of Saito free divisors. To show this. we define vector fields 15,. V1. V5 by

Vo s,
v, | =3 8,
rz a:rg

Then we have
[Vo, V1] = 2V, [V, V3] = 4Va,
V1. Ve] = GI?-’Q +225)Vy + 4317,

and
Vofo = 15,
Vifo= Ql'?fn-
Vafo= QIJfQI:f + 3x3) fo

Remark 4.2 We note that
P(—z;) = ==z}, (4.5)

This implies that (—x1,5v/5/2 - 1) is a point on the hyperelliptic curve 2 = P(t) on (s,t)
plane.

Consider the system of differential equations

u u
Vil iu | =B | Viu (i=10,1,2) (4.6)
Hu Vou

The system (4.6) is a systemn of uniforinization equations along the Saito free divisor fy(z) = 0.
Here B; are defined as follows:
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] 0 0
Bl = 0 2 + S 0
0 0 44s,

0 1 0

(8 + T0s; — 10087 + 83,
+36s18y + 285 )25
+(—180 + 8258; — 75082
_9(}8[] g ?‘5313[))1'2
[ (=128 + 80s; + 1007 = 128s; ]
+40s1 50 — 325%)x8
4 L10(—32 — 400s; + 55052 + 3285, £

—Lﬁl %(8—581 & 43[]}&% 81

225

B,

1

8 + 55; + dsg)z3 . ; .
50 =T { ( A } (4 — 55y + 28g)a?

—20s15y — Bsp)zizs 15 +10(8 + 58y + 850z 15
.-,(_4.:')(10.«;1+5625.«;f+18[1(1.sn)x§J PSS Snybag) g

+(2400 = 30008, + 12005 )x1x3
0 0 1

(=128 — 8051 + 100s7 — 1285y
+40s150 — 32575
1) +10(—32 — 4008, + 535057 — 3255 | { (8 + 58; + day)zd
00 —20s180 — 8s2)xizs 15 ~10(2 + 55, + sg)x2
51 (=4500 + 56255 )x3
+100(24 = 308, + 128p) 1174
By = (=128 + 80s; + 10083 — 1285,
+40sysp — 3287 )2
+(80 = 5008, + 50052 — 280s,
. +200s, 59 — 16057 )x3 22
40 ) £95(—104 — 130s; + 32557 + 40s
+255 5y — 8s3)rizd
+100(12 = 158, + 24sp)x? x4
+5[}(ﬁ[} o ?551 o 3[].‘:‘[]}2223

} ]]—3{4 — 5s; + 25[)).7_':[!

-5 25 Y
%{4——5&1)1‘2(4.1‘:15-;—512) %:T{ (1500 Sa)en }

—-—[4[] = 5ls; + 2[].‘:‘[]}1‘2

Remark 4.3 In the case sy = 3. s; = 1, the monodromy group of the system Vi = B; i (j =
0.1,2) coincides with W(Hj). This case is treated in Haraoka-Kato [6].

We consider the system Vji = Bj411 L j=0,1,2) with s = —2, 51 = 0. Then we obtain
Vv = —2u
ViViw = 0 —_—
VaViv = 0 =l

VoVou —472(322 + 23, 73)v + To(42® + 53y) Vi

Theorem 4.4 (cf. {15]) The function v(z) defined by

v(z) = /- 1 P(t)~Y2dt

00

is a solution of (4.7).
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The proof of this theorem is given by an argument similar to the case of type 4.
If u(x) is a solution of (4.7) such that Viu = (. then u is a solution of
Vou= —2u
Viu=10 (4.8)

{V# + 423 (323 + 2z123) Ju =0

Taking two paths C. Cy appropriately and define
w;(z) = /n pi(t)dt (7 =1.2)
Jg

Then each w;(z) is also a solution of (4.7) and in this manner we can construct solutions of
(4.8). In this case it is not clear whether solutions of (4.8) are expressed by special functions or
not. Moreover PROBLEM 2 (the construction of the inverse mapping) is still open.

5 The discriminant of the group Gy, Shephard-Todd notation No.24.

In this case, we begin with defining the polynomial

P(f) = t7 == %(C] = l}l’gfa — %({,’1 —‘l)l'gt4 — -I’,((:]_ o 4).’1’?}4’ == ]_’-l:(Cl o Q)IQI;itZ
+2{(3c: — )8 — (c1 + 5)z3}t + 2(Tey — 131)x3zy + 27

The diseriminant of P(t) is f7 up to a coustant factor. where

fo = 2048z)zy — 2201625z] + 60032z3x] — 1728z + 256ziz7 — 1088z3x5x;

—1008xsziz; + 88xirszr? — 22

and fy is the discriminant of the complex reflection group Gazg. (The polynomial f; is same
as the one shown in p.262 of the paper of A. Adler in the book “The Eightfold Way'by 2 —
f. 3 — V. 77 — C. The polynomial P(#) is given in p.406 of GMA of F. Klein, Band I1.)

Define vector fields V5. V1. V5 by
F(Vo, Vi, Vo) = M¥(8s,. Os,y, Bs,)

Then Vi, V1, V5 form the generators of logarithmice vector fields along fi; = (). Here

2.1'.'2 3.173 ?I’F
M= Ig —%I'? —%IQ(QSIgI;J, = J_ZSI;I +3IQI?)

Tr; —50za(273 — 1323) 28(32z8 — 40zix] — 8415 + 539z9Ta17)
Put
40={{s0,0,0},{0,s0+4,0},{0,0,50+5}};
A1={{0,1,0},{1/162%x2% (4= (-1+c4-50) * (8+cd+2%s0) *x2"3-

3% (24+43%cd+5xcd~2+24%30+
19%cd*30) *x3~2) ,1/9% (-10+c4-4%30) *x2~2, c4*x3/504},
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{-7/54% (8% (-152+3T*cd+T*cd~2-172%50-14%cd*g0-38%50"2) *x2~ 3*x3-

18% (8*cd+cd~2+76%380) *x3~3+3* (8+c4+38%50) *x2*x7) ,
-14/3%(-20+5%c4-38%30) *x2%x3, -1/9% (8+cd+2%s0) x2"2}};

42={{0,0,1},

{-7/54% (8% (-152+3T*cd+T*c4"2-190%80-14%c4*s0-38%30"2) *x2~3*x3-18*cd* (8+
cd)*x373+3* (B+cd+8%30) *x2%x7) ,-14/3% (-152+5%c4-38%50) *x2*x3,

-1/9% (24c4+2%30) *x2°2},

{98/9% (48= (-24+5*cd+cd~2-36%50-cd*s0) *x2-5+4% (-440+97%cd+19%c4~2-658*s0
-89xcdxs0-722%3072) *x 2~ 2%x 32+ 3% (B+c4+38*30) *x3%x7) ,

-1176%(-24cd) * (2%x2"3-x3"2) ,14/3% (190+5%c4+T6*s0) *x2%x3}};

There is a system of differential equation of rank three defined by

u u
Vil Vi | = 4; | Viu (7=0,1,2)
Vou Vou

This system has two parameters sp, cs.

Substituting s; = —1.e; = 0 in A;., we obtain Ag{]};
A=l m 30], A=1] 0 2 0
. 2(8x3xy — 7618 + wyr;) —84mary —%Ig
' 0 0 1
AP = 0 532z0T3 0

196(3223 — 11222172 — 57377)  2352(223 — 23) 532ze13
The systemn
u " u
Gl i | =47 | Vi (1=0,1,2)
Vou ol

has a quotient which is defined by Viu = 0. Assuming Viu = 0, the system for ( o ) turns
2

out to be
l_r u _ -1 U i
U\ Tou - 0 4 Vau
i u 0 0 - -
Wi ( Vyu ) ( %(81';3:‘} — ?f)g;; + 5T0z7) _§I§ ) ( Vyu ) (5.1)

v u _ 0 1 i
2\ Vo - 196(32x3 — 1122222 — Bxaxr) 532z0xy Vou

We now study the restriction of the system (5.1) to the hiyperplane zo = (. Then we obtain
an ordinary differential equation

ap 182 S 10z
oz + = R i S —Ju=10
TOT(1728xf +23) T 49(1728z] + zB)
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One of its solutions is

=1/3 J. ]_U 2 I?
+ F T e e e
3 (21 21'3’ 17285

Similarly as the restriction to 3 = 0 of (5.1). we obtain an ordinary differential equation

, 25617 + 1122 3
a2 2 i + - =
(df-’ Ter (2567 —a2) 7 T T5(—2562] = r%)) el

oy 133 Tz
% 14 14" 7" 25622

Remark 5.1 We note that, in the case ¢y = =9, 59 = 1/2, the system of differential equations

One of its solutions is

has a monodromy group tsomorphic to Gass. This case is treated in [6].

6 The discriminant of the group Gy, Shephard-Todd notation No.27.
Consider the polynomial
P(t) = t° 4+ yit® + yot” + yst® + yat” + yst + v

Substitute y; (7 = 1,2...., 6) by z; (j =1,2,...,6);

yl=x1
y2=(5/16)%(9 + sr)*x2,
y3=(5/64)% (11 + 3#sr)*x1*x2,
yA4=(5/512) % (37 + 45xsr)*x2~2,
y5=(61 + Bxsr)=(-B4%x1-3%x2 + 373%x1%x2°2 + 15=xsr*xi*x2°2 + 2xx3))/12288,
y6=(-279 + 146*sr)*(-512%x1~4*x2 + 2864%x1~2xx2°2 +
1425%x2"3 + 135#sr*x2°3 +16%x1%x3)/3538944,

where sr? = —15. Then f7 the discriminant of the polynomial P(t), where
fo = 655336z]'z; — 1763376z7z) + 17406016z]z; — 73887360x5x5 + 107371008z}
+34338816z1 75 — 4096x5zoxy + 9664023 — 7079527 xdrs — 162259227 xixs
+186624x3Ty + 64573 — 1584z Tyx] + T1287 37 + 923
up to a constant factor.

Remark 6.1 By direct computation, we find that

P (3 — 5sr) _ 5(—45+1lsr) _(39—sr) , #
72 )T T 112 T

This means that

(8—5sr) (5(=45+ llsr) o gy 39—s7) 4
72 o 1152 ? 216 !

is a point on the trielliptic curve s* = P(t) on (s,t) plane.
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The polynomial f; is regarded as the discriminant of the complex reflection group No.27.
In particular. fy is obtained as the determinant of the matrix

T 2z, 5Ty
T2 =5 (144773 — x3) 1{1—18(64[):::?332 — 938_8:::?3:% + 36600z7x3
M= — 1987223 — 28237y + 307z, 7073)
T3 %(—192{)3:“113:2 + 8724732 —1%3:1(5592{&{1"332 — 8870923 x2 — 288612033
+1641623 + 139x,73) +367632x; — 26922375 — 20533z 7975

It can be shown that f; coincides with the polynomial gkl3 in my notation by a weight

pol] 3 A g
preserving coordinate change in the notation of wmy note. We define vector fields 14. V7. 14
by

Vo drl
Vi | =M o,
Vs Oz
Then V4, V1. Vs form generators of the logarithmic vector fields along the set fy = 0 in the

(T1. Ty, 3)-space. By direct computation, we have
s | BT = : 5 e o . :
[1'1._ lQ] = m(S2U[]ITIQ i l()—ll23:;rj — ].8”3{)1'11.'; . 8”1’5’1’{ o :'}[]?IQI:;)I"”
8

135
We consider the system of differential equations

; ; 1 ;
(474x} — 4102221, + 7209z2) V] — ﬁzl{ﬁzf — T3z,)Va

u u
Vil iz | =4; | Viu (7=10,1,2)
Vou Vou

where Ay, 4;. 4s are matrices of rank three defined as follows.

40={{s0,0,0},4{0,3+s0,0},{0,0,4+s0}};

A1={{0,1,0},{1/2099520% (320% (1+1728%h1-4*s0)*(3+864*h1+s0) *x1"6-
120%* (47+58752*h1-280%s0) * (3+864%h1+s0) *x1~4*x2+36%(2115+
2967840%h1+679311360%h1~2-15870%50-2515104%h1*s0-
6126%5072) ®x1~2%x2"2-3888% (15+30240%h1+7464960%h1~2-175%s0+
28512x%h1*s0) *x2~3+45% (3+864%h1-35%s0) *x1*x3) ,-1/810*x1*((55+
42768%h1+40%50) *x1~2-3%(255+83376%h1+175%s0) *x2) ,-1/6*h1*(x1"2-
6%xx2)},{1/656100%(-25280% (1+1728*h1-4%50) % (3+864%h1+s0)*x1~7
+120%(9879+16458336+h1+3920506992%h1~2-42907*s0-16232832*%h1#s0-
17560%80"2) #x1~5%x2-36% (123660+210094560*h1+50250378240%h1 "2~
721860%50-210720096%h1*s0-308135%s0"2) *x1"3%x2"2+1944= (345+3546720%h1+
992839680%h1~2-14815%s0+6258816*h1%s0-5775%50"2) *x1*x2°3-45% (147+
42336%h1-1625%80) *x1~2%x3-3645% (5+1440%h1+44%50) *x2*x3) , (4% (316%(-15+
25704%h1+10%50) *x1~4-3%(-16645+15303168%h1+8125%50) *x1-2*x2-2430* (56+
1440%h1-11%s0)%x2~2)) /2025, (x1* (2% (-85+42768%h1-20%80) *x1~2-3%(-715
+166752%xh1-175%s0) *x2) ) /1620} };

A2={{0,0,1},{1/656100%(-25280* (1+1728%h1-4%50)* (3+864*h1+s0)*x1"T7+120* (9879+
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16458336%h1+3920696992%h1~2-75307+20-16232832%h1%30-17560%30"2) *x1"5%x2-
36%(123660+210094560*h1+50250378240%h1~2-1275765%s0-210720096%h1%30-
308135%50°2) *x1~3%x2"2+1944%(345+3546720%h1+992839680%h 1~2-3530#s0+
6258816%h1%30-5775%5072) *x1*x2~3-45#%(147+42336%h1-3785%50) *x1~2*x3~-
6075% (3+864*h1-35%s0) *x2*x3) , 4% (632+% (15+12852*%h1+5%80) *x1~4-3#% (24375+
15303168%h1+8125*50) *x1~2%x2-2430% (-33+1440*h1-11%50) #x2~2) /2025, x1* (2%
(5+42768%h1-20%s80) *x1~2-3*(15+166752*h1-175*s0) *x2) /1620},{1/820125* (4%
(1997120% (1+1728%h1-4%s0) * (3+864%h1+s50) *x1~8-120% (680901+1246968864*h1+
302650380288%h1~2-3612193%s0-1421635968*h1*s0-1027000%30"2) *x1~6*x2+

36+ (6514065+14746523040%h1+3706696028160%h1~2-67397806%s0-17324851104*h1%
s0-16957206%s0~2) #x1~4*x2~2-972+ (-235065+392096160*h1+132420925440%h1~2
-3712385%s0+1286813088*h1*s0-10725600*%s0"2) x1~2*x2~3+1574640% (5+1440%h1
-11%s0)*(-5+8640%h1+33%80) *x2"4+45% (4503+1296864%h1-144155%s0) *x1~3*x3+
3646+ (740+213120%h1+5891%80) *x1*x2%x3) ) ,-16*(49928% (-25+60048*h1) *x1"6-
192% (-44815+84795282*h1) *x1~3*x2-1620% (4469+1982880*h1) *x1%x2"2
+180225%x3) /10125, -8%(632% (-10+6426%h1-5%s0) #x1~4-3%(-16250+7651584%h1-
8125%50) xx1~2%x2-2430% (22+720%h1+11%80) *x2"2) /2025}};

Remark 6.2 4;. 4,. Ay contain parameters sy. hy. The determination of Ay, Ay, Ay was
accomplished by Masayuki Noro (Kobe Univ. ).
19
51%1
In this case the monodromy group of the system of differential equations becomes Gapgp.
This case is treated in [6].
The case sy = —3. hy =10
In this case there is a quotient of the system above. In fact,

The case s; = % hy = —

Viu = 571(13% — 162z )u

: u _m u | '
V; ( Vou ) = Bju ( Vo ) (7="10:1,2)
is a quotient of the system Vi = A;@ (j = 0.1.2) defined above, where B; (j = 0.1.2) are
matrices of rank two defined below:

B0={{-3,0},{0,1}};

B1={{1/162%x1% (13%x1"2-162%x2) ,0},
{(-98592%x1~7+1926304%x1~5%x2-10970316%x1~3%x2~2+17754552%x1%x2"3
-15066%x1~2%x3+30861%x2%x3) /43740, (-1350%x1~3+15390*x1%x2) /43740}} ;

B2={{0,1},{-1/164025% (4% (-6490640%x1~8+180214176%x1 ~6%*x2-999084132%x1~d%x2~2+

712058040%x1~2%x2~3+1244595456%x2~4-299554 2% x 1 ~3%x3+66557T*x 1%x2%x3) ) ,
-4%(511920%x1~4-3948750%x 1~ 2%x2+4330260%x2~2) /164025}} ;
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AHHOT&.LIHH. B pac’:cr:re NpUBeJelnl PE3VILTATLL, OHNHCLIBAIOINHE JUCKPDHMHIIAIT HENPHBOIMMLIX
KOMILIEKCIILIX DY OTpaxXellld palra TPH.
Knaiouesnle ciaoba: HEeNPUBOINMEIE VDaBIEIHA, JUCKPHUMHIANT KOMILTEKCHLIX FPYILIL OTPpaxelln-.



