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Abstract. Boundary value problems for the system equations of a principal type with constant
coellicients on the plane are studied. The half-infinite domains with noncharacteristic boundary and
finite domains with such property are considered. The representation solutions of this systems through
solutions of canonical elliptic and hyperbolic systems is obtained. Also the index formula for associated
problems in Ilolder weighted classes is founded.
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1 Integral representation

Ou the (z;.79) - plane R? we consider a system of linear partial differential equations

du du

(3.1'2 . 6_3.:1

=, (1)
where u(z) is an unknown [ - vector-valued function and o € B! is a constant matrix. The
svstem (1) is said to be of a composite tyvpe (principal one [1, 2]) if it’s characteristic equation

det(a —v) =10 (2)

has s; > 1 complex roots with the positive imaginary part and s, > 1 real roots, 2s; — s = 1.
Let by € C5%!. by € R***! be constant matrices such that nonsingular matrix b = (b1|b1b2)
reduces a to the Jordan normal form

b lab = diag (Jy, . J). (3)

where the block matrixes Jp € C%*% Lk = 1.2, are composed from Jordan cells. Here J; has
complex eigenvalues with positive imaginary part and J, € E*2%%2 hag ouly real eigenvalues.
Let ks € 85 denote the maxinmn of orders of Jordan cells composing Js.

It is valid the following representation theorem [3].

Theorem 1. Any regular solution u of the system (1) can be represented in the form

u=2Rebi® + bW, (—.L)
where ¢ is a reqular solution of the canonical elliptic system
Jd aP
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and U 13 a regular solution of the canonical hyperbolic system

av av
—=Jy—. )
61'2 2 (9:1.']_ (6}

Solutions of the system (5) are said to be a J; = analytical functions. It is known [4] that a
general solution of this systems can be represented in the form

®(z) = {QXI}(EQ']I,{]}G%] o(z1 + vzs),
31

where J; = v+ .Jiy is decompaosition of the matrix J; into diagonal v and nilpotent parts. Here
the s;— vector o(z; + vz») consists from components 0;(z; + v;x0), 1 < j < 81, where the
functions @;(z) are analytic in the corresponding domain of the complex plane. The similar
representation

T(z) = {ex;)(xg‘fgl[])%} U(x), (7)

there exists for a sy-vector-valued function ¢ = (¢, 1 € j < o), where J, = v+ J, and
¥(z) = Ur(z; + vjz2). Note that 1; satisfies the hyperbolic equation

6L’J—i dLJ
L gectl e
@IQ i 6:1 x Hy =

2 Fredholmn solvability in the half-infinite domain
Let C*(D) be the space of functions satisfying the Holder condition on the the closed domain
D with exponent 0 < g < 1 (and bounded if D is infinite). The space C*"(D) consists of the
functions with partial derivatives in C#*=' n > 1. (C#*" = C*#). These spaces are Banach
with respect to the corresponding norm. It is convenient to write CFT™" for the class U, CFT*1,

If the domain D is infinite we also use the space ' “'“{}j) for the set D = DU {=c} considered
as the compact on the Riemann sphere C. These definitions also applies to the classes C*" on
curves ' C C.

Let D be a half-infinite domain on the complex plane i.e. it is a simple connected domain with
smooth boundary I' on the Riemann sphere. So the curve I permits a smooth parametrization
z=7(t), t € R, where

7(t) € C**(R). (8)

We consider a boundary value problem

Cu=fonl, (9)

for the system (1) where C is a (s; — s3) x [ matrix-valued function, and f is a (s; — s2) vector-
valued function on ' = dD. This problem is considered in the class C*!(D) of solutions (1)
such that the functions © and U belong to this class in the representation (4). More exactly we
say that the vector-valued function T defined by (7) belongs to the class C*! if the components
of ¥ belong to the class C2T1=7#, = 1...., 8, as functions of one variable. For brevity it is

assuined lere that .J5 consists from one Jordan cell, in the general case this definition is regarded
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with respect to each Jordan's block of J,. In what follows it is assmned that the characteristics
x1+ vjze = const of the system (6) don't tangent of the curve T, Le.

Rey'(t) + vImy'(t) £0. t€ R, 1<j< s (10)

Moreover it is assumed that [' coincide with a straight line in a neighborhood of oc.
It is assumed also, that

C, f € crr(T) (11)

and
(57 u),| < const(|z|)™? (12)

as |z| — oo, where by (b~'u); we denote the first s, elements of the vector b~ u.

Let us put
C1 \s1 f1\s i
= ; — . 1
3 ( Cy )‘sz ! ( fa )52 &

Without loss of generality we can assume that
det Cabs # 0 on T (14)

Let us consider

A= C]{J. —bz(Cgbg)_LCQJbI. (J.(’))

We say that (1).(9) is a normal type problem if
detA#0 onl. (16)

Theorem 2. Suppose that the conditions (8), (10) for the countour T' and condition (11)
for C., f are fullfilled. Then the problem (1), (8) is fredholmian in C**(D) if and only if the

normality condition (16) is satisfied, and its indez is

il ! ,
e=——argdet Al +s;. (17)
I r

3 The case of the basic domain
Let the hyperbolic system (7} be such that the nilpotent part Joy of the matrix .J; is equal to
0 and the diagonal matrix v = (140;;) is composed from two real numbers. Suppose that the
boundary dD of the finite domain D C T consists of two noucharacteristic smooth curves I'y
and I’y that counect two corner poiuts 7 and 7. We consider the following boundary value
problem

Ciu=fionTl;, j=12 (18)

for the system (1), where Cj is a (s1 + s2) x [ matrix and f; is a (s1 + s2) vector.
Let us introduce the weighted Holder space C4(D) = C{(Dim.72), A = (A X)) € B2 of
all functions ¢(z) such that

0(2) = |z = nHz = n*Hpu(a),
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where ,(2) € C*(D) and p.(n) = @.(r2) = 0. The classes C;* of differentiable functions are
introduced by induction under the condition

pelCy, Oyg/ox;cCi_,.

We consider the problem (1),(18) in the class Cy*(D) of solutions (1) such that the functions
@ and ¥ belong to this class in the representation (4).

Let 7;(¢) € CM#[0. 1] be the smooth parametrization [0.1] — T';. j = 1.2 and the complex
numbers gg;_; = 7}(0), go; = —7,(1) are the tangent vectors at the points 71, 7. By #; denote
the angle of the sector corresponding to the corner 7;. Evidently, #; = argq — argg,. 0 <
argg < 27, 0 < f; <27, P, = %7, j = 1,2, (more presicely, P, = 1.3, P, = 1,2), where the
rotation from vector g to g about 7; within domain is clock-wise.

Let us put the functions of matrices

m;(¢) = (Re gr + (Im g;).1)¢(Re g, + (Im ¢,).1)~5, k.r = P;,

and let be

({) = (EZ#K = 1)_1 A (m)wi(€) + Ay () (Qun(€)
2(¢) = (€27 — 1) 7" (Aa(m)vaQ)walQ) + Aa(m)ws(C)

0 (C) 2mif . : «
v = ( mj_l{a m“?(] ) v wy(Q) =ey(0) -1, j=1,2,

_43 = Cj!]_{l o bQ(CJ'_sz)—JCJ'_Q)bl. J =12

where

Theorem 3. Suppose that the conditiones (8). (10) for the curves I'y and T's including the
corner 1. Ty are fullfilled. Let C, f belong to C§ and the normality condition

det A;(t) £0, tely, j=1,2 (20)

be satisfied. _
Then the problem (1), (18) is Fredholm in Ci'f‘(D} if and only if

detze(C) #0, Re( =X, k=12, (21)

and its index is

‘ 1 Ap+ise

o = — = arg det(4,(£) 457 (1)) | — EL_ Y argdet z,(C) _&, (22)

% I k=12 lg=Ap=ine

4 Some generalazations

We now consider the problem

Cju= fyonl;, =12 (23)

in finite domains D, whose boundary dD consists of two curves I'y and I's with the corners 7
and 7. We assume that the matrix C1{Cq) of order (51 +s2) x I (51 x ), and the vector fi{f2)
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of order s; + 85 (81) are prescribed on I'y(T'y) and f;, C; are belonged Hi,\._ bi=3a 9= 12
Here the curves I'; satisfy conditions (9), (10).

Theorem 4. The assertion of theorem 3 remains in force also for the problem (1), (23),
provided only that A; mean matrices Ay = Cy (1 — bo(Chabs) " Cla)by, Ay = Csby, and the last
term —s; in the formula (22) must be replaced by the s;.

We also studied the questions of asymptotics of the solutions near the corner points and the
smoothness of the solutions up to the boundary. We generalized this approach for the systems
of higher order and for a class of the admissible finite domain with piecewise sinooth boundary.
If the order of C; in the last problem is not equal to s; + s» then we investigated this problem
ouly for the case ky = 1.

Our study is carried out in the framework of the function-theoretic method [53]. The scheme
of this method is as follows. First of all we express a general regular solution in terms of regular
solutions ®© and U and use an anologue of a theorem of Vekua on integral representations of @
and some notions about ¥ which arises from (7). By substituting that into the corresponding
boundary conditions we reduce the problem to system of integral equations oun the boundary
of the domain. Another approuch see in [6].
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CHUCTEMBEI YVPABHEHUH ITEPBOTO ITOPSIKA
TJIABHOT'O THUITA HA IIJIOCKOCTH

H.A. XKypa
Dusnvecknii MHCTUTYT umenn 1.H.Nlebenesa PAH,
NenuHeknit npocnexT, 53, ®UAH, Mockea, 119991, Poccus, e-mail: nikzhura@gmail.com

AHHOTEII.[,HH. B IJB.GOTE H3YHaloTCHd KpaeBble 3a1a4M 1718 CUCTeM “:,-'IJB.BIIEIIHH HepBoOro NopAIKa
TJIABIIONO THIA C HOCTOANILIMH Koa(bdmuueura_\m 1A INTOCKOCTH. Hl)ld ITOM PACCMATPHUBAIOTCH KaK [10-
:Iyﬁecmue'mme ofIacTH © HeXapaKTEPHCTHYECKOR Ipalilell, TAK U KolledllLle 0OIACTH THOA JAYHOYKH.
_,:[EiIIO npeiJcTaBJIclne pellelnil aTHX CHCTEM 4Yepes pellellis Goee NPOCTLIX, TakK la3LIBAeMLIX, KAllOo-
IIHYeCKHX CHCTeM LEPBOrQ NOopAdka ITLIHOTHYECKOrO H PIiIIEpﬁO.‘IH‘-IECKOI‘O THIIOEB. HO..'I}"-IEIILL TAKKE
(‘1}0})!\13‘.‘-1}41 AT HILAEKCa COOTBETCTRYIOMMX 3a71a4 B BECOBLIX KIaccax I"é.-‘lh,iepa.

KnrwueBsie ciaosa: Vpapllellds INIABHOrO THNA, HeXapakTepueTHYecKad Ipallilla, Kalloli4eckue
CHCTeMLI [IEPBOr0 NOPAIKA.



