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Abstract—For the general Euler-Poisson-Darboux equation, we prove a theorem on the unique-
ness of the solution of the Cauchy problem by the energy method. The solution of this problem
turns out to be unique only for nonnegative values of the parameter k in the Bessel operator
acting with respect to the time variable.
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INTRODUCTION

The main object of study in this article is the general Euler—Poisson—Darboux equation
(A’Y)wu: (Bk?)tu7 U:U($7t), t>05 xr = (xla"'axn)v (]-)
where By, is the singular differential Bessel operator (see, e.g., [1, p. 5])

P kD _ 10,0
o2 tot  tkot ot

and A, is a B-elliptic operator of the form

(Br): = t>0, kekR, (2)

AW = (Av)w = Z(B’YL)L (3)

The general Euler-Poisson-Darboux equation is studied by methods that generalize the classical
ones and has many applications, for example, in electrostatic field theory, hydrodynamics, elasticity
theory, etc.

The solution of the singular Cauchy problem for Eq. (1) for an arbitrary real value of the
parameter k is the subject of many studies. For n = 1 and v = 0, Eq. (1) appeared in the
work by L. Euler (see [2, p. 227]), later it was studied by S.D. Poisson [3] and G. Darboux [4]. The
interest in the multidimensional equation (1) for the case in which the Laplace operator acts on
the variable x originally arose in A. Weinstein’s papers [5, 6], and its study was continued in the
papers [7, 8]. The abstract Euler-Poisson-Darboux equation Au = (By,)u, u = u(z,t; k), where A
is a linear operator acting only on x, was considered by A.V. Glushak [9, 10]. The books [11-13]
studied the solvability of various problems for the classical Euler—Poisson—Darboux equation.

In the present paper, the uniqueness of the solution of the Cauchy problem for Eq. (1) for & > 0
is established by the energy method. For k& < 0, the solution of this problem is not unique, but the
set of solutions has a certain structure (see [14]).

1. MAIN DEFINITIONS AND ASSERTIONS
We use the following notation: R™ is the n-dimensional Euclidean space,
R? = {x: (T1,...,x,) ER": >0, ..., x, >O},

@iz{m:(:pl,...,xn)eR": 1 >0, ..., z, >0},
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1674 SHISHKINA

v = (71,---,7) is a multiindex that consists of given positive numbers ~;, i = 1,...,n,
and |y =y + ... + Yn.
Consider an open set () in R™ symmetric about each hyperplane z; = 0, ¢ = 1,...,n.

Set Oy = QNRY and Q; = Q ﬂ@i; then O C R" and Q; C Ri. Let C™(€2,) be the set of
functions m times differentiable on €2,. By C™(£2,) we denote the subset of functions in C™ (1)
such that all derivatives of these functions with respect to z; for any ¢« = 1,...,n can be ex-

tended continuously to the plane z; = 0. The class C™(Q,) consists of functions f € C™(€2,) such
that 02%+1 f /0x?1|,_, = 0 for all nonnegative integers k < m and fori = 1,...,n (see [1, p. 21 ff]).
Let €1, €y, ..., €, be the unit vectors along the axes x, T, ..., x,, respectively, let

1 0 1 0 "1 0
Vie(——, —— )= =
v (x]l Ox, T Gmn> ; x) (%Uie

be the first weighted nabla operator, and let

" Yn "/z

be the second weighted nabla operator; then (V! - V7) = A,. We have

V. (uw) = uViv +vViu. (4)

To prove the uniqueness of the solution of the Cauchy problem for Eq. (1), we need the generalized
divergence theorem in [15].

Theorem 1. Let G be a domain in @i such that each line perpendicular to the plane x; = 0
i=1,...,n, either does not meet G* or has one common segment with G* (possibly degenerating
into a point) of the form

az(:v/)gazzﬁﬁz(a?/), x/:(%1,...,1’1‘_1,.%“_1,...,xn), Z:1,7n

If § = (g:1(x),...,g.(x)) is a vector field continuously differentiable in the domain G and F =
(Fi(x),...,F,(z)), Fi(z) =x"g1(x), ..., F,(z) = x)"g,(x), then one has the formula

/ (V- Fya di = / (G- 7z dS, (5)

G+ oG+

where UV = €, cosny + ... + €, cosn, is the outward normal vector to the surface O0G* and n; is the
angle between the vector U and the axis Ox;, i =1,...,n.

In the subspace R, consider the multidimensional generalized shift corresponding to the multi-
index ~y; it has the form
’YTy —" Tyl Lo In Tyn
x 1

Ty ?

where each of the one-dimensional generalized shifts is defined by the expression

T((y +1)/2) [ |
w/f(xl,...,:ni1,\/$f—l—yi2—2$iyicosai,:pi+1,...,:ﬂn) sin” ! o doy;.

O = 1 T2

Based on the multidimensional generalized shift T, we construct a weighted spherical mean of
the function f, which, for n > 2, has the form

My [f(2)] = W / TV f(2)6" dS, (6)
”sﬂn)
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UNIQUENESS OF THE SOLUTION OF THE CAUCHY PROBLEM 1675

where 67 = [, 07°, S7(n) = {0 : 10| =1, OcR" } is part of a sphere in R", and

_ H;L:l F((’Yz‘ + 1)/2)
T2 ((n+ y))/2)

S5 ()|

For n =1, we set

M7 [f(x)] =7 T f(2). (7)

Let Lg(Ri) = L}, 1 < p < oo, be the space of all functions measurable on R, even in each of
the variables x;, ¢ = 1,...,n, and such that

/ ‘f(x)}px”’ dx < oo;
Ry

here and in the following, 7 = []/_, 7. For real numbers 1 < p < oo, the norm of a function f

in L] is defined by the formula
1/p

s = Wl = | [ 1#@)]'5" do

For p = oo, the norm of the function f in the space LY has the form

ez @ny = 1 fllooy = esssup | f(a)].
zERY

It is well known [1, p. 42 that L} is a Banach space.
The operator M, is bounded in L}(R") for 1 < p < co. Moreover, one has the inequality

1M ullpy < ullpqs ¢ >0

In the monograph [1|, [.LA. Kipriyanov presented a B-polyharmonic function v = wu(z) =
w(zy,...,x,) of order p such that APy = 0, where A, is the operator (3). A function that is

B-polyharmonic of the first order is said to be B-harmonic.

2. UNIQUENESS OF THE SOLUTION OF THE CAUCHY PROBLEM FOR THE GENERAL
EULER-POISSON-DARBOUX EQUATION

Consider the Lorentz distance I" between the points (x,t) and (£, 7) of the singular hyperplane,

m

F(xvt; 577_) - (t - T)2 - Z(xz - 62)2

=1

Let (£,7) be a point in R7™". By G* we denote the part of a conical domain in R bounded
by the lower cavity of the cone I'(z,t;¢,7) = 0 with vertex at the point (£,7) and by the
planes z; =0,7=1,...,n, and t = 0.

For t = 0 we obtain the base of G* in R, which is a ball (part of a ball) B;f (£, 7) centered at
the point & of radius 7, Bf ({,7) ={z € R} : |v —§| < 7}

Theorem 2. Let u be a function in C? (GT) satisfying the general Euler—Poisson—Darboux
equation

(A,),u = (B, u=u(z,t;k) (8)
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1676 SHISHKINA
in GT, and let us assume that k > 0 and the functions v and u, are zero on the base GT; i.e.,
u(z,0;k) = u,(v,0;k) =0, @€ By (§,7); (9)

then u(x,t; k) is zero in the domain G+.

Proof. Take an arbitrary point (i,%v) inside or on the boundary of the set G+ and construct a
new cone (part of the cone) (t—1)% = 3.7 (x; —2;)%. Denote by D* the part of the conical domain
in R7*! bounded by the lower cavity of the cone (t —t)? = .7 (x;, — 7;)* with vertex at (¥,t) and
the planes ; = 0,7 =1,...,n and t = 0. The domain D" is bounded in the plane ¢ = 0 by the ball
(part of the ball) B (Z,t), which is part of the original ball (part of the ball) B (&, 7); therefore,
relations (9) hold in B (Z,1).

We multiply Eq. (8) by u; and transform it as follows:

k 1
0 = uy(By)u — U AU = Uy - Uy + ;U% - (viy ’ Utvzu) + 0 <2|Vu|2)
1 k / " 1 2
— 1 2, - 2 ﬁ 2 I "
=0, S U T 2]Vu\ + U (V5 - u,Viu).

Here we have used relations obtained from (4); namely
wAyu = (V- u,Viu) — (Viu, - Viu)

and

Cap ) = (L Qw1 Ou L, Ou (L O [ 0u
(Voue - Viu) = (:U“ Ox, T ay 8;1%) ( dz, i O ) < 1(3: 8.7)1) (x’ 81:1)
Ouy, Ou " 10u\" " /1 0du B 9
Zaxi axi_;@(zami) —@;ani) —@(Wu' )

Let us integrate Eq. (10) over the domain D" and apply formula (5) by setting

~ 1 ou ou
F = <2 (’UJ?“F |Vu]2> —utxl 6 1 ey utx:;ﬂa>

R 1 ou ou
g = <2<U?+|vu’2>’ —utaixl,..., —Utaxn>,
as a result, we obtain

1 1 k , "
0= / <8t <2uf + 2\Vu]2> + guf — (V- utvvu)> xY dt dz

D+
Lo 2 koo
= 5| + |Vul* | cosng — Z ut -cos; |z dS + F U x7dtdx
oD+ D+
1 kE o
=3 u? cosny — 2uy Z ; + Z cosmng | 7 dS + ;utx” dt dx,
oD+ D+
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UNIQUENESS OF THE SOLUTION OF THE CAUCHY PROBLEM 1677

where 7 = (cosng,cosny,...,cosn,) is the outward normal vector to the surface D™, n, is the
angle between the vector 7 and the axis Ot, and 7; is the angle between the vector 7 and the

axis Ox;, i = 1,...,n; moreover, cosny = 1/4/2. Let us multiply the last equality by cosn,. Taking
into account the fact that Y., jcosn? =1 and 1/2 =cosng =1 —cosna = cosn?, we have

1< ? k
0= 3 Zl / (ut cosT); — g;t cos 770> 7 dS + / ;ufm” dtdzx.
‘TloD+ D+

K3

On the plane ¢t = 0, we have u;(z,0) = 0. Since k > 0, t > 0, from the last equality we conclude
that on the lateral surface of the cone (part of the cone) 9D we have the identities

U
Uy COS1; — =——cosng =0

aﬂfi

and u; = 0 in D*. Tt follows that du/dz; =0, i = 1,...,n. This means that on the lateral surface
of the cone (part of the cone) 9D the vector grad u is parallel to the normal. Take an arbitrary
point (x,t) on D" and draw the generator ¢ through it. The vector grad u is orthogonal to ¢, and
so Ou/0¢ = 0. This means that u is constant along any generator of the lateral surface of the cone

(part of the cone) 0D and the value of u at the vertex (z,t) is equal to the value u at a point of
the generatrix ¢ that lies in the plane ¢ = 0. However, by conditions (9) we have u(zx,0; k) = 0, and

hence u(, t; k) = 0. Since the point (Z, ) was taken arbitrarily in G+, we conclude that u(x, t; k) = 0
in Gt. The proof of the theorem is complete.

Corollary. Let (z,t) be a point, and let GT be the domain described in Theorem 2. Assume that
two functions w, and uy in the class CZ,(G*F) satisfy Eq. (8) in GT; moreover, u,(z,0) = uy(x,0)
and Ouy [Ot|i—g = Oug/Ot|i—o = 0. Then u; = uy in G*.

Combining the result in Theorem 2 and the results in [16], we obtain the following assertions.

Theorem 3. Assume that the domain G has the form described in Theorem 2, the point (x,t)

is inside or on the boundary of the set G+, and uw € C? (G¥). Then for k > n+|y| — 1 the unique
solution of the problem

Au(z,t) = (B, u=u(z,t;k),

t=0

has the form

20D ((k +1)/2)
L((k=n—P+1)/2)T((n +)/2)

t
/(t2 _ ,r,2)(k—n—\—y|—1)/2rn+\'y\—1M7:yf(x) dT‘,

0

u(z, t; k) =

where M, f(x) is the weighted spherical mean defined by Eq. (6) or (7).

Let k > n+|y] —1 and 1 < p < oo; then the solution of the Cauchy problem u = u(z,t; k) in
Theorem 3 with the initial function f € L) (R’ ) admits the estimate

Hu( -,t;k)“ < CnmkaHpﬁa t>0.

Py
Moreover, 1in% u(x,t; k) = f(x) for almost all z € R
—

Theorem 4. Let the domain G* have the form described in Theorem 2; let the point (z,t) be

located inside or on the boundary of the set G+, and let u € C*/I+I=R)/2(GF). The solution of
the Cauchy problem
A’Yu(wi = (Bk)tu7 u = U(@“at; k)v (11)
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0
w(z,0:k) = f(z), So| =0 (12)
ot|,_,
fork<n+|y|—1, k# —1,-3,-5,..., has the form
1—-k a " k+2m—1
u(z, t; k) =t T (t u(x, t; k+ 2m)), (13)
. . . n+|yl—k—1 , ,
where m is the minimum integer such that m > SR E— and u(z,t; k + 2m) is the solution

of the Cauchy problem

(Briam)iu = (A,)u,
f(z)
(k+1)(k+3)---(k+2m—1)’

u(z,0;k 4+ 2m) = ug(x,0;k +2m) = 0.

The solution (13) is unique for k > 0 and nonunique for k < 0. If f is a B-polyharmonic function
of order (1 — k)/2 and f € Cl % then one of the solutions of the Cauchy problem (11), (12)
for k= —1,-3,-5,... has the form

u(z, tik) = f(@), k=1,

—(k+1)/2 Ahf £2h
. P ’Y
u(z,t;k) = fl@)+ Y (k+1)---(k+t2h—1)2-4---28°

h=1

k=—3,—5,...

CONCLUSIONS

The above theorem on the uniqueness of the solution of the Cauchy problem for the general
Euler—Poisson—Darboux equation, proved by the energy method, supplements the results of studies
of problems for singular hyperbolic equations.
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