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Abstract

The article’s objective is to present norms based on weighted Dirichlet integrals in the
space of generalized Bessel potentials. The weighted Dirichlet integral is first defined
and then that this integral may be written using the multidimensional generalized trans-
lation of the module’s degree demonstrated. We then show that a defined previously
norm cannot be specified in function space of arbitrary fractional order of smooth-
ness. We present a new norm associated with the generalized Bessel potential kernel.
We demonstrate the existence of a complete function space with a perfect functional
completion for the class of all indefinitely differentiable finite even functions with the
norm based on the generalized Bessel potential.
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1 Introduction

Function spaces of fractional smoothness and its applications to the theory of partial
differential equations are both heavily connected on classical Bessel potentials [1-3].

Our goal in this article is to develop the theory of the generalized Bessel potential
space denoted B, constructed using the multidimensional Hankel transform F,, . Such
space was first constructed in [4] using the Stein—Lizorkin approach. B-hypersingular
integrals and weighted Riesz potentials, which Lyakhov had previously established,
were used in [4] to create the norm in Bg.

In this article, we use the so-called Aronszajn—Smith approach [5-7] to introduce
the norm in the class of all infinitely differentiable finitely supported, even by each

o
variable functions, C3; . This norm is based on weighted Dirichlet integral d,, ,, of order

o
o > 0. However, for o > ”ZM, the class Cg, with norm ,/d, , has no functional
completion. Next, we introduce the class of generalized Bessel potentials and two
norms |u|y,, and |lulls,,, which are equivalent to ,/dy. ;. The norm |[|u||y,, is based

on generalized Bessel potential. We show that E‘jﬁ normed by |[|u||s,, is a complete
function space and has a perfect functional completion.

Generalized Bessel potential space of arbitrary order « is necessary to construct a
solution to the next boundary value problem

Au= f in D, Biu =0 on 9D.
Here, A is an elliptic operator containing Bessel differential operators

2 y 0

B = — —_—,
Vi 8xl.2 X; 0X;

vi >0,

in particular, the Laplace-Bessel operator A, = 7| By,.

A different approach for the functional spaces connected to the Laplace—Bessel
operator was devised in publications [8, 9, 11]. In [10, 12], it was shown that the
Bessel potentials produced by the Bessel differential operators are bounded in weighted
Lebesgue space. The Bessel potentials were described in terms of the B-Lizorkin—
Triebel spaces in [13]. For perturbed differential operators B,, transmutation operators
have been studied in a number of publications, including the recent papers [14—17].

2 Definitions

Suppose that R" represents the n-dimensional Euclidean space. We deal with the
ortant

R} ={x =(x1,...,x,) € R", x1>0,...,x,>0}
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and

R ={x = (x1,...,x) €R", x1>0,...,x,>0}.
Lety = (y1, ..., ¥») be a multi-index, where y; are positive fixed real numbers for
i=1,...,n,and |y|=y1+ -+ Vu-
We shall indicate a part of the sphere in R’} with radius r and origin centered as
Sy 4+ (n):
Stm)={xeR" x| =r}U{x eR" :x; =0, |x|<r,i = 1,...,n}.

The next formula from [18], p. 49, for the weighed integral over the S +; (n) :

i+1
[T (VT)

+ - YdS —
stol, = [ s i () (1)
Sy (n)
will be used later.

Let 2 be symmetric with respect to each hyperplane x;=0, i = 1, ..., n, finite
or infinite open set in R"”. We consider 2, = Q N R’} and Q. = QNR", where
E’i:{x:(xl . xp)ER™ x>0, ..., x,>0}. The class C"* (€24) consists of m times
differentiable on Q2 function. The subset of functions from C” (24) such that all
derivatives of these functions with respect to x; for any i = 1, ..., n are continuous

up to x;=0 is denoted by C™(Q4). Class cr (Q+) consists of all functions from
C™(Q4) such that PRty +1 |;=0= 0 for all non-negative integer k < mT and for all

i =1, ,n (see [19] and [20], p. 21).
We shall refer to CI} (IR" ) in the following as CJ;. We define

Co@y) =) Ch@yp)

with intersection taken for all finite m and C, °°(R+) =
The space of all functions feCZS (Q+) with a compact support is denoted by

C%(QJF) We will employ notations: C (§2+) D, (Q24) and C (R+) = cgg
Let the space of all measurable in R, functlons f,even with respect to each variable
xi,i =1,...,n,such that

/|f(x)|px”dx <00

R}

be denoted by LY (R ) = LZ, 1<p<oo. Here and in the sequel,
n
xV = l_[xl?/i.
i=1
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The L%-norm of f for areal number p > 1 is defined by

1/p
1Ay @y = Wfllpy = ( /If(X)I”xde) -
R}

L’,’, is a Banach space (see [20]).
A multidimensional Hankel transform of a function f GLJ{ (]R’j_) is written as (see
[18], p. 37):

Fy[f](é)=Fy[f(X)](E)=f(E)=/f(X)jy(X;é)deX-

n
R+

The kernel of F,, is

n
&) = [T ig), >0 >0,
i=1

where the symbol j, is used for the normalized Bessel function of the first kind

: 2'I'(v+1) : . .
Jv (x):—v Jy(x), J, is Bessel function of the first kind [21].
X
Let f € L}I'(R+) be of bounded variation by each variable x;,i = 1,...,nina

neighborhood of a point x of continuity of f. Then the inversion formula (see [18], p.
38)

. on—=ly| -
FFEI = fo) = —— /R iy 6 F @87 de
) n

fl ()
j=

holds.
The multidimensional Hankel transform can be written using the one-dimentional
Hankel transforms:

Fy [f1¢) = Fy 0 0 Fy, [ 181, ..., §n),

where x = (x1,...,x,), & = (&1,...,&,) and
Fy,-[f]@)=/f<x>f'w%("fff>x,~”dxf, i=1...n
0

Similar to the Fourier transform, the Hankel transform reduces the Bessel differen-
tiation operation to multiplication by the corresponding arguments (see [20]):

Fy[(By)x 16) = =& P Fy [ F16), @)
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32 3
2 + n; is a Bessel operatorandi =1, ..., n.
0x X; 0X;

In [20], p. 20, the next theorem is presented.

where (By,)y;, =

Theorem 1 Ifx%w € L,[0, 00), then Hankel transform x%qu) € L;[0, 00) and
Parseval’s formula

fIF[fp](E)I%'dE 2" 1r2< >/Iw(x)|2x”dx

is true.

Using Theorem 1, we get Parseval’s formula for the multidimensional Hankel trans-
form. If f € LY (R"), then F,, f € L} (R") and

n 1
/|F [F1E)Pe7de =271 T FZ(V’+ )/If(x)l X dx. 3)

j=1

The equality

Ty )x) =TT f(x) = (T TR F) (x) 4)
defines the multidimensional generalized translation, where each of one-dimensional
generalized translations Vi Txf" acts for i=1, .. ., n by the formula

r(s)
VT Hx) = ———4
Var (%)
b
X f A CTPN Xi—1, \/x + y7 — 2X; i COS @, Xig1, ..\ Xn) sin' ! g; dg;.

Next, we will employ the notation:
n ()
Cyy=na1][ ="
o T (yi)

Multidimensional generalized translation ¥ T} produces a generalized convolution
of the form

(f*8)yx)=(f*g)y = / FOMOTig)(x)y” dy. Q)

R}
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The first and second kinds of modified Bessel functions, I, (x) and K, (x), often
known as the hyperbolic Bessel functions, are defined as follows (see [21]):

o . ad 1 X\ 2m+a
L) =0 = 3 e ()
zl—ot(x) — Iy(x)

Ka(x) = 2 sin(arr)

(6)

In (2) and (6),« is not an integer. By taking the limit in the aforementioned equations,
the functions /, and K, are defined for integer values of the parameter «. It is clear
that the function K, is an even function because the connection K, (x) = K_4(x)
holds true.

Next, we give some definitions from [5]. Let F be a linear functional class. The
basic set of F is the abstract set £ in which the functions of a F are defined. We start
from the exceptional set.

“Exceptional” sets are often used in solving various mathematical problems, since
the situation when a certain property is not true for all values of a certain set is
quite common. The most well-known example of the exceptional set is the set of
Lebesgue measure zero. Exceptional sets have a very diverse history. Additionally,
there are substantial differences between the approaches taken to study the various
classes of exceptional sets. Here, following Aronszajn and Smith, we give a general
descriptive definition of such systems (exceptional class), independent of the method
of construction.

An exceptional class or a system of exceptional sets in the basic set £ is a class A
of subsets of £ which is

e hereditary: if A € Aand B C A, then B € A,
e o-additive: if A, € A,n=1,2,...,then|J,2, A, € A.

Moreover, all sets in the class A are “small” or “thin” in one sense or another.

If the set of points under which a statement is false belongs to the exceptional class
A, then we say that the sentence is true, exc. A.

If A is an exceptional class that contains the exceptional set of each f in F, then
F is a linear functional class relative to A. We will write F rel. A if F is a functional
class relative to A. If Frel. A, then A is called an exceptional class for F, and the
sets in A are called exceptional sets.

Let F be a functional class rel. A. The saturated extension of F rel. Ais the class F’
of all functions defined exc. .4 and equal exc. .4 to some function in F. If F coincides
with its saturated extension, then it is called saturated rel. A.

If Fc F, A c A, and the norm of each function in F is the same as its norm
as a function in F’, then a normed functional class F rel. A is embedded in a normed
functional class F' rel. A’.

If each f in F is a limit of a sequence f, in D, then a subset D of a normed
functional class F (or of any functional class with a pseudo-norm) is said to be dense
in F.

If F is embedded in F” and is a dense subset of ', then a functional space F” rel. A’
is a functional completion of a normed functional class F rel. A.

W Birkhauser
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The saturated completion rel. A4 is known as the perfect completion of F if there is
the smallest exceptional class A relative to which a given F has a functional comple-
tion.

3 Weighted Dirichlet integral

o
In this section, we deal with the functions from Cg; and introduce the weighed Dirichlet
integral d,,,, of order @ > 0 with power weight §” = []}_, "g“l.yi. At first, we define
dy,,, by using multidimensional Hankel transforms, after which a direct form for d,
o
is given in terms of Bessel operators. Next, we prove that the space Cgy normed by

/da,y 18 not a functional space relative to any exceptional class when o > %'Vl.
Leti = (i1,...,i,) be a multi-index consisting of integers between 1 and n,

di) =m, & =[] &. & = (&, ....&)and
Bi = (Byim )xim e (Byil )xil ’

— 2 Yk d —
where (B)/ik )x,.k = 3%‘2,( %, T is a Bessel operator, k = 1, ..., m.

For an integer @ > 0, the formula defines a weighted Dirichlet integral of order «
as

oy @)= Y [ [Biul*x”dx.
d(i):oz]R,jr

If « = 1, then d(i) = 1 and i consists only of one element i = (i1), which has values

from 1 to n. In this case,

n
di,y(u) = Z /|(B],_/)xju|2xydx.
j:]]R’_j_

If « = 2, then d(i) = 2 and i consists only of two elements i = (i1, i) and each has
value from 1 to n. In this case,

n

d2,y(”) = Z /'(Byk)xk(Byj)xju|2xydx.

k,j=1
J R'Jlr

In Hankel images using (2), we get

oy () = / &Y F,, [u](£) %67 dt. (7
Rn

+

) Birkhauser
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Formula (7) can be used to defined the weighted Dirichlet integral d,, ,, for arbitrary
o> 0.
Simple calculations give

|7 Tou@) —u@)P
/ |y|n+|y\+4a x"y’dxdy
R” RVL
/f'u(y)_u(x)| ()’T§| |n+|y+4a)xyyyd'Xdy' (8)
Rn R)‘l

Applying Theorem 1 to equality (8) and doing simple calculations, we arrive at the
following statement.

Proposition2 For 0 < o < 1/2 and function u € Cev, we have the equality

vy () = / £ | F [l €) |2 €7 di

= Coya )// ) =l '2<VT§‘| |n+y|+4a)xyyydxdy, ©)

Rﬂ Rll
where

ol—ly|—da
Cn,y,a)=

sinQRam)I'2a + )T (%‘y‘ + 20‘) lf[ <y1+1>.

1

The constant C (n, y, ) has the following properties:

1 1
lim — =0, lim ————— =
a=0+ C(n,y, o) a=>1/2-0C(n, y, a)

Thus, if the greatest integer that is strictly less than « is denoted by /, then

> fIBiulszdx, if « is integer;
oy = | =R
T Y [ [ IBiu(y) — Biu(x)|*Ty(x, y, y)x7 y¥ dxdy, otherwise,
li1=l R} R
where
Ta(t, y,7) = %
alX, Y, V) = C(}’l,'}/,()l_l) )’|y|n+\y\+4a .
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The weighted Dirichlet integral d, , is continuous in o and independent of the
orthogonal coordinates which are used in R} .
From a practical and theoretical point of view, it is important to establish in what

the space and with what norm the set E‘fﬁ is dense.

In [22], the space of functions related to multiplication by |x|~ in the images of
Hankel transform was introduced and considered. This space is called the Riesz B-
potential space. Recall that in the B-potential theory [23], Riesz B-potential has the
form:

U ) =u0) = Cuy [ FOICTI My dy, a0

R}

with normalized constant Cy, ,,. For Uy, %, the analog of Sobolev theorem is valid (see

Theorem 1 in [23]). Namely, for O<a< +”", p>1, operator Uy acting on a function
1 1

f e Ly is bounded from LV to LV where —=—— ¢ . Foroa > "+|V| potentials,
q p ntly|

Uy can be determined in the sense of weighted generalized functlons. As a conse-

quence of this fact in [22] (see Theorem 5), it was proved that ((,)‘Sﬁ is dense in the space
of Riesz B-potentials only for O<a < 2t¥l S the norm based on Riesz B-potential is
not convenient for using in the differential problems, because for these problems we
need potentials of arbitrarily high order.

]
Next, we prove that in a reasonable sense the space Cgy normed by ,/d,, is not a

functional space whena > "+4W|

convergence of a subsequence.

, since convergence in norm does not imply pointwise

o
Theorem 3 The space C25 normed by /dy., is not a functional space relative to any

exceptional class if o > %Iyl.

Proof Letu € 833 and u be identically 1 in a neighborhood of the origin belonging
to R . Let u, = u(x/p). Changing variables by the formula £ /o = y gives

day (1) = o1V / IR, [l Py? dy = p"H 1% dy ().
i

So fora > "+4M , we obtain

pli)n;o do,y(up) =0, but pli)n;o up(x) =1.

Because the whole R’} would not have to be an exceptional set, this demonstrates that
the space in question cannot be a functional space.

) Birkhauser
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o
Now, we consider the case @ = "‘:M .Choosing ¢ suchthat0 < ¢ < wandv € C2

for the bilinear form corresponding to the quadratic form dy, ,, (1), we obtain

doy (1, v) = / IE1*/Fy [u)(©)F, V] §)E" d&
R}

_ / PR, [, 1(8) £ 24T, 0] @) dé
Rn

+

12
- ( / £ |, 6) 2 syds)

R,
1/2
: ( / &%= | B, [0](€) syds>
R’

= \/daJrs,y (up)\/dafe,y (v).

Since limy oo dy4¢,y () =0, then lim,_, o dy,, (U, v)=0 holds for each v € Co‘fﬁ
Let H be the Hilbert space with the distance function produced by the inner product

dy, (u, v). Then H is the abstract completion of Egg with the norm given by ,/dy, ) .
Soif u, — 0, then we obtain that p — oo is weakly in this Hilbert space because
dy,y (1) is bounded. It means that [24] there is a sequence px — oo such that the
arithmetic means of {u,, } converges strongly to 0. But pli)n;o u,(x) =1, and as aresult

the sequence of arithmetic means pointwise converges to 1 everywhere. So the space
cannot be a functional space. O

o
One of the simplest norms on Cgy such that it is equivalent to ,/dy  is

1/2

lula,y = f<1+|s|4“>|Fy[u](s>|2syds : (10)
Rn

+

Next, we show that norm (10) is closely related with generalized Bessel poten-
tials and can be represented using convolutional kernel generating generalized Bessel
potential.

o
Proposition 4 The norms \/dy,, and |uls,, are equivalent on Cg5.
Proof For |uly,, , taking into account (3) and (7), we can write

W Birkhauser
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Julz,y = f<1 + |E[*)[Fy [u](5) 87 d&

B
_ / IF, [u](§)PE7 de + / £ F, [u] (¢) 28" d&
R R

2
=do,y +dy,, = C”“”Lg +dy,y.

Hence, it follows that

\V da,y = |M|a,y'

Besides,
ltle,y < +/do,y ++/da,y < Ci1y/day.
o
So the norms |u|y,, and ,/d,,, are equivalent on Cgy. O

4 Class of generalized Bessel potentials

In this section, we give a definition and some basic properties of the generalized Bessel
potential. Such potentials are generated by multiplication by (1 4 |x|*)*/? in images
of the Hankel transforms. We would like to emphasize that we will indicate only those
properties that are important for the theory of function spaces, namely the nature of
the singularity at the origin, the fact that the decay at infinity is sufficiently rapid to
make it integrable and semi-group property.

We consider the generalized Bessel potential is given by the relation (see [25]),

u=(Glp)(x) = f GL () (" TYp(x))y" dy, (1)
R},
where
GL(x) =F,'[(1+ £ (x) (12)

is the generalized Bessel kernel. In [26], two forms of an inverse operator to the (11)
were constructed.
In [4], the space
B;’j(L%) ={u:u=Gjyp, ¢ec LY}
with the norm

g 2y = ol

) Birkhauser
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was introduced and also a Liouville class of fractional B-smoothness was constructed

on the basis of B-hypersingular integrals.
In [25], it was shown that

NEE
Gy(x) =

n+ly|l—a

T () T (27

Kn+|£\fa (Ix1),

where K »+)y-« is the second kind of Bessel function (modified) (see (6)).
2

The kernel G, (x) has the following properties:

1. Gg (x) is infinitely differentiable beyond the origin,
2. for |x| — 0, function G (x) admits the estimate

F(nﬂ)él—a)
2a—|yl

Gl (x) ~ My(n,y){ =2! ”(ln(lx‘>+z9),ifot=n+|y|;

a—n—|y|
r()

o ifn+|yl <a,

on—=lyl

r(@ (s

i=1

Mot(nv V)

3. for |x| — oo, function G¥ (x) admits the estimate

\/_anh/\faJrl

4 2 _

Gl(x) ~ e,
n+|y|—a+l

lx|7 2T (%)i[ <y1+1)

2

4. Gh(x) e LT(RY), a > 0,
5. /Ga(x)x)’dx =1,

R}

x|« 0 <o <n+|yl;

(13)

(14)

15)

6. (GV*G”)V = Ga+ﬁ, o >0, > 0, where (Gy*GV)), is generalized convolution

(5).

Here,
o0
n
1 1 1
Y =l —1 - = —— 4+ — ) dx
ninéo( “"+Zk) /( X LxJ)
k=1 f

is the Euler—-Mascheroni constant.
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With the exception of x = 0, the kernel G, (x) is an analytical function of |x|. For
x #0, G (x) is an entire function of c.

Since |Gy | is integrable with weight x7, its Hankel transform exists for each &.
The kernel G, is analytic for « > 0 as a function of «. Therefore, from (12) we
obtain for « > 0 the Hankel transform of the generalized Bessel kernel by analytical
continuation of

F,[GL1(&) = (1 + [£])~/2, (16)
Let us introduce the norm
HM$#:=/(L+EVfﬂFyWK®VSWE- (17)
R’

To obtain the direct expression of (17) for 0 < o < 1/2, we first introduce the
function

on a+2 00 n+|y\fa_l —t—ﬁ
wa,y(|x|) = " | r 2 e 4 dt.
o vit+l1 0
relr (1)
i=

We can calculate an integral and obtain

nf\)élfct_"_l
F($IT T (51

The generalized convolution (5) with (18) can then be used to express the generalized
Bessel potential in Eq. (11):

(G2p)(x) = (‘“V—('x')w) o0,
Y

)H»\V\ o

|x| Kutiyi—a (|x])- (18)

wa,y(|x|) =

|x|n+|y|7a

Next, we need @w_4q,, (Ix]) for 0 < a < 1/2. The kernel function w_44, (|x])
exponentially decays at infinity and goes to a constant at the origin according to the
asymptotic features of the modified Bessel function K, u:

ontda (”+|V|+4‘¥)

L (=2 [T T (55)

lim ®—4a,y (1x]) =0, lim ®—4q,y (1x]) =
|x]—o00 [x|—=0

19)

) Birkhauser
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Using w_44,,, we can write the direct expression of (17) for 0 < o < 1/2:

n
_ yi +1
lul?,, = 2=+ ] r? (—’2 )

i=1

YT 2
f [TettC0) £ UG () (x1) = ey (O))27 dx y? dy—

|x|n+|y|+4a
n Rﬂ
| Y Tru(x) — u(y)|?
/ / T @y () + 0 O y7dy
RVI R)l

(20)

o
Proposition 5 The norms ||ulla,, and |u|y,, are equivalent on Coy

Proof 1Itis obVious that (1+]&1*) < (1418132, so [tla,y < llulla,y.Letus consider
a function y = Clearly, this function has a positive point of minimum x = 1;

therefore,

T

(14 1&7)% < 2271 (1 + |g]*).

o
So, ||lulle,y < Clutlq,, and the norms |u|q,), and ||u||s,, are equivalent on Cgy. m|

5 Perfect functional completion of the class .7-'2;

In this section, we study the normalized function class F,, which is E‘Sfj normed by
lulle,, of the form (17). Also we show that for the normalized function class, FY
perfect functional completion can be obtained. The exceptional class of this perfect
completion is the class of sets where the potential GJ¢, @ > 0 of ¢ € Lg may be
undefined.

Now, we construct an exceptional set based on the generalized Bessel potential. we
denote by Aga, a > 0 the class of all sets A such that for some function ¢ € L},
¢ > 0 the property

Ac|Jix eRY : (GF9)(x) = +00)

is valid.
Since the kernel G (x) € Ly (R), then for any ¢ € Ly function (G ©)(x) is
defined and finite almost everywhere and (Gyw)(x) € Lg. In particular, each set

W Birkhauser
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from A)Z’a has the weighted Lebesgue measure 0. In addition, the Hankel transform
of (GS¢)(x) is Fy [GSel(x) = (1 + & 1)~%/2F, [¢](x). Due to the previous equality
and the Parseval equality (3) for the Hankel transform, we have

1/2

IGY ¢ llay = /|Fy[cp]<x)|zsyds =clolly.  ¢ely,
Ry
which proves the following proposition.

Proposition 6 For ¢ € LY, the following conditions are comparable:

1. ¢ = 0 everywhere, except for sets of weighted Lebesgue measure 0,
G =0

y $=15
G)Z,"(p = Oexc. A5 ,
G)z,"‘go = 0 everywhere, except for sets of weighted Lebesgue measure 0,
1G*¢lla, =0.

Al

Let P}"/‘ denote the class of all functions u defined exc. Aga such that the equality
u(x) = (G*9)(x) exc. A,

is valid for some function ¢ € le/.
Henceforth, the normed class with the norm ||u||,,, we denote by P;‘j.

Proposition 7 Class Aga is an exceptional class. Class P;‘ is a complete function
space with respect to Aga.

Proof To prove that Aga is an exceptional class, we should show that A;a is hereditary
and o-additive. If A € Aga and B C A, then for some function ¢ € LY, such that
¢ > 0, the following embedding

BcAc|Jix eRy:(GF9)(x) = +oo),
X
is valid. Therefore, B € A;a. Next, let A, € .A;a and let ¢, > 0 a function such that

1
- (G2 —
AncJtr e Ry G om0 = +ook llonlly < 5
X

Thenif A = |J2, Ay and ¢ = > 02| ¢y, itis clear that ¢ > 0 is a function from L7
such that

Ac|Jix eRy: (G39)(x) = +o0},

sothat A € A}z’a. O

) Birkhauser



40 Page160f18 E. Shishkina et al.

Theorem 8 Class P is a complete function space with respect to "4)2/&'

Proof From Proposition 6, it follows that PJ‘J/‘ is a normalized function class rel. .,4)2’“,
i.e., conditions u = 0 exc. A;O[ and [|u||e,, = O are equivalent. From

2
1G @llay = cllgllLy

(NS L}Z’ , it follows that P)‘Jj is complete; moreover, it is saturated. It remains only to
prove the function space property.
One may choose a subsequence {u,} from any sequence convergent to 0 such that

o
> lunllay < oo
n=1

Ifu, = G)z,“gon, except foraset A, € Aga, then let

P) =Y lgn(x)].

n=1

Then ¢ € LJZ/ and G]Z/O‘go(x) — Oforallx ¢ Ag = J,{x e R : (G%,"‘(p)(x) = 4-o00}.
Since u, — Oforallx ¢ (Joo| Ay, Ay € Aga. This proves that PJ is a complete
function space with respect to A% . O

Theorem 9 A class P;‘f is a perfect functional completion of the class Fp,.

Proof Let us show that ), C P Letu € Fo andFp o = (1 + |§|2)aF,,u. Function

@ is the inverse Hankel transform: ¢ = F;l(l + |$|2)°‘Fyu. Since u € E‘Sﬁ(R’i),

then F,¢ € LY and F,¢ € L}. This means that ¢ € L?, ¢ € L} is continuous and
bounded. Hence, Gf,”‘(p is continuous and belongs to Pg. Inasmuch as F, u=F, Gf,"‘cp,

then u = G]z/‘"gp with the exception of the set of the weighted Lebesgue measure zero;
nevertheless, since both functions are continuous, then u = G)z,“(p everywhere, so that
u € P and 7 C P2,

Denote by F7 the closure of F in P%. Then FY is a functional completion of F, .
We need to show that F, = Pﬁ and this completion is perfect. Since the norm [|u||o,,

is finite for every u € P, every u € P is equal to some v € FY everywhere except
for a set of weighed Lebesgue measure 0. However, both « and v are in P2, so that u
equals v everywhere except for a set of weighed Lebesgue measure 0 which implies

that || — v|la,, = 0, and hence u = v exc. Aj},. Therefore, F; = PY. O
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6 Conclusion

There are two possible definitions of the class of the generalized Bessel potentials
B“ (L ) of order o in R’} The first one is that u e B“ (L ) if u is the generalized

convolutlon (Gl * @), for some ¢ € LV(R ). This approach was presented in [4],
where B-hypersingular integrals were used. The second is that B;’j(L%) is based on
the norm

lull3, /(1+|E| ) |Fy [u] (§)[PE7 dé,

which can be written using convolutional kernel generating generalized Bessel poten-
tial. This expression shows that the quadratic interpolation between ||u ||y, and [lu g,
gives |lu|ls,, , where 8 is the interpolated order a(1 — 7) + Bt. The norm ||u||,, is the
most convenient for the study of the class of the generalized Bessel potentials in R, .
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