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Containing Fractional Derivatives

Alexander Glushak

Abstract With the help of integral representations of the Poisson type, it is estab-
lished that the Cauchy problem for a number of abstract singular equations with
fractional derivatives reduces to a simpler problem for a non-singular equation.
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1 Introduction

One of the methods for studying differential equations is the method of transforma-
tion operators. Using conversion operators, many important results are established
for various classes differential equations, including those for singular differential

equations containing the Bessel differential expression
@ + kd keR
dr> = rdt’ '

So in the monograph [1] the singular equation of Euler—Poisson—Darboux in
partial derivatives

&u(t, x) n liau(t,x)

= Au(t,x), k>0, x € R",
or? t Ot @, x)

where A is the Laplace operator in space variables, investigated by reduction with the
help of a suitable transformation operator to a simpler wave equation when k = 0.
In this case, the formulas for the solution are written using spherical averages over
spatial variables.
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The review paper [2] presents the results of studies in which transformation opera-
tors are used in more general situation, when in the Euler—Poisson—-Darboux equation
the Laplace operator in space variables is replaced by some abstract operator A act-
ing in a Banach space, as well as for some other singular equations of integer order.
In these studies, a class of operators A is described for which the corresponding
initial value problem is well-posed and an explicit representation is established for
the enabling operator.

In this paper, the method of transformation operators is applied to abstract
singular differential equations, containing fractional derivatives (see [3, Sect. 5],
[4, Chap. 2]).

2 Generalized Euler-Poisson—-Darboux Differential
Equation

Let A be a closed operator in a Banach space E with dense in £ domain D(A). For
k>0, 0 < a < 1, consider abstract singular equation with fractional derivatives

d k
By ou(t) = E@&u(r) + ;86’;,140) = Au(t), t>0, (1)
where 95, u(t) is the fractional Caputo derivative defined by the equality
0y u(t) = Dy, (u(t) —u(0)), 0Iy,u0) = llgr(l) 0o u(t),

wherein

t

« d -« l—a 1 M(T)
Dy, (u(t)—u(O))=Elo,, (u@) —u(0)), Iy, “u(r) = i) c—n?
0

respectively, the left-hand fractional derivative and the fractional Riemann-Liouville
integral, I"(-) is the gamma function.
If a = 1, then the Eq. (1) becomes the Euler—Poisson—-Darboux equation

k
u’(t) + ;u’(t) = Au(t), t>0, )
for which the abstract Cauchy problem with conditions

u(0) =uy, u'(0)=0 3)

previously explored in detail in [5-7] (see also [2]). In these papers there is a review
of the studies of the Euler—Poisson—-Darboux equation, the class G of operators A is
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described, with which the problem (2), (3) is uniformly well-posed, the construction
of the resolving operator of the problem (2), (3), which is called the operator Bessel
function and which we denote by Y; 1 (¢).

In this paper, we present the setting of initial conditions for an equation with
fractional derivatives (1), let us describe the class of operators A with which the
corresponding initial problems are solvable and establish a number of properties of
the solutions.

We will look for a solution to the Eq. (1) that satisfies the initial conditions

u(0) = ug, y,u0)=0. @)

Definition 1 A solution of the problem (1), (4) is a function continuous for t > 0
u(r) such that for r > 0 the functions I'~*u(z) are twice continuously differentiable,
the function u(¢) takes values from the domain D (A) of the operator A and satisfies
the equalities (1), (4).

We begin the study of the solvability of the problem (1), (4) from the case when
the parameter k = 0 in the Eq. (1) and describe the class considered operators A.

Condition 1 IfRe X > w > 0and0 < « < 1, then A®H! belongs to the resolvent set
p(A) of the operator A and for all integers n > 0 the resolution R(\) = (A — A)~!
satisfies the inequalities

- Mn! 5)
~ (Re X — w)n+1 :

dn « «
| R ()

Theorem 1 Letk =0,0 < a <1, ug € D(A) and the operator A satisfies Condi-
tion 1. Then the problem (1), (4) uniquely resolvable.

Proof After applying to the Eq. (1) the integration operator 101, , and fractional dif-
ferentiation D(l);“ the problem (1), (4) reduces to the next initial problem

u'(t) = %a) /(r — ) "Au(s)ds, t>0, (6)
0

u(0) = uo. @)

Problem (6), (7) is a special case of the problem studied in [8]. In Theorem 3
of [8], it is established that Condition 1 is necessary and sufficient condition on
the operator A, which, under the assumptions made in the theorem being proved,
ensures the unique solvability problem (6), (7), and thus the equivalent problem
(1), (4). The resolving operator of the problem (6), (7) will be denoted by Yy ,(¢),
while u(t) = Yo.o(t)ug. For Yy (¢) in [8] the representation and estimate are set
respectively



20 A. Glushak

o+ioo
Yo.0(t)ug = % f M N'R (XN ug d\, uo € D (A?), (8)

o—i00
||Y0,Q(t)|| <Mée”", o>w.

O

Let us proceed to consider the case k > 0 and introduce the Poisson-type trans-
formation operator

1

Pk,au(t) = Ck,a /

0

_ a+l k/(a+1)—1 (ZS) dS, (9)
where B(-, -) is the beta function,

a+1
Bk/(a+1),1/(a+1))

Ck,a =

The Poisson-type transformation operator is expressed in terms of the Erdelyi—

Kober fractional integral I, 0+.0.1 (see [3, Sect. 18]) as follows

I'k+1D/(a+1) i@

and the constant ¢y, is chosen so that

lil’l’(l) Pi qu(t) = u(0).
t—

Theorem 2 Letk > 0,0 < a < 1 and the function u(t) be that there is a fractional
derivative of the form (Béflu(t))/. Then the equality

Ck,a

By Peau(t) = Peo (05,u(0) + —= 95,u(0). (10)

Proof Applying the operator By , to (9), after integrating by parts we get

1

a+1)— d
Bi.o Prou(t) = cia /(1 — Sa+1)k/( +1)—1 g+l m 8&[Su(t) ds+

0

1
kc k/(a+1)—1
ka/ _ a+1 /(a+1) aa&mu(t)ds=
0
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1
k/(a+1)—1 o4,
= a“ st —— 0% u(t) ds+
k,a/ d(tS) 0,15 ()
0

1
c
+% 0y,u(0) + Ck,af (1- s““)k/(wl)
0

Ty Dhasu(t) ds =

1
k 1
:ckﬂ/ B N L I ) G su(t) ds+
0

d()

Ck,a

’ l Cka nn
8,u(0) = Prq (95,u)) + kt 85,u(0).

O

An immediate consequence of Theorem 2 is a theorem that establishes the solv-
ability of the problem (1), (4) for k > 0.

Theorem 3 Letk > 0,0 < a < 1, ug € D(A) and operator A satisfy Condition 1.
Then the function

1

u(t) - Pk,aYO,a(t)MO = Ck,a /

0

— s Oy asueds (1)

is a solution to the problem (1), (4).
In what follows, for k > 0, 0 < o« < 1 we will use the notation
Yk,a(t) = Pk,aYO,a(t)-

Example 1 If the operator A is bounded and 0 < « < 1, then it is easy to verify
directly that the function

o0

1D Ay
YO,a(t)uo = Ea+1’1(l‘a+lA)u0 = Z _—
@+ Dj+D

where E, g(-) is the Mittag—Leffler function, is the solution to the problem
d (0% 104
E@ u(t) = Au(®), u() =uge E, 0“u(0) =0.

By virtue of Theorem 3, the function
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Lt(f) = Yk,a(t)uo = Pk,u'YO,a(t)uO =

_ D((k+1D/(a+ 1)) i T+ 1/(a + 1)) @D ATy, B
T I'(/(a+1) F'(a+Dj+DTI G+ Gk+1D/(a+1)

j=0

_ P+ D/@+1) o [ (1/(+1),1), (1,1)
T r/(a+ ) PR a+ D, (k+D/(a+1),1)

t“A:| wo, (12)

where , W, (-) is the Fox—Wright function (see [9, 10]) is the solution to the problem
(1), 4.

Note that for o = 1 the series in the formula (12) turns into the operator Bessel
function (see [2, 5-7])

o (wAn)
Yir(t) =I'(k/2+1/2) ;j! rG+k/2+1/2)

= &2 +1/2) (VA2) T s (1VA).

where I,(+) is the modified Bessel function.

Example 2 The operator function Yy ,(¢) satisfies the principle of subordination,
which for the Eq. (1) with k£ = 0 was actually established in Chap.3 of [11]. Let
0 < B < a < 1, then the following shift formula with respect to the second parameter
is valid

1 1+8 a—-p8 T
Yos() = m/ ¢(_1 Yo' l+a _t<1+m/<1+a))Y°»a(T) ar,
0

in which the Wright function is used

o n

Z
dlu, ;) =)y ————.
nX:(‘:n!F(,un—i—u)

In particular, if the operator A is the generator of the operator cosine function
C(t; A), then for « = 1 we obtain

[o¢]
1 1+8 1-08 T )
Yo,@(¢)=m/¢<— R ’_t(1+3)/2>C(T’A)dT’ 13)
0

Yig(t) = Py gYo 5(1).
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In the limiting case, when 3 = 0, a = 1, the equality (13) becomes the well-
known semigroup connection formula 7 (¢; A) and cosine of the operator-function
C(t; A) generated by the operator A, which has the form

? 2
T(t: A) = \/%/exp (—%) C(r: A) dr. (14)
0

The operator function Y ,(¢) also satisfies the shift formula with respect to the
first parameter.

Theorem 4 Letm >k >0, 0 < o < 1 and operator A satisfy Condition 1. Then
there is an equality

a+1
Ym,a(t) = X
B((m —k)/(a+ 1), (k+1)/(a+ 1))
1
X / sk (1 — sothym=R/atD=1y  (15) ds. (15)
0

Proof After a series of obvious transformations, using the integral 2.2.5.1 [12], we

obtain
1

/ sk (1 _ Sa+1)(m—k)/((¥+])—l kaa(ts) dS —
0

t
:/ 7h oF! ety R/l y oy gr —
0

t
— Ck,a/ Ta (I(H_I _ 7_a+1)(m—k)/(o¢+l)—lX
0

T

% / (T(erl _ £(l+1)k/(0c+1)*1 YO,Q(&) dfd’T = Crax
0

t t

y y _ _ y k -1

x / YOa(é) 7o (ta-H _ 7_u+1)(m k)/(a+1)—1 (Ta+l _ fu-H) /(a+1) deé. _
0 3
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t o+l

Ck @ m— o o k/(a+1)—1
_ +1fY00(£)/(t +1 )( k)/(a+1)— 1( —¢ +1)/ +1) dnd¢ =

0 5(\+]

— MDY 0 (O dE =

Cea B(m — K)/(a+ 1), k/(a+ 1) / "
(t
a+1

_Pm=-k)/a+D) F{k+D/@+ D) ,q
(a+ 1) I'((m+1)/(a+1))

m,x (t)

Consequently,

@+ DI G+ D/(a+ D)™™
I'((k+D/(a+ D) I ((m —k)/(a+ 1))

Yma(t) =

t
x f 7_k (tole _ T(I“t’l)(ﬂ’l*k)/((l“rl)*l YkA,a(T) dr =
0

_ a+1
~ B(m—k)/(a+ 1), (k+

k a+1\(m—k)/(a+1)—1
s“(1—s Yia(ts)ds,
1)/(a+1))0/ ( ) alts)

and the required equality (15) is established. (]

3 Generalized Functional-Differential Bessel-Struve
Equation

Letus proceed to the study of the case of a nonzero second initial condition g, u(0) #
0 and we will study the following initial problem for the functional differential
equation

dag,u(t)+ - (96,u(t) = 05,u(0) = Auto). 1 >0, (16)

u(©0) =0, 95,u0) =u. (17)

For o« = 1 the problem (16), (17) becomes the initial problem for the Bessel—
Struve equation, which was previously investigated by the author in [13].
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Let us first consider the case when the parameter k = 0 in the Eq. (16).

Theorem 5 Letk =0,0 < a <1, u; € D(A) and the operator A satisfies Condi-
tion 1. Then the problem (16), (17) is uniquely solvable.

Proof After applying to the Eq. (1) the integration operator Iol, , and fractional dif-
ferentiation Dé;“’ problem (16), (17) reduces to the following initial problem for the
inhomogeneous equation

1 tafl

0= T

uy, t=>0, (18)

_ a—1
/(t $) T Au(s) ds + ) >
0

u(0) = 0. (19)

Just like task (6), (7), task (18), (19) is is a special case of the problem investigated
in [8] and is uniquely solvable. The resolving operator of the problem (18), (19)
will be denoted by Lo (t), and u(t) = Lo (t)u1, and Lo (¢) in [8] is set to the
representation

1 t
Loa) = 1§, You0) = o [@=9 W as. 20)
0

O

An immediate consequence of Theorems 5 and 2 is the solvability of the problem
(16), (17) for k > 0. For 0 < o < 1 we introduce the following notation:

k kool
da: B s y La[ :daP aLat
T (a+1 a+1) kalt) = diaPraloa(t)

Theorem 6 Letk > 0,0 < o < 1, u; € D(A) and operator A satisfy Condition 1.
Then the function
M(t) = Lk,a(t)ul = dk,apk,aLO,a(t)ul (21)

is a solution to the problem (16), (17).

Example 3 If 0 < a < 1 and A is a bounded operator, then

F(] + 1) t(cy+1)j+aAj
F(a+Dj+a+1) I'(G+k/(a+1)+1)
(22)
For oo = 1, the series on the right-hand side (22) is expressed in terms of the Struve
function

Lio®) =T (/@+1D+1) >
j=0
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2j
s o QJ@Q -
Lk(t)—TF(k/2+l)j2:(;F(j+3/2)['(j+k/2+1) -

K212 [T (k)2 + 1
= \/_ / ) Lk/2,1/2 (IN/Z) s

Ak/A1/4 (k/2-1)2

where L, (-) is the modified Struve function ([14], p. 655).

Example 4 If 0 < 3 < 1 and the operator A is the generator of the operator cosine
function C(¢; A), then ;
Lis(t) = dysPrsly, Yo 5(0),

where the operator function Y 3(¢) is defined by the equality (13).
The operator function Ly ,(¢) satisfies the shift formula with respect to the first
parameter, whose proof is carried out in the same way as in Theorem 4.

Theorem 7 Letm > k > 0,0 < a < 1 and operator A satisfy Condition 1. Then

a+1
B((m —k)/(a+1),k/(a+ 1)+ 1)

Lm,ry(t) =

1
% / Sk (1 _ Sa+1)(mk)/(0c’+1)71 Lk’a(ts) ds.
0

The constructed operator functions Yi (#), L o(?), as well as Theorems 3 and
6 allow us to establish the following statement about the solvability of the general
initial problem for the Eq. (16).

Theorem 8 Letk > 0,0 < a < 1, ug, u; € D(A) and the operator A satisfies Con-
dition 1. Then the function u(t) = Yy o(t)ug + Li.o(t)u is a solution to the Eq. (16)
satisfying the conditions

u(0) = uo, 0 ,u0) =u;. (23)

Theorems 3, 6, 8 do not contain a statement about the uniqueness of the solution.
To prove the uniqueness of the solution of these problems, we make an additional
assumption. We assume that A € Gy, i.e., with the operator A, the Cauchy problem
(2), (3) is uniformly well-posed for the Euler—Poisson—Darboux equation, and the
resolving operator of this problem, as indicated earlier, is denoted by Y | (¢).

Theorem 9 Letk > 0,0 < o < 1 and operator A € Gy. Then the solutions of prob-
lems (1), (4) and (16), (23) are unique.

Proof Proof of the uniqueness of the solution to the problem (16), (23) we will lead
from the contrary. If u;(¢) and u,(¢) are two solutions to the problem (16), (23),
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then consider a function of two variables w(¢, s) = f (Yi(s) (u1(¢) — un(t))), where
f € E* (E* is the dual space), ¢, s > 0. She, obviously satisfies the equation

Pw(t, k Ow(t,
w( s)+_ w( s),

24
Os? s Os fs >0 24

B w(t,s) =

and conditions

ow(t,s)
ds

111_1)1(1) w(t,s) = 111_1)1(1) Oy w(t,s) = All_I;I(l) 0. (25)

As was done in [15], we interpret w(¢, s) as a generalized function of moderate
growth and on the variable s we apply the Fourier—Bessel transformation

W(t, \) = / s Os) wit,s) ds, w(t,s) =7, / AP L (As) (2, A) dA,
0 0

1—k 1 (s) 2PF(p+1)J()
=—— W= ) =——— 1),
p Tp 22p FZ(p_I_ 1) Jp sP ).
where J,(+) is the Bessel function.
From (24), (25) for the image w (¢, \) we get the following problem

Brow(t,\) = =\ w(t, \), t>0, (26)
lim w(t, \) = lim a5, w(t, \) = 0. (27)
— t— >

By virtue of Examples 1 and 3, the general solution of the Eq. (26) has the form

w(t, ) =

dy(NT ((k+1)/(@+ 1) i I+ 1/(+ D) t@tDi-)2)
r(1/(a+1) S T(@tDj+ DTG+ k+D/(@+1)
]"(] + 1) t(a+l)j+a(_>\2)j
F'(a+Dj+a+D) I'(+k/a+D)+1)

+d (N T (kf(a+ 1D +1) Y
Jj=0

and the initial conditions (27) imply the equalities d;(\) = d>()\) = 0. Hence
w(t, \) = w(t,s) =0 for any s > 0. Since the functional f € E* is arbitrary, for
s = 0 we obtain the equality u () = u,(t), and the uniqueness of the solution of the
considered problems is established. (]

As an application of Theorem 8 consider the problem (16), (23) with the operator
which is a fractional power of the operator A. Let A be the generator of a uniformly
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bounded cosine-operator function. Then one can define a positive fractional power
of the operator — A (see, for example, [16, p. 358])

/ MU = A7 Ax d, (28)
0

sin ym

—(-A)x =

where v € (0, 1), x € D(A).
Moreover, if y € E, ;> 0, then the resolvent of the operator A, = —(—A)"7
satisfies the representation

o0
_ siny7 N —A)ydx
(i —A,) "y =" / > (29)

oo J U2 —2uX7 cosym + N

Next, we establish the solvability of the initial problem (16), (23) with the operator
A, where the exponent is v = (« + 1)/2.

Theorem 10 Let v = (a+1)/2, 0 < < 1, ug,u; € D(A), the operator A —
generator of uniformly bounded cosine-operator function C(t; A) and operator A,
defined by (28). Then the solution of the initial problem

d k
Z@&,u(t) +- (85 ,u) — 05 ,u(0)) = Ayu(t), t>0, (30)
u(0) = ug, I,u0) = u;. (31

is the function u(t) = Y o(t; Ay)ug + Ly (t; A,)uy, where

si
YO,(x(t; A’y) =

o0
C (1s71/7; A) d
nwr/ (s ) ds 32)
0

N s2 —2scosym+1°

while the operator functions Yy (t; Ay), Loo(t; Ay), Lio(t; Ay) are defined
respectively by the formulas (11), (20), (21).

Proof The operator A is the generator of a uniformly bounded cosine operator func-
tion, and in order to to use Theorem 8, one should check the fulfillment of Condition
1 for the operator A,. In the In our case, this condition is that for Re u > 0 the

resolvent (u+'1 — AW,)i1 satisfied the inequality

d" (MQ (.UUH_II - Av)_l) Mn! 3
<
dun ~ (Re u)nJrl' (33)

Given the representation (29), after the change of variables, we get
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«

" (/,LQ+II—A»))

[e.¢] —
,1 ,usm’yﬂ'/' 1/7 l/"’I—A) lyds

—2s cosym+ 1 N
0

_sinym /Dosl/m)f (€1 - A)71 v ds
T oam —2s cosym+1

0
where £ = pus'/?? and hence
ety
du" N

[o.¢]
sin ym /‘ g+m/@7) d"

T — 25 cosym + 1 d&r
0

(g (1 - 4)™" y) ds. (34)

Since for the resolvent of the generator of a uniformly bounded cosine-operator
function for Re £ > 0 there is an estimate

H @ (35)

) M1 n!
g (€= H

- (Re f)”'H ’

then (34), (35) implies the validity of the inequality

o0
H & (Hw (ua+11 - A7>71> H Mj n! / ds Mn!
dp" Re )"+l | 2 —25 cosymr+1 ~ (Re w1’
0

and thus the inequality (33) is proved, and with it the solvability of the problem (30),
31).

It remains for us to obtain the representation (32) for the operator function
Yo.a(t; A,). Using (8), (29), for uy € D(A?) we get

o+ioco
1 _
Yo.0(t; Auo = — f M A? ()\aJrlI — A’V) 1I/t() d\ =
2mi
o—i00
. 00 1)y | o+ioco
_ sinym / s - A ()\2S1/71 _ A)fl 1o d)\ds =
T —2s cosym + 1 27i
0 o—i00
o0
sm’yw /‘ C ts_l/(z”’); A) uopds
N s2 —2scosym+1 °

0
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The representation established on the dense set D(A?) C E (32) for the operator
function Yy ,(¢; A,) extends by continuity to all E.

Operator functions Yy o (¢; Ay), Lo (t; Ay), Lio(t; A,) are defined respectively
by the formulas (11), (20), (21). In particular,

o 1 o
LO,a(t; A'y) - IOJYO,a(t; A'y) - m /(t - S) lYO,a(S; AA/) ds =
0

sin ym /( 5o 1/ (S77 1/(27). A) dnd
= S =
vyl (o) n? —2ncosym + 1

27 sin ymw / o1 / s2ENTIC(E; A) dE
T ynl(a) ¢ =s) Y —2(s&)PY cos ym + £

_ 2ysingm [ 5 / sP(t —s5)*"ds
-ar / e | i e

4 Appendix

If A is the generator of an exponentially bounded /3 times integrated cosine operator
of the function Cy(t; A), then for

l—a B-D+a)
0 1, < = <
<a< ﬂ_l—i—a 0 > +a<

performance for Yy o(¢; A) in Theorem 1 can be written as

| o+ioco
Boai )= 5 [ e an et — ) an=
2mi
o—ioo
1 o+ioco oY)
=— [ &N / e ™ Cy(r; Aydrd =
2mi

o—ioo
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00 | o+ioco 00
=/C%3(7'; A)% / A“re)\tf‘r)\(aﬂ)ﬂd)\d’?' =/C/;(T; A)I()ijT,(a+1)/2(t) dr,
0 o—i00 0
(36)
in doing so, we used the introduced in [16, p. 357] function
| o+ioo
L exp(tz —71z7) dz, t=>0,
frntty = | 2 S e z=TED
0, <0,

whereo >0, 7>0, 0 <y < 1.
The function f; ,(t) for ¢ > 0 is expressed in terms of a Wright-type function
([17, Chap. 11) f, ,(t) =1~ 'e}? 5 (=7177) , where is the function

o k

O‘/’(Z)ZZF(ak+u)F(5 70 a > max{0; 8}, u,z€C

k=0

satisfies the assessment

er5(=) < My(r)exp (=(1 = )71 =O70=0) (37)

n

~ Bry"
M) = n; ré+md—p)’

and the number 7 is chosen from the condition § + n(1 — 3) > 1.
In the equality (36), the fractional integral I(; 2 Sr.(a+1)2(t) is calculated (see
formula (1.2.12) in [17]) and we arrive at the equality

o]

Yoult; A) = Co(ri ey Ly o (17 @F2) dr, (38)

peen)
0

Note that the convergence of the integral in the representation (38) is ensured by
the estimate (37).

In the limiting case, when a = 0, 3 = 0, v = —1/2, the formula (36) becomes
(14). Indeed, in this particular case we have (see [16, p. 369, formula (32)])

-2
frap@) = % \/— (--)

and, taking into account the integral 2.3.4.1 [12]), we obtain




32

A. Glushak

[e¢]

Yoo(t: A) = f Clrs ML frap(dr =
0

/OO cor: (e Y\ a

= , X —_——_— =
4 0\ 2. /7t P 4t ’
0

00 t

1 1 72
= ﬂ/TC(T’ A)O/ﬁexp (-E) dsdt =

0

i [, 1\ £r?
=57 Of rC(rs A)l// (5 - ;) exp <‘T> dgdr —

e (Z)ewsnn
=— [ exp|—— T, T,
it P 4¢

0

which coincides with the representation (14), while, naturally, one should assume
that Yo o(t; A) =T (t; A), Yo,1(t; A) = Co(t; A) = C(¢; A).
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