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AHHOTaLMNA

B paboTe paccmatpuBaeTCA CUHIYNAPHOE 3M/IMNTUYECKOe AnddepeHLnanbHOe ypaBHeHWEe B
4aCTHbIX MPOU3BOAHbLIX BTOPOro nopsgka. OHO M3yyaeTcs B OrpaHUYeHHON NI0CKON o6nactu ¢
YIr0BbIMW TOYKamMun Ha rpaHuue. CUHIYNAPHbLIA TUN ypaBHEHUA onpefenseTcs 0COOeHHOCTAMM
B ero KoagguumeHTtax. AuddepeHumnanbHoe ypaBHeHMe codep>XuUT onepatop beccena no
ocob6oil  nepeMeHHON.  [lOCTAHOBKM  3ajay  MCMNOMAb3YKT  cheunanbHble  QYHKLUK
rMnepreoMeTpuYeckoro TMna, a UMeHHo, NPUCoeANHEHHbIE PYHKLMKN JlexxaHapa, Yepe3 KoTopble
BblpaXKaeTca MCKOMOe pelleHue. TMpumeHsemble  (DYHKLMOHaNbHble MNPOCTPaHCTBa  CO
CMELLUaHHOMW HOPMOM OTHOCATCA K Knaccy npoctpaHcTB Co6oneBa - KunpusHoBa ¢
LONONHUTENbHLIMW TPAHUYHBLIMWU YCNOBUSAMU. HaxoaaTcs YCNOBUS KOPPEKTHOM paspeLimMocTy
M3y4aeMoi 3ajaun B yKasaHHbIX BECOBbIX PYHKLMOHA/bHbLIX NPOCTPAHCTBAX.

Abstract

In the paper we consider a singular elliptic partial differential equation of the second order. It is
studied on a bounded plain domain with boundary corner points. A type of the differential
equation is defined by its singular coefficients. A differential equation contains the Bessel
operator acting by a special variable. Problems formulations use special functions of
hypergeometric type, namely adjoint Legendre functions for solutions representations. The
applied functional spaces with mixed norms are of Sobolev-Kipriyanov class with additional
boundary conditions. Also a priori estimates are proved for solutions of considered differential
equations with boundary conditions in functional spaces. A plan is outlined for solving
representation formulas for problem solutions in terms of series in adjoint Legendre functions.
The result is proved on correctness of the problem considered in weighted functional spaces. The
procedure includes such steps as a proper special change of variables, application of Fourier
transform, consideration of the Green function for some special ordinary type differential
equation with complex parameter, which is considered on the strip of the plane in new variables.
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B cTaTtbe paccmaTpuBaeTca Kpaesas 3ajava C O4HOPOAHbLIM TPaHWUYHbLIM YCMIOBMEM Afif
MOAENbHOI0 B - 31INNTUYECKOro ypaBHEHUA [CUHIynsapHble..., 1997, c. 120] Buaa

,qa%l p,237| K bl rX Y
Ax Ay y oy

B OFpaHMYeHHON NJ0CKON 061acTh, pacnoN0oXXeHHOW B MOAYNAOCKOCTN Yy >0 v npuneratoLien K
NMHKUKM y =0, TpaHMLAa KOTOPOW COAEPXWUT YrNoBble TOUYKMW, PACMONOXEHHbIE Ha 3TOW NMHUN.

YcTaHaBMBAETCA KOPPeKTHas pas3pewMMoCTb M3y4aemol 3aJayM B BECOBbIX MPOCTPaHCTBax
cneyuanbHoro Buga. Pesynbtatbl pabot JlapuHa [2000, 2012] 0 KOPPEKTHOMN pa3pelrmocTy
nojobHON 3afaunm Ans cfiydvas NAOCKOro yrna B [aHHOW CTaTbe MepPeHOCATCS Ha Ciyuai
OrpaHu4yeHHon ob6nactv. AN 3NAUNTUYECKUX YPaBHEHWUN C TNagKuMu  KoaPpguumeHTaMm
CUCTEMaTUYECKOE U3N0XKEHWE TEOPUN KpaeBbiX 3afay B 06/1aCTAX C HernagkKon rpaHuuel jaHo B
(hyHaaMmeHTanbHOW pabote B.A. KoHgpatbeBa [1967] u paboTtax apyrux astopos [Elliptic.,
1985, 1988; annuntnyeckue., 1991; Elliptic., 1997; Spectral., 2001].
MepeliféM K N3N0XEHUIO NONTYYEHHbIX Pe3y/bTaTos.

Myctb  fi- orpaHmyeHHas o6nacTb B nonaynnockoctm  E+ = {(x,y) e E2:y > O},
rpaHuUa KOTOpoli cocTouT M3 AByx 4dactein 0 m I+, rge 0- wHTepBan ocm OX cC
rpaHuYHbIMM Toykamm O =0 (X,0) n 02=02(x2,0), x <x2,a ['+- eé ocTaBwasca 4acTb,
nmerowas ¢ MMHUen y =0 obwmnmm Toukamy nuwb To4KM O n O2. O603Ha4YMM Yepes Bs(M)
OTKPbITbIA Kpyr paguyca S c ueHTpom B Touke M e E2. Bygem npegnonaratb, 4To [+-
rnagkas kpusasa (knacca Cu) u 4To cywecTByeT uymcno S> 0 Takoe, 4YTO MHOXeCTBa
finBAN(ON un fin Bg(0O2) npeactaBnatoT coboil KpyroBble CEKTOPbI PacTBOPOB n o2
COOTBETCTBEHHO, <re (0,*), 02e (0,M) .

Momumo obnactu fi paccmMoTpuM B MIOCKOCTM E2 6GeCKOHeuyHble Yribl n K2c
BepwuHamm O u O2 cooTBETCTBEHHO, Takue, yto fin Bs(Ot) = K O Bs(Ot), i = 1,2. paHuua
AK yrna K coctout u3 nyva I° = {(x,00eE2:x>x } u 3amkHytoro nyya +=pgK \I' 0.
MpaHuuya paK2 yrna K2 coctout m3 nyvya 0= {(x,0) e E2:x <x2} u“ 3aMKHYTOro ny4a
r+=pK2\r2.

Bciogy B pganbHelileM 4YepTa CBepXy Haj CUMMBOJIOM MHOXecTBa M3 E  6yger
0603Ha4aTb 3aMblKaHWe 3TOro MHOXecTBa B E

Cumsonom C" (K ) 0603HauMM MHOXeCTBO BCeX OeCKOHEYHO AU(epeHUnpyemMbiX B

K dyHKUWIA, KOTOpble UYETHbI MO MNEPEMEHHOW Yy M WUMeKT KomnakTHble B K \O
HocuTenn. log ycnoBueM YETHOCTM MO MEPEMEHHON Yy 6GeCKOHe4yHOo AuddepeHunpyemon

QYHKUMW bI(X,Yy) Mbl NoHUMmaem ycnosue pa2™-hi/agy2p 11 *=0, p gN, BblnonHawoWeecs Ans

BCEX [AOMYCTUMbIX X, B [JaHHOM cfay4ae Ans Bcex X=>XTI. Cumsonom C"(Xj) 0603Hau4MM
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nogMHoxectso C+iK”"), cocToswee M3 BCeX (YHKUWMA, obpawalowmxca B HOAb Ha A
AHanormyHo BBOAATCA MHOXecTBa (QyHkuymii C*(K.,), C+(K2),C"(Q), C"(Q). Hocutenn
(yHKumnin n3 mHoxects C_(Q) m C*(Q) copepxatca B Q\(Otn 02), a ycnoBme 4ETHOCTM

LONMXKHO BbIMONMHATLCA AN18 BCeX X e (X ,X2).

Onpeaenum Tenepb BecoBble (YHKLMOHaNbHble MPOCTPAHCTBA, B TepPMMUHAX KOTOPbIX
OyAeT M3yyatbCs KpaeBasi 3ajava.

Ona npou3BonbHbIX BeWecTBeHHbIX uucen [ ,42 wn uenoro s>0 BBeiém B
paccmoTpeHue npocTtpaHctBa JN)(A%G), M(K/), /=12, TpoctpaHcteo VA(Kt) saBnsetca

nonosHeHneMm MHoxectea C" (K ) no Hopme

172

u _ E  f ldxd;b;u 7 ykdydx (1)
V- (Ki) q+2T +p<., K
p<1
rae Dyu = gwm/gxy, D\u = du/dyt ,D°w =wu, B m=garn/gyl+x OH/(yay), k> 0,
B"'un - By m>2, [=(x-x)2+ \W2j 12. MpocTtpaHcTtBo YA(Kr) onpegenum Kak
NOMO/IHEHME MO TOM K& HOPMe MHOXecTBa . ®yHKUMOHaNbHble npocTpaHcTBa VA(K2)

n Vv*(K2), s >0, onpeaensatoTcsd aHanormyHo, cnefyet NUllb 3aMeHUTb B opmyne (1) Kx Ha
K2, rx Ha 0= ((x-x,)2+y2)Y2 v [, Ha [2. MNMoONONHAEMbIMA MHOXECTBAMM MpK 3TOM
ABnATCA MHoXecTBa C+(K2) m C'( ) , COOTBETCTBEHHO.

MpocTtpaHcTBa X*(Q), . e Xwu (°}, onpefenum kak nonosHeHne mHoxectea C" (Q)

no Hopme
1/2
u E UDDByullykdydx (2)
g+2m+p<., Q
\ p<1

MpocTtpaHcTtBa WS(CE)CWS(CE) onpefenstoTcss KakK [MOMOSIHEHME NO  Hopme (2)
MHOXecTBa C*(Q).

Mycte =T (x,y) n r2=r2(x,y)-cpesatouime pyHkumun knacca C"(E2), takue, 4to
4N HekoToporo u> 0 BbINOMHAWOTCA ycnosua dTt/ =0, |y|<”, i=12, npuuém I =1 B
O22(M X supp™. e B,(OO i=1 wn nyctb T°=1-r1 - 7T2. Yepes w (QX.eX"1°n
0603Ha4YMM PYHKLMOHANbHOE NPOCTPAHCTBO, NoNyYatolleecs nononHeHneM MHoxectea C" (Q)
no Hopme

b)) ¥ u\Ww(@Q ~r K)ynr2x ~ ) 3)

CvmBonoM par), sejVvoi{0}, o0603HaUUM (PYHKUNOHANBLHOE MNPOCTPAHCTBO,

nonyvarouleecs MONOSHEHMEM MO TOM XXe HOPMe MHOXeCTBa DYHKL NI (Q).
PaccmoTpum Tenepb B 06n1acTu Q KpaeByto 3ajadvy Buja
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26l 0261 K ool f
X2 opy2 oy ony

(x,y) eO,
bl
bl?=0, 1y =0, (5)

roe f e Wit h (fi), se N u {0}.

Be3ge ganee 6ynem npegnonaratb, YTO (PUKCMPOBAHHbLIV NapaMeTp K > 11 He ABnseTcs
HEYETHbIM YNC/IOM.
Mog peweHnem KpaeBoii 3agaum (4), (5) 3 knacca (fi), 5e N n {0}, 6yaem

MOHUMaTb PYHKUMIO ” e (fi), ynosneTsopsatoLwyo ypaBHeHuM0 (4) noutu Bcrogy B 2.
Myctb Pf (z) - npucoeanHeHHas QpyHKUKMSA SlexxaHapa nNepBoro poga, onpeaesieHHas Ha
paspese, CBsi3aHHas C runepreomeTpuyeckoin gyHkumen Maycca F (a,b;c;z) COOTHOLIEHUEM

[Boicwue., 1973, c. 144]

1 1+ v T 1- Z
K{z)» » - 7 -l 2Fi -v>v+1 1-U;
t2) ra-w) 1-z \Y, . 2

rae cumeonom I (/) ob6o3HayeHa ramma-gyHKLuMA Jiinepa aprymeHta /, v nycTb ), i=1.2,-
HaVMeHbLUMe NONOXUTENbHbIE PELLEHUS YPaBHEHWA

(r(T) =i Lly2 (coso;)=0,i=12 [Teopusa. , 1952, c. 388].

CnpaBe/INBO CliefytoLlee YTBEPXKAeHMe.
Teopema. IlycTb s - LUenoe HeoTpuUuUaTeNbHOE YUC/IO U MNYCTb BeLleCTBEHHbIe

napametpbl [ wu [ yposnetsopset ycnosuam |4 -5 - I<TN)+k/2,i=12. Torpa ans
no6on pyHkuum / e Xao A(fi) cyuiecTByeT eANHCTBEHHOE PeLLeHNEe U e (fi) kpaeBoi
3aga4yn (4), (5) n cnpaBedIMBO HepaBEHCTBO

bl * CWHI

B KOTOPOM nocTofHHas C He 3aBUCUT OT PyHKUumM f .

[na pokasatenbcTBa TeOpeMbl UCMOMb3YIOTCA Npefbigyuine paboTel aBTopa [/lapuH,
2000, 2012] v cnepytouee yTBEPXAEHNe O COOTHOLLEHUW pelleHnid bl 1 bl 3afayuun Buga (4),

(5) B 6eckoHeuyHom yrne K (tuna yrnos K ,i=1,2), npuHagnexawmx npocTpaHCTBam

2AK)nm 2(K), cootBeTtcTBeHHO. Chopmynupyem ero gna yrna K =

Mycte T(1),j =1,2, ... ,- BCE MONOXUTE/IbHbIE PELUEHNSA YPABHEHNSA

P (T)= =/2 (C0S°,) = °,
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KOTOpble Mbl 415 yA06CTBA OyAeM cuMTaTh 3aHYMEpPOBaHHbIMI B NMOPsKe BO3pacTaHus, U
nycTb I, B - MONAPHbIE KOOPANHATLI C LLEHTPOM B Touke O

r=(x-x.)2+yhm,r>0,0<B< O. ®IT (B) = (sine)"-*2p;:-+|” ,,’2 (cose),
0<B<o0,j=12,....

CnpaBeAnunBO CNeayroLLee YTBEPXKAEHNE.

Teopema. TlycTb S - LUefoe  HeoTpuuate/SlbHOE YUCNO0 W MYCTb BELLECTBEHHbIE
napameTpbl yrun y2,n <72,yL0BNeTBOPAIOT YCNOBUAM

\y\-s-1 &1(D+K'2, -s-1 d1(D+xk'2, j =1,2,....
Torga Aana nwb6o  dyHKUUK fe K)n (K) B KaXgOM W13 TMPOCTPaHCTB
FA2(AV), i - 1,2, cyuwiecTByeT eAMHCTBEHHOe pelleHune wui(X,y), i =1,2, kpaeBoi 3agauu (4),
(5) Byrne K, KoTopble CBSA3aHbl COOTHOLUEHWNEM

bi'(X,y) = bI2(X,y) + 2 AL r 1 kpl)(B) +

Hlefyt-s- 1K 2-5- 1

* S Bi"cf)rk“®;, ().
Tfjiefw?[- 7 ZK,s+ 17 1--'3

roe Ap(f) mn Bp (f),j =1,2,... ,- HenpepbiBHble hyHKUMOHaNbl Hag Va (Kr)n  (Kr).

lMocnegHee yTBepXAeHMe A0Ka3bIBAeTCA C MOMOLLLIO nepexona oT 3agavn suga (4), (5) B
yrne c MNOMOLWbI 3aMeHbl MepeMeHHbIX X = x1+elcosB, y =€*sinB K COOTBETCTBYHOLLEN

3aflaye B nonoce [JlapuH, 2012]. Mocne NnpUMeHeHNs KOMMAEKCHOro npeobpasoBaHus dypbe no
MepeMeHHON t [eno CBOAUTCA K HAXOXAEHWNI0 BbIYETOB (PYHKLMKM [TpuvHa cneumanbHOW Kpaesoi
3afiayn ana o6bIKHOBEHHOrO AuddepeHLManbHOro onepaTopa, 3aBUCALLETO0 OT KOMMJIEKCHOr0
napameTpa 1 AeACTBYIOLLEro Mo NepeMeHHOW B, B eé nostcax.

OTMeTUM, YTO pe3y/nbTaTbl, MOYYEHHbIE B HacToAWelW paboTe, MOryT ObiTb MPUMEHEHDI
B Teopun onepaTopoB npeobpasoBaHua AN CUHTYNSAPHLIX AUPEepeHUnanbHbiX YpaBHEHUI €
onepaTopamu beccensa [Sitnik.1992, 2017; The Transmutations...2018; Applications. 2018].

3aKnyeHne

B paboTe M3y4aeTcs CUMHTYNSPHOE 3MIUMNTUYECKOe AuddepeHUnanbHoe ypaBHeHUe B
4aCTHbIX MPOU3BOAHbLIX BTOPOro nopsfka B OrpaHWYEHHOM MNAOCKON 061acTu C YrioBbIMU
TOYKaMn Ha rpaHuue. CUHTYNAPHBIA TUN ypaBHEHUA OnpeaenseTcd 0COO6EHHOCTS MU B €ro
KoahdhuuymeHTax, nNpn 3aToMm anddepeHumansHoe ypaBHeHWe codepXuT onepatop beccens no
0coboi  nepemeHHOl.  [locTaHOBKM  3ajay  WCMOAb3YKT  CheuuanbHble  QYHKUWK
rMnepreoMeTpMyYecKoro Tuna, a UMeHHo, NPUcoeaMHEHHbIE PYHKUMK JlexaHapa, Yepes KoTopble
Bblpa)KaeTCsa WCKOMOe peweHue. [lanee onpeaenswTcs  PYHKUMOHaNbHbIe MPOCTPaHCTBA
cneyuanbHOro Tuna CO CMelaHHOW HOPMOWM, KOTOpble OTHOCATCA K KfiacCy npoCTpaHCTB
Cob6onesa - KunpusaHoBa ¢ 4ONOMHUTENIbHLIMW TPAHUYHbLIMU YCNOBUAMU. OHM 3aKN04aloTCA B
TOM, 4YTO Ha rpaHuue o06nacTu 3agaroTcs KpaeBble ycnosus OAupuxne n HeiimaHa. B pa6oTe
NONy4YeHbl cregyrolime pesynbTaTbl: HaxXOAATCA YCNOBUA [N KOPPEKTHOW paspelimocTy
M3y4yaemoil 3afayM B YKa3aHHbIX BeCOBbIX ()YHKLMOHaNbHbIX MPOCTPaHCTBaX; [AOKa3aHa
anpuopHas OLUEHKa peLeHnin paccMaTpyMBaeMOro CUHTYNSPHOro  AuddepeHunanbHOro
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ypaBHEHUSI BO  BBEAEHHbIX BECOBbIX  (PYHKLUMOHA/IbHbIX  MPOCTPAHCTBaX,  MO/YYeHbI
npefAcTaB/eHNs pPeLieHnii 3TOro ypaBHEHWS C KpPaeBbIMW YCNOBMSMW B BuAe paga Mo
MPUCOEANHEHHBIM (YHKLMAM JleXaHapa; yKasaHbl BO3MOXHble MPUI0XEHUS pe3ynbTaToB B
Teopuy onepaTopoB Npeo6pasoBaHus.

Cnucok nutepatypbl
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