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AHHOTaUuA

B pamkax pgaHHoli cTtatbu paccmaTpuBaetcsa Teopema M.I. KpeiiHa 06 yCTOM4YMBOCTU ceMercTBa
3BOJIIOLMOHHbIX 0OMepaTtopoB, MOCTPOEHHOro A/18 OAHOPOAHOr0 AuddepeHLManbHOro ypaBHEHNS ¢
HEeNpepbIBHbIMY OrpaHUYeHHbIMU KoadhdmumeHTamun. PopMynpyoTcsa onpegeneHns yCTOMUYMBOro
cemMericTBa onepaTopoB, YCTOMYMBOr0, HEYCTOMYMBOIO U aCMMMTOTMYECKU YCTOMUYMBOFO JINHERHOMO
orpaHuyeHHoro oneparopa. CopmMy/iMpoBaH M gokKasaH ANCKPETHbI aHastor Teopembl M.IM. KpeiiHa
AN BEKTOPHbIX Pa3HOCTHbIX YpaBHEHWIA, KO3(PPULMEHTAMN KOTOPbIX SABMSKTCA /IMHENHbIe OrpaHu-
YeHHble onepaTtopbl. MOMMMO 3TOro, OCHOBHbIM Pe3yNbTaTOM SBJISETCA Teopema 06 acMmnToTuye-
CKOW YCTOMUMBOCTM JINHEMHOr0 OrpaHUYEHHOro onepaTopa, paccMaTpMBaeMoro B Kavectse Koadhhu-
LMeHTa BEKTOPHOr0 pPasHOCTHOr0 ypaBHEHUS.

Abstract

The article under consideration reviews M.G. Krein theorem about stability of family of evolutionary
operators, constructed for homogeneous differential equation with continuous bounded coefficients.
Basic definitions of Cauchy’s operator function, a stable family of operators, spectral radius of
linear bounded operator, stable linear bounded operator, unstable linear bounded operator and
asymptotically stable linear bounded operator are formulated. Main results of the work are presented
as two proved theorems. The first theorem is the discrete analogue of M.G. Krein theorem for
difference vector equations with coefficients presented as linear bounded operators. The second
theorem is an enchanced variant of the first theorem. It contains the conditions for asymptotical
stability of the linear bounded operators that are coefficients of difference vector equations. Such
difference vector equations with linear bounded operators as coefficients occur during discretization
of linear differential equations in banach’s spaces. Special attention is paid to Gelfand’'s theorem
about, spectral radius of operator, which closely related to asymptotical stability of linear bounded
operator.

KitoueBble C/ioBa: BEKTOPHOE Pa3HOCTHOE ypaBHEHWE, NIMHENHDIV OFrpaHMYeHHbIW onepaTop, YCTOM-
YMBOCTb, aCMMMTOTMUYECKASA YCTOMYMBOCTb, CAEKTPaslbHbIA paguyc.

Keywords: difference vector equation, linear bounded operator, stability, asymptotical stability,
spectral radius.
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1. Teopema M. I'. KpeiiHa
06 yCTOMYMBOCTM CeMelcTBa 3BOJTOLUMUOHHBIX ONEpPaTopoB

MycTb X - KOMMieKcHoe 6aHaxoBo NpocTpaHcTBO U End X - 6aHaxoBa anrebpa IMHeRHbIX
orpaHMYeHHbIX onepaTopoB, AericTBytowmnx B X . Cumeosiom Cb(M+,X ) 0603HauMM 6aHaxoBo
MPOCTPAHCTBO HEMPEPbLIBHbIX OrPaHMYeHHbIX HA R+ (yHKUMUI co 3HAYeHMsIMU B X 1 HOPMOIA

INIrc = sup \\X()\\x
ter+
PaccmoTpum ogHopogHoe auddepeHunanbHoe ypaBHEHNE C MepeMeHHbIM OMepaTopHbIM
KoappnymueHTOM BUaa

x(t) = A(t)x(t), t> 0, (1)

A E C&(R+,X).

OnpegeneHune 1. CunbHO HenpepbiBHaa aguddepeHunpyemas onepatopHas (yHKUUA
U : R+ — >EndX HasbiBaeTca oriepaTopHoW (hyHKUmMe Kowwmn gns ypasHeHusa (1), ecnu
U(@©) = I n gna nwboro t E R+ BbINO/IHAETCA paBeHCTBO

Ux(t) = (AQ)U()x(t), t> 0.

OnepaTopHasa ¢gyHkuma Kowun U(t) nossonsdeT 3anucaTb N06oe pewleHre 3agadum Koiim
aona ypaBHeHua (1) ¢ HadyanbHbIM ycrioBuem X(0) = xo E X B Buge

x(t) = U(t)x0, t> 0, x(0) = xO.

PaccmoTpumM TakXKe CEMECTBO 3BO/MIOLMOHHbLIX onepaTtopoB (nponaratop) U = {U(t, s)} :
A = {(t,s) ER+ :s< t} — >EndX, A58 KOTOPOro BbIMOJ/IHAKTCA C/MeAylline CBOMCTBA:
1) CemeiicTBO U CU/IbHO HEMPEPLIBHO Ha A;
U, s)U(s, /= U, 1,0 < T< s< t< 1T
3) U(t,t) = | gna nwoboro t E R+;

sup U(t,s)l= K< T
O<t-s<I

B uacTtHocTu, ecnn A(t) = A EEndX, 10 U(t) = eA n U(t,s) = UU-1(s), t,s E A,
rope U iR+ — >End X — onepatopHada yHkuna Kown ana ypaBHeHUA (1).
U HasblBaeTcs YCTONUMBLIM, EC/IN CYLL,ECTBYET
KOHCTaHTa Mc> 0 u Takasd, 4To

sup Ut s) = Mc< 1O
STI&A
Teopema 1. INycTb HeogHOpOAHOE AU hepeHLaIbHOe YpaBHEHNE

x(t) = A(D)x(t) + f(t),t ER+

C HayasbHbiM ycnomem X(0) = 0 umeeT peweHue n3 Cs(M+,X ) ana nwbon QyHKLUM
f E Cs(M+,X), ceMelicTBO 3BOIIOLMOHHbIX onepaTopoB U(t,s), nocTpoeHHoe gns og-
HOPOAHOro AuMdepeHLManbHOro ypaBHeHuUs

x(1) = ADx(t)
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6ypeT ABNATbLCA YCTOMYUBBIM.

Ba3oBbIM cnlyyaem 3TOW TeopeMbl SABNsSeTCH Teopema 06 yCTOMUYMBOCTU pPeLleHuin 04HOpoA-
HOro AndepeHLNasibHOr0 ypaBHEHUSA C HEMPePbIBHbIMW OrpaHUYeHHbIMU KO3 rLmMeHTamm
(cm. [KpeinH. 1948; Oaneuykuii, KpenH. 1970]). BackakoBbiM [1996] nmo3gHee 6bla Mony4eH
COOTBETCTBYHOLWNA pe3ynbTaT ANA ypaBHEHUN, onepaTopHblie KO3IPPUUNEHTblI KOTOPbIX SB-
NATCA 3aMKHYTbIMW onepaTopamu.

2. Teopembl 06 YCTOMUYMBOCTU U aCUMMNTOTMYECKON YCTOMUMBOCTM
OMepaTopoB B PAa3HOCTHbLIX YPaBHEHUSX

MycTb X - KOMM/eKcHoe 6aHaxoBO NPOCTpaHCcTBO U End X - 6aHaxoBa anrebpa IMHENHbIX

OorpaHMYeHHbIX onepaTopoB, AehcTBywmnx B X. Cumsonom | = 1&(X Z+) o0603Ha4YMM
6aHaxoBO MPOCTPAHCTBO OrpaHMYeHHbIX Moc/AefoBaTe/lbHOCTEN BEKTOpPOB X : Z+ — >X ¢
HOpMOWA

AN, = sup \\WX(K)\\x
ke +
B pamkax faHHOW paboTbl paccMaTpuBaeTCss Pa3HOCTHOE ypaBHeHWE BMAa

x(k + 1) = Bx(K) + f(K), KEZ+ . )

rone Xx E DkB E EndX, f E I

OTMeTMM, 4TO pasHOCTHble ypaBHEHUA (2) BO3HMKAT MNpU AUCKPeTU3aunum SIMHENHbIX
AndepeHuManbHbIX ypaBHEHN T B 6aHaxoBbiX MpocTpaHcTBax. Takon noaxon 6bi1 MCNoNb-
30BaH B paboTtax MHOrmx aBTopoB (cM. [BackakoB. 1990; BackakoB. 1992; bBackakoB. 1994;
BackakoB. 1997; BackakoB. 2000; BackakoB. 2001, BackakoB. [lacTtyxoB. 2001; Backakos.
UepHbiwos, 2001a; Backakos. YepHbinTtos, 20016; backakos. 2009; backakoB. CuHTSesB, 2010;
BackakoB n ap. 2011; BackakoB. 2013; backakos. Aynnauuiesa, 2015; buyerkyes, 2008; bun-
yerkyes, 2009]).

B E End X Ha30BeM YCTOMNYMBBLIM, €C/IN CYLLLECTBYET KOH-

ctaHTa Add A, 0 Takas, 4To

sup \\Bh\= Add < >K, (3)

T. €. BCe ero CrereHy paBHOMEPHO OrpaHnyeHbl.
OnpegeneHune 4. Onepatop B E End X HasoBeM aCUMIMTTOTUYECKU YCTOMUMBBLIM, eC/u
AN Hero BbIMOMIHSAET ycnoBue

lim \\& \= 0. (4)

nn<x>

OnpepeneHne 5. CneKTpaslbHbIM paanycom onepatopa B HasbiBaeTcsa uucno r(B) =

max W\ rge a(B) — cnekTp onepatopa B.
\fa(b)

Mo Teopeme lNenbhaHpa o crnekTpanbHOM pajauyce onepartopa (cm. [CenbtaHa, LWunnos,
1958]) u3 ycnosua (3) cnepyet ycrioBue
r(B) < 1,

a ycnosue (4) aKBUBaANIEHTHO YC/I0BUIO
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r(B) <1 (5)

ONnA cnekTpasibHOro paguyca onepartopa B.

B paHHOV paboTe foka3blBaeTcs CrefyloWnii pesynbTarT.

Teopema 2. lNycTb ypaBHeHMe (2) ¢ HayasbHbIM ycnosuem Xx(0) = 0 paspewnmo and
nwb6on nocnegosatensHoctu f E I, Torga onepatop B sBnsetcs ycTOMUYMBLIM.

O PaccmoTpuMm ypaBHeHue (2) ansa f(K) = Onpn k= 0u f(0) = vy, rae y — Npon3BoNbHbIN
BekTOop M3 X. lNocnepoBartenbHO pacnuLleM LLernoyKy PasHOCTHbIX YpaBHeEHWUN

x(1) = Bx(0) +y ™ x(1) =y,
x(2 = Bx(@ + (1) + x(2) = By,
x(3) = Bx(2) + (9 + x(3) = B(By) = B2,

x(K) = Bx(k —1) + f(k—1) ~ x(K) = Bk-1y,
x(k+ 1) = Bx(K) + F(K ~ x(k+ 1) = Bky.

Tak Kak nocsiefoBaTtefsibHOCTb X : Z+ — ~X ABNASAETCA OrPaHNYEHHOW, TO VMEEM
sup W(k + = sup \BKf O]l = sup \Bky\< x,
I<£Zp+ ( ol kEZE ol kEZE o

0TKyAa corflacHo NpUHUUMNY PaBHOMEPHOM orpaHUYeHHOCTM nosiydaem, uto sup WBKkN\< X .
kEZ+

Mo onpegeneHnto 3 nosy4vaem, 4to onepartop AToMumMBbIM. |

Mpn gokasaTtenbcTBe TeopeMmbl 6bl/1 UCAONb30BAH MPUHLUM PaBHOMEPHOW OrpaHWYEHHO-
CTW, KOTOpPbIA (QUrypupyet BO MHOrMx pabotax no yHKuMoOHanbHOMY aHanuidy [[daHdopg,
Weapy, 1958; PyauH, 1973].

OnpeaeneHne 6. Onepatop B E EndX Ha3biBaeTcss HEYCTONUMBLIM, €/ OH 06paTUM,
a onepatop B-1 saBnseTcs yCTOMYMBLIM.

Teopema 2 MOXeT 6bITb CyL,eCTBEHHO ycuieHa 6e3 gobaBneHUs Kakmx-ambo [onoAHU-
TesIbHbIX YC/I0BUMN.

Teopema 3. Ecnm ypaBHeHUe (2) ¢ HayanbHbiM ycnosmem x(0) = 0 paspewvmo Ans
nwb6on nocneposatensHoctn f E /A, Torga onepatop B sBnserca acMMnTOTMYECKU YCTOW-
YMBbIM.

O PaccmoTpum ypaBHeHue (2) Buga
x(k+ 1) = (1 + a)Bx(k) + f (K),

roe a B K+. OueBugHo, uto onepatop (1 + a)B E EndX u gnda Hero 6yayT BbIMOAHATLCA
yCNoBUSA TeopeMbl 2, TO eCTb OH OyAeT ABMATbCA yCcToW4uMBbIM. Torga ANS MPOM3BOJIBHOIO
Md> 0 nmeem paBeHCTBO

sup W1+ a)nBn\  Md < >k
lQZ+
0TKyAa MoslyyaeM HepaBeHCTBO

\\(1 + a)nBn\< Md,
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a n3 Hero
1+ a\n\\Bn\\< Md.

JlaHHoe HepaBeHCTBO npeobpasyeTcs B

\\B1< Md
1+ an’

npaBad 4aCTb KOTOPOro o6r|a,u,aeT CBOWCTBOM

. md
lim
n<x> (1 + a)n

Otcioga nmeem lim \\Bh\= 0, 4To 1 03Ha4yaeT aCUMNTOTUYECKYI0 YCTOMUYMBOCTL onepaTopa
n

N<X>
B no onpepeneHuvio 4. m
CnegctBue. Ecnm BbINOAHAKTCA YCN0BUA TeopeMbl 3, TO CNEKTpasibHbIv pagnyc onepa-
Topa B ypoBsieTBopsAeT HepaBeHCTBY

r(B) < 1
JlaHHOe yTBep>XeHne HeNocpeaCcTBEHHO BbITEKAET U3 3KBMBATIEHTHOCTM ycnosuii (4) n (5).
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