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Chapter 2 ^
Digital Operators and Discrete Equations 
as Computational Tools

A le x a n d e r  V asilyev, V la d im ir  V asilyev , a n d  A n a s ta s ia  M a s h in e ts

2.1 Introduction

D iscre te  and d ifference equations p lay  an im portan t ro le  in  d ifferen t b ranches o f 
science, particu larly  in  m athem atica l b io logy, signal, and im age processing  [ 1 , 2 ]. 
So, for exam ple, a lo t o f physica l and techn ical p rocesses are  described  b y  d ifference 
and  d iscre te  equations, nam ely, and con tinuous m odels arise  as a lim it transfer. 
A cco rd ing  to  the la tte r sentence, it is though t tha t studying  o f d ifference  and d iscre te  
equations is very  requ ired .

W e w ill deal w ith  d iscre te  equations re la ted  to w ell-know n con tinuous m ath ­
em atica l objects as pseudo-d ifferen tia l operators and equations [3- 6]. T here  is a 
series o f  books devoted  to  d ifferen t aspects o f  the theory  o f d iscre te  equations and 
d iscre te  boun dary  value prob lem s (see, e .g ., [7- 9]), bu t as a ru le, these  m ethods are 
developed  for partia l d ifferen tial equations only. A lso , som e authors use  p ro jec tional 
and  a lgebraic  m ethods for studying  fin ite approxim ations for in tegral and re la ted  
opera to r equations [10- 12]. L e t us rem ind  tha t the theory  o f  pseudo-d ifferen tia l 
operators w as constructed  to  jo in  together the theo ry  o f  d ifferen tia l operators and 
certa in  in tegral ones. S tarting  from  th is p o in t o f  view , w e w ill try  to construct 
a theo ry  o f  d isc re te  pseudo-d ifferen tia l operators and equations, to study  such 
d iscre te  equations and  re la ted  d isc re te  boundary  value p rob lem s, and  to verify  their 
approx im ation  p roperties.

A  few  years ago, such a w ork  w as started , and certain  resu lts w ere  obtained. 
Som e o f  these  papers w ere  re la ted  to  d iscre te  analogues o f  C a ld e ro n -Z y g m u n d  
operators and co rrespond ing  in tegral equations [13, 14], bu t la tte r papers are devoted  
to  studying  d isc re te  pseudo-d ifferen tia l equations and  d iscre te  boundary  value
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prob lem s in  a d isc re te  space and a d iscre te  ha lf-space  [15- 19]. W e w ork  w ith  m odel 
operators w ith  sym bols non-depend ing  on a spatial variab le  in special canonical 
dom ains w hich are cones in  E uclidean  space. T h is m ethodo logy  is stipu lated  b y  a 
special local p rinc ip le  in the theory  o f  p seudo-d ifferen tia l equations. W e w ill w idely  
u se  d iscre te  and period ic  analogues o f  c lassica l one-d im ensional singular in tegral 
operators [2 0 , 21], m ethods o f  function  theory  o f  m any com plex  variables [2 2 , 23], 
and  the key abstrac t resu lt from  the theo ry  o f pro jec tional m ethods [2 4 ].

T h is paper is devoted  to a new  concep t in th e  theory  o f  d iscre te  equations and 
d iscre te  boundary  value prob lem s. W e w ill describe  h ere  this approach  and w ill 
p resen t som e key resu lts in th is d irection . M ost p art o f  the paper w ill b e  re la ted  to  a 
p lan e  quadran t, and  it is a new  type  o f a con ica l dom ain  for w hich  w e try  to expand  
app licab ility  o f  th e  suggested  approach .

2.2 Discrete Spaces and Digital Operators

W e w ill u se  the fo llow ing no tations. L et T  b e  the segm ent [—n ,  n ] , h  >  0, h =  h —1. 
W e w ill consider all functions defined  in the cube T m as period ic  functions in | R m 
w ith  the sam e cube o f  periods.

If lu d iX), x  e  h Z m , is a function  o f  a d iscre te  variable, then w e call it “d iscre te  
function .” F or such d iscre te  functions, one can define the d iscre te  Fourier transfo rm

(.F d u d №  =  u d i£) =  J 2  e ~ iX'^u d iX )h m , £ e  h T m
xehZm

i f  the  la tte r series converges, and  the function  Ud (£) is a period ic  function  on R m 
w ith  th e  basic  cube o f  periodslh T m. T his d isc re te  F ourier transfo rm  p reserves basic  
p roperties o f  the in tegral F ourier transform , particu larly  the inverse d iscre te  Fourier 
tran sfo rm  is g iven b y  the form ula

(F —1U d)(x) =  ( 2 ^ /  eiX'£u d i£ ) d £, x e  h Z m
h Tm

T he d iscre te  F ou rier tran sfo rm  is a one-to -one  co rrespondence  betw een  the 
spaceslL 2 ( h Z m ) a n d L 2 ( h T m) w ith  norm s

\\ud \\ 2 =  ( X  \u d ix  )\2h m
\x e h Z m

and
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\Ud(^)\2d ^

\  eh Tm /

E x a m p le  1 S ince the defin ition  for S o b o lev -S lo b o d e tsk ii spaces includes partia l 
derivatives, w e u se  their d iscre te  analogue, i.e., d iv ided  d ifference  o f first order

W e w ill u se  th e  d iscre te  F ourier transfo rm  to in troduce  special d iscre te  S o b o lev - 
S lobodetsk ii spaces w hich are  very  convenien t for studying  d iscre te  p seu d o ­
d ifferen tia l operators and re la ted  equations.

N ow  w e w ill in troduce  th e  basic  space S ( h Z m ) w hich  consists o f  d iscre te  
functions w ith  fin ite  sem i-norm s

( A ^ u d ) ^ ) =  h 1( u d ( x 1 , . . . , x k +  h , , Xm) -  u d ( x 1 , . . . , x k , Xm)),

for w hich  its d iscre te  F ou rier transfo rm  looks as follow s

A ]U d №  =  h - 1 (e ~ h k  -  1)Ud(H).

F urther for the d iv ided  d ifference o f  second  order, w e have

{ A f ]Ud)(X) =  h  2 (u d ix i ,  . . . , X k  +  2h, . . . ,  Xm)

2ud(x1 ,  . . . , X k  +  h, . . . ,  Xm) +  Ud(x1, . . . , X k , . . . ,  Xm))

and  its d iscre te  F ou rier transfo rm

( A ^ u d W )  =  h - 2 (e - i h ^ k -  1 )2u d(H).

T hus, for the d iscre te  L ap lac ian , w e have

m
(A d u d ) ( X ) =  2̂ ( A ^ 2 u d ) ( x ),

k=1

so that

m

( A d u d m )  =  h - 2 Y , ( e - ih■ & -  1 )2u d (^ ) .
k=1

\u d \ =  sup (1 +  |X | / \ A (k)u d (X )\
XehZm

for arb itrary  l е  N , k  =  ( k i , . . . ,  k m), k r е  N , r  =  1 , . . . , m ,  w here
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A (ik)u d i x ) =  л ^ 1 . . . , A kmmudix).

In o ther w ords, th e  space \S ( h Z m ) is a d iscre te  analogue o f  th e  S chw artz  space 
S (R m) o f infin itely  d ifferen tiab le  rap id ly  decreasing  at infin ity  functions. U sually  
th e  space o f  d is tribu tions over the basic  s p a c e S (R m) is deno ted  b y lS '( R m).

D ig ita l d is tribu tion  w e call an arb itrary  linear con tinuous functional defined on 
S ( h Z m ). A  set o f such d ig ita l d is tribu tions w e w ill deno te  b y S ' ( h Z m ), and  a value 
o f  th e  functional!f d on the basic  function lu d w ill b e  deno ted  b y l ( f d , u d ).

T ogether w ith  the  space |S (h Z m), w e consider the space \D ( h Z m ) consisting  of 
d iscre te  functions w ith  a com pac t (fin ite) support. W e say tha t f d  =  0 in  the 
d iscre te  dom ain  \M d =  M  П h Z m , M  с  R m, i f  ( f d , u d ) =  0, V u d e  D ( M d ), 
w here l D ( M d ) с  D ( h Z m ) consists o f  d iscre te  functions w hose supports be long  to 
M d . I f  w e w ill deno te  \M d , a un ion  o f  such \M d , w here  \f d =  0 then by  defin ition  
s u p p  f d  =  h Z m \  M d .

A s u sua l [2 5 ], w e can define som e sim plest operations in th e  space \S ' ( h Z m ) 
exclud ing  the  d ifferen tia tion  (see  below ), and a convergence is defined  as a w eak  
convergence in th e  space o f  fu n c tio n a l^  S ' ( h Z m ).

I f f d ( x ) is a local sum m able  function , then  one can  define the d ig ita l d istribution  
f d  by  the form ula

Such d istribu tions w e call regular  d ig ita l d istribu tions. B u t there  are  so -called  
singu lar  d ig ita l d istribu tions like the D irac  m ass-function

L e t us deno te  Z 2 =  h  2 Y ,  (e th'£k — 1)2 and  in troduce  the fo llow ing
k=1

D efin itio n  1 T he s p a c e H s ( h Z m) is a c losu re  o f  the s p a c e S ( h Z m) w ith  respec t to 
th e  norm

W e w ould  like to  no te  tha t a lo t o f  p roperties for such spaces w ere  stud ied  in 
[2 6 ].

Further, l e t D  с  R m b e  a dom ain  a n d D d =  D  П h Z m b e  a d iscre te  dom ain .

D e fin itio n  2  T he space \H s ( D d ) consists o f d iscre te  functions from  \H s ( h Z m ) 
w hich  supports be long  to  D . A  norm  in th e  space \H s ( D d ) is induced  b y  a norm  
o f  the space H s ( h Z m). T he  space H ^ ( D d ) consists o f  d iscre te  functions u d w ith

( f d ,U d )  =  J 2  fd ( x ) u d ( X ) h m , V u d e  S ( h Z m ).
xehZm

(Sd, ud) =  ud(0) ,

w hich  canno t b e  rep resen ted  by  th e  above form ula.
m

/ \  1/ 2

/
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a support in  \D d , and these  d iscre te  functions should  adm it a con tinuation  in to  the 
w ho le  H s ( h Z m ). A  norm  in th e  H S ( D d ) is g iven b y  the fo rm ula

\ \u d \\+ =  i n f \ \ lud  Us,

w here  in fim um  is taken  over all co n tin u a tio n s^ .

T he F ou rier im age o f  the s p a c e H s ( D d ) w ill b e  deno ted  by lH s ( D d ).
L e a A d (*)  b e  a m easurab le  period ic  function  in |R m w ith  the  basic  cube o f  periods 

h  T m. Such functions are ca lled  sym bols. A s usual, w e w ill define a d ig ita l p seu d o ­
d ifferen tia l opera to r by  its sym bol.

D e fin itio n  3 A  d ig ita l p seudo-d ifferen tia l opera to r| A d in  a d iscre te  dom ain  \D d is 
ca lled  an opera to r o f  the fo llow ing k ind

( A d u d )(X ) =  J 2  f  - d ( ^ ) e i{X-y) * u d ( i ; № ,  X e  Dd.
ye hZmhTm

A n opera to r Ad  is ca lled  an ellip tic  operator if

ess  in f  \A d(*)\ > 0.
* ehTm

F irst as usual, w e define the o p e ra to rA d on the dense  se aS ( h Z m ) and then  extend 
it on m ore  genera l space.

R e m a rk  1 O ne can in troduce  the s y m b o lA d (X, * )  depending  on a spatial variab le  
X and define a genera l p seudo-d ifferen tia l operator b y  th e  form ula

( A d u d )(X ) =  £  f  A d  (X , $ ) e i(X-y) ■ *u d(M)d$, X e  D d,
yehZmhTm

For studying  such operators and re la ted  equations one needs to  u se  m ore  fine and 
com plica ted  technique.

D e fin itio n  4 B y defin ition  the classl E a includes sym bols satisfy ing  the fo llow ing 
condition

C1 (1 +  I f 2 \)“/2 <  \A d(*)\ < c2(1 +  \Z2 \)a/2 (2.1)

w ith  universal positive  constan ts!c 1, c2 non-depend ing  on h  and th e  sym bollA d (*).  
T he  num berla  e  R  is ca lled  an order o f a d ig ita l p seudo-d ifferen tia l o p e ra to rA d .

O bv iously  that operator!A d satisfy ing  (2 .1 ) is an e llip tic  operator. U sing  the last 
defin ition  one can easily  get the fo llow ing property.

L e m m a  1 A digita l pseudo-d if feren t ia l  operatori A d e  E a is a linear boun ded  
opera tor  H s ( h Z m) ^  H s - a ( h Z m) w hich  norm  does  no t d epen d  on  h.
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W e study the equation

( A d u d ) ( x ) =  v d ( x ), x  e  D d ,  (2 .2 )

assum ing  that w e in terested  in a so lu tion  lu d e  H s (D d ) tak ing  into accoun t \vd e  
H S —a (D d).

M ain  d ifficulty  for this p rob lem  is re la ted  to a geom etry  o f  th e  dom ain  D . 
Indeed , i f  D  =  R m then  the cond ition  (2 .1 ) guaran tees the unique solvab ility  
for th e  E q. (2 .2 ). W e w ill consider h ere  only  so -called  canon ical dom ains and 
s im plest d ig ita l p seudo-d ifferen tia l operators w ith  sym bols non-depend ing  on a 
spatia l variab le  [ r . T his fact is d ic ta ted  by  using  in the fu ture the local p rincip le . 
T he  last asserts tha t for a F redho lm  solvability  o f  the genera l E q. (2 .2 ) w ith  sym bol 
A d ( x , £ )  in an arb itrary  d iscre te  dom ain  YDd , one needs to obtain  invertib ility  
cond itions for so -called  local rep resen tatives o f  the operator A d , i.e., for an operator 
w ith  sym bollA d (-, £ )  in a special canonical dom ain .

E arlie r au thors have ex trac ted  som e canon ical dom ains, nam ely, D  =  R m, R ^ ,  
w h e r e b y  =  {x e  R m : x  =  ( x ', x m), x m > 0}.

E veryw here  below  w e study the tw o-d im ens ional case f o r  w hich  a dom ain  D  is 
the f irs t  quadran t in a p lane,  D  =  K  =  {x e  R 2 : x  =  (x \ ,  x 2), x \  > 0 , x 2 > 0}. 
Moreover, w e consider h om ogeneous  equation  (2 .2 ) f o r a  simplicity.

2.3 Solvability of Discrete Equations and Discrete Boundary 
Value Problems

L e u K d =  K  П h Z 2. W e study a so lvab ility  o f  the equation

( A d u d ) ( x ) =  0, x  e  K d .  (2.3)

W e can describe  so lvab ility  p ic tu re  o f  the E q. (2 .3 ) i f  the sym bollA d (£) adm its a 
special rep resen ta tion .

2.3.1 Periodic Wave Factorization

T his concep t is a period ic  analogue o f  the w ave fac torization  [2 3 ]. Som e first 
p re lim inary  considera tions and resu lts w ere  described  in  [15].

W e w ill use certa in  special dom ain  in  tw o-d im ensional com plex  space C 2 . A  
dom ain  o f  the ty p e tT h (K )  =  h T 2 +  i K  is ca lled  a tube  dom ain  over the quadran t 
K , and w e w ill consider analy tical functions \f ( x  +  i t )  in the  dom ain  \Th(K) =  
h  t 2 +  i K .
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D efin itio n  5 A  period ic  w ave fac torization  for the e llip tic  s y m b o lA d (£) e  E a is 
ca lled  its rep resen ta tion  in  the form

Ad(H) =  Ad,=(H)Ad,=(H),

w here  the factors A d,=(£),  A d, = (£) adm it analy tical con tinuation  in to  tube  dom ains 
T h ( K ) ,  T h (—K )  respective ly  w ith  estim ates

л  О $ , л  о  $
С1(1  +  \Z2 | ) $ <  \Ad,=(H +  i r ) \  < c [ (1 +  \Z2 | ) $ ,

л  о  a —$ . л 0  a —$
c2(1 +  IZ 2 \ ) ^ 2r < \Ad,=(H — iT)\ < c2 (1 +  \Z 2 \)^ , 

and  constan ts! ^ , c1 , c2, c^ non-depend ing  on h , w here

Z2 =  h 2 ( ( e —ih(^1+ir1) — 1)2 +  (e —ih(h + ir2) — 1 ) ^  ,

£ =  (£1 , £ 2) e  h T 2, т =  (T1 ,T 2 ) e  K .

T he num ber $  e  R  is ca lled  an index  o f period ic  w ave factorization .

2.3.2 Solvability Conditions

U sing  m ethods o f [17, 23 ] one can obtain  the fo llow ing resu lts  on a so lvab ility  o f 
th e  E q. (2 .2 ).

T h e o re m  1 L e n \$  — s \ < 1/2. Then the Eq.  (2 .3 ) h a s  zero solution only.

T h e o re m  2  L etl $  — s =  п +  S , n  e  N , \S\ <  1 /2 . Then a genera l solution o f  the  
Eq. (2 .3 ) ha s  the fo l lo w in g  fo r m

(n — 1

J 2 c k ( £ 1 ) z k  +  dk(h)Zkk

k=0
(*)

where ck (£1),dlk (£2) , k  =  0, 1 , . . . , n  — 1 , are arbitrary fu n c t io n s  fr o m  
H sk(h T ) , s k =  s — $  +  k  — 1/2.

The a pr io r i  estimate

n — 1

\\u d \\s <  c o n s t  ^ ^ ([ck ]sk +  [dk Ь Д  
k=0

holds, w h e r A [-]sk denotes  a norm  iniH sk (h Z )  a n d  c o n s t  does  no t  d epen d  on  h.

Zj =  h ( e —i£jh — 1 ), j  =  1, 2,
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2.3.3 Boundary Conditions

A s w e see, T heo rem  2 asserts tha t for a certain  case, w e have  a lo t o f  so lu tions. To 
obtain  the un iq u e  solu tion , w e need  to  d eterm ine  un iquely  all a rb itrary  functions in 
th e  fo rm ula  (*). W e consider h ere  the casels  -  s =  1 +  8, |81 <  1 /2  for th e  Eq. (2 .3 ) 
and  tw o d ifferen t types o f  conditions.

2.3.4 Classical Variant: The Dirichlet Discrete Boundary 
Condition

W e consider h ere  first sim ple case  w ith  d iscre te  D irich le t boundary  conditions. It 
fo llow s from  T heorem  2 tha t w e have  the fo llow ing general so lu tion  o f  the E q. (2 .4 )

й d ( f )  =  A —1= (f)(C o(f i)  +  d o ( b ) ) ,  (2.4)

w here  c0, d 0 e  H s—s —1/2(h Z )  are arb itrary  functions. To d eterm ine  u n ique ly  these 
functions, w e add  the d iscre te  D irich le t cond itions on ang le  sides

Ud |Xl=0 =  fd ( x 2 ) ,  Ud |x2=0 =  g d ( x i )■ (2.5)

T hus, w e have the d iscre te  D irich le t p rob lem  (2 .3 ), (2 .5 ).
F irst, w e apply  th e  d iscre te  Fourier transfo rm  to d iscre te  cond itions (2 .5 ) and 

obtain  the fo llow ing form

hn hn

I  й d ( h , H 2 ) d h  =  f d ( b ) ,  f  й d i h , H 2 ) d h  =  g d ( f i )■

—h П —tin

L et us denote

h n h n

I  A —,=  (%)d%i =  Ы & ) ,  f  A —= £ ) d b  =  b o ( f i )

—hn —hn

and  suppose tha t a0 ( f 2), b 0 (fO  =  0 , V f1 =  0 , f 2 =  0.
T herefore , w e have the fo llow ing  system  o f  tw o linear in tegral equations w ith 

respec t to  tw o unknow n functions c o ^ ) ,  d 0 ( f 2)

h n
f  k i ( f ) C o ( f i ) d f i  +  d o f e )  =  F d ( b )

—hn h n (2 .6)
Co( f i ) +  /  k 2 ( t ) d o ( & ) d b  =  G d (^ i ) ,

—hn
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w here  w e have used  the fo llow ing notations

Fd(£2) =  f d ( £ 2 ) % 1( b ) ,  Gd(£1) =  (£1 ),

h ( £ )  =  A —1=(£)а0;1(£2), Ы £ )  =  A-d}=(£)^—; 1 (£1 ).

U nique  solvab ility  cond itions for the system  (2 .6 ) w ill b e  equ ivalen t to unique 
so lvab ility  for the d iscre te  D irich le t p rob lem  (2 .3 ), (2 .5 ).

T hus, w e obtain  the fo llow ing  result.

T h e o re m  3 L e \ f d ,  gd e  H s—1/2 (R + ) , s  >  1 /2 , a nd

in f  Ы Ш  >  0 , in f  \Ъ̂0(£1 )\ >  0 .

Then the discrete D ir ich le t  p rob lem  (2 .3 ), (2 .5 ) is reduced  to the equiva len t system  
o f  linear integral equations  (2 .6).

2.3.5 Nonlocal Discrete Boundary Condition

A nother varian t o f  a boundary  cond ition  is the follow ing

J2  ud(x1 , x 2 ) h  =  fd ( x 2 ) ,  J2  u d ( x 1 ,x 2 ) h  =  gd(x1) ,
x1ehZ+ x2ehZ+ (2 7 )

J2  u d ( x 1 ,x 2 ) h 2 =  0 . .
xehZ++

T hese  additional cond itions w ill he lp  us to  de term ine  un iquely  the unknow n 
functionslc0, d0 in  the so lu tion  (2 .4 ).

Indeed , u sing  the d isc re te  F ou rier transform , w e rew rite  th e  cond itions (2 .7 ) as 
follow s

ud(0 , £2 ) =  f d (£2 ), u d (£ 1 , 0) =  g d (£ 1 ), ud(0 , 0) =  0. (2 .8)

N ow  w e substitu te  the form ulas (2 .8 ) into (2 .4 ). T he first tw o equality  are 

ud(0 , £2) =  A —=(0, £2 ) ( t 0(0) +  d 0(£2 )) =  f d ( £ 2 ), 

ud(£1 , 0) =  A —^ 1 , 0)(c 0(£1 ) +  d0(0)) =  gd(£1).

It im plies the fo llow ing re lations according to th e  th ird  cond ition  tha t \f d (0) =  
g d (0), and it gives

c0(0) +  d0 (0) =  0, c0 (0) =  d0(0) =  0 .
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So, w e have at least fo rm ally  the fo llow ing  form ula

й d ( f )  =  A —= ( f )  (A d ,  = ( f i ,  0 ) g d ( f i )  +  Ad,=(0, f 2 ) f d ( b ) )  ■ (2.9)

T h e o re m  4 L e a f d , g d e  H s+ 1/2(h Z ) .  Then the discrete p rob lem  (2 .3 ), (2 .7 ) has  
unique solution w hich is g iven  by  the fo r m u la  (2 .9).

The a pr io r i  estimate

||Ud ||s  <  C Onst(l lfd  ||s+1/2 +  l|gd ||s+1/2)

h o lds  with  a const non-depending  on  h.

2.4 Continuous Boundary Value Problems

L et A b e  a p seudo-d ifferen tia l operator w ith  the sym bol | A ( f ) , f  =  ( f b f 2) 
satisfy ing  the condition

c i(1  +  | f ) “ <  |A ( f ) |< C 2(1 +  Ю а . 

and  adm itting  th e  w ave fac torization  w ith  respec t to  the quad ran t K

A ( f )  =  A = ( f ) A = ( f )

w ith  index s  such thatls  — s =  1 +  8, |8 | <  1 / 2 .
T he  con tinuous analogue o f  the d iscre te  equation  (2 .3 ) is the fo llow ing

( A u ) ( x )  =  0, x  e  K ■ (2 .10)

2.4.1 The Dirichlet Condition

I f  w e consider th e  E q. (2 .10 ), a general so lu tion  is w ritten  in  the fo rm  [2 3 ] 

й ( f )  =  A = l ( f ) ( C  0( f 1 ) +  D  0(f2))

w here  arb itrary  functions Cl0( f 1 ), D 0( f2) e  H s—s —1/ 2 (R ) can b e  determ ined  from  
th e  system  o f  in tegral equations
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f  В Д ) ^ ^  +  D 0G 2 ) =  F b )

—O  о  (2 . 1 1 )
О К Ы  +  f  K 2 ( ^ ) D 0 ( b d 2  =  G b ) ,

i f  w e u se  the fo llow ing boundary  conditions

« ^ =0 =  f ( x 2), « lx2=0 =  g (x 0  (2 .12)

and  assum e that th e  conditions in f  |A 0(b2)| =  0 , in f  |B 0(b1 )| =  0 ho ld . H ere  w e 
have denoted

OO OO

I  A = l (H ) d h  =  Ы & ) ,  f  A = l ( H ) d h  =  & 0 (h ) ,
- O  - O

F  ( b ) =  f i b ) A —1 (H2 ), G  ( Ы  =  g  b ) B - 1(^1),

В Д )  =  A-—l ( b ) A —l (b2), K 2 (b) =  A-—l (b ) B —l (b1)-

th e  fo llow ing resu lt is p resen ted  in the bo o k  [2 3 ].

T h e o re m  5 I f  s  > 1/2, conditions

in f  |A 0(^2) i =  0 , in f  |B 0(b1 )| =  0

h o ld  then the D ir ich le t  p rob lem  (2 .10), (2 .1 2 ) with data f ,  g  e  H s—1/2( R + ) 
is equiva len t to the sys tem  o f  integral equations (2 .11 ) with  unknow n  fu n c t io n s  
C 0, D 0 e  H s0 (R ) an d  right h a n d  s id e w F , G  e  H s0 (R ).

2.4.2 Integral Condition

W e consider the E q. (2 .1 0 ) w ith  th e  fo llow ing add itional conditions

+  O  + O

j u ( x 1 ,x 2  )dx2 =  j u ( x ) d x  =  0 .

0 0 —K
(2 .13)

A  solu tion  o f  th e  p rob lem  (2 .1 0 ), (2 .13 ) is sought in  th e  space H s ( K )  [23], 
and  boundary  functions are  taken from  the space H s+ 1/ 2(R + ). S uch  p rob lem  w as 
considered  in [27 ], and it has the solu tion
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й ( f )  =  A = 1( f )  (A = ( f 1 ,  0 )g  f  ) +  A = (0 ,  f 2 ) f ( f 2 ) )  (2 .14)

u nder cond ition  that the s y m b o lA ( f )  adm its the w ave fac torization  w ith  respec t to 
th e  quadran t K .

2.5 Error Estimates

To construct a d iscre te  boundary  value  p rob lem  w hich is good  approxim ation  
for (2 .10 ), (2 .1 2 ), and (2 .10 ), (2 .1 3 ), w e need  to choose  A d ( f )  and jf d , g d in a 
special way. F irst, w e in troduce  th e  opera to rllh w hich  acts as follow s. F or a function  
u defined in R ,  w e take  its F ourier transfo rm  U then  w e take  its restric tion  on h T  
and  period ica lly  ex tend  it to lR . F inally , w e take its inverse d iscre te  F ou rier transfo rm  
and  obtain  the function  o f  d iscre te  v a r ia b le (lh u )(X) ,  X e  h Z . T hus, w e pu t

f d =  lh f , g d =  lhg ■

Second, th e  sym bol o f  d ig ita l opera to r A d  w e construct in the sam e way. I f  w e 
h ave  the w ave fac torization  for the sym bollA ( f  ), then w e take  restric tions o f factors 
onlh T 2, and the period ic  sym bollA d ( f )  is a p roduc t o f  these  restric tions.

2.5.1 The Discrete D irichlet Problem

W e in troduce  the space | H s (R ) o f  vecto r-functionslf  =  ( f 1, f 2), f j  e  H s (R ) ,  j  
1, 2,

=  | | f 1 ||s +  | | f 2 ||s

and  m atrix  operators

K  =  1 K1 1 V  k = i k1 Ih
I  K 2 y  \ 1 h k 2

acting  in spaces H s—s —1/ 2 (R ) and H s—s —1/ 2 (hT ), respectively.
L e t u s  rem ind  tha t s0 =  s  — s  — 1 / 2.

L e m m a  2  U ndeAs > 1, s  >  1, the opera tor  K  is b ou nd ed  in the  sp ace | H s° (R ),

K  : H s0 (R ) ^  H s0 (R)■

P r o o f  It is enough  to  e s t im a te K 1 f .
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+ to/»
|| K i f  || s2o

=  / ( i
—to

+ to/»

f ( i +

| 2 о

—to

+ to

+ TO /  +TO
)2so

< f  (1 +  l^2 l)2so И  I K i ^ b ^ I I f ^ O I ^ i  I d &  <iT
+ to /  + to \  z

<  c o n s t  j  (1 +  |^2l)2so И  (1 +  b i l  +  \ Ы ) —  \ \ f ( b i ) \ d b i )  d b

—to V to  /

In the inner in tegral, w e apply  the C au ch y -S ch w artz  inequality  using  th e  factors 
( i  +  b i |) -so and ( i  +  |b i |)so for first and second  term , respectively , and  take into  
accoun t tha t ( i  +  |b i |) -so <  ( i  +  lbi | +  b 2 |) - s o . T hus,

+ to /  + to \

i i K i f  ii2o <  c o n s i i f  ii2o у  ( i  +  ib2 i)2so I f  ( i  +  ibii +  ib2 i)—2(so+ s ) d b i )  db2 <

<

+ to /  + to \

c o n s t  I l f \ \2 0 J  ( i  +  b 2 l)2so N  ( i  +  b i l  +  b 2 l)- 2 s+ i d b i ) db2 <

2

o o

+ to

<  c o n s l l f  Il2o J  ( i  +  I b2 l)2so- 2 s+ 2db2 <  co n s t  I l f  Il2o 

o

+ to

x J  ( i  +  I b2 l)- 2®+i d b 2 <  c o n s t  I l f  II2 , 

o

in v iew  o f  the cond itions s  >  i ,  ж >  i .  □

L e t us deno te  b y  x h : H s (R ) ^  H s (hT ) the restric tion  opera to r on th e  segm ent 
h T . T he restric tion  opera to r on the  segm ent h T  in the space H s (R ) w ill b e  denoted  
by  E h so tha t for f  =  ( f i , f 2) e  H s (R ) w e have
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E h f  =  (X h f 1, X hf 2) .

W e rem ind  tha t h  is sm all enough , 0 < h <  1.

L e m m a  3 Under s > 1, ж >  1 the opera tor K  h a s  the fo l lo w in g  proper ty

ii& hK  K a h iiHs0 (R )^H s0 (R) — c 0 n s t  h
s — 1

P r o o f  O ne can easily  verify  the follow ing

K  — K E h  =
x h K  -  K1Xh  0

0 Xh K 2 -  K2Xh

W e conclude  that

( ( xh K 1  -  K 1 X h ) f  )(b2) =

( —h n  + o \
/ + /  K 1 (b1 , b 2 ) f ( b 1 ) d b 1 , b2 e  h  T

y - o  hn /
+ h  n

-  /  K 1 (b1 , b 2 ) f ( b 1 ) d b 1 , b2 e h T .
—hn

L et us start from  the first case  and estim ate  one o f  in tegrals.

+  O

I  K 1 ( b ) f ( b 1  )db1

hn

+ O  + O

— J  i K 1 ( b ) i i f ( b 1 ) id b 1 — c o n s t  j  (1 +  ib \)- x i f ( b 1) id b 1eq

hn hn

(w e u se  C au ch y -S ch w artz  inequality )

— c o n s t

+ O

I  (1 +  Ib |)- 2ж(1 +  b 1 i)- 2s0db1

\  1/2

\h  n

+ o

f  i f ( b 1 ) i2 (1 +  Ib1 i)2s0d b 1

\  1/2

\h  n

— co n s t

+ o

j  (1 +  lb i)-2 ( x +s0)db1

\  1/2

\h  n
s0,

Further,

x
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+ to

/
hn

( i  +  b  I)- 2(s+ so)d b i -  ( i  +  b 2 l +  h П ) - 2(*+so)+ i ,

since —2 (ж +  so) +  i  =  —2 (s -  i / 2 ) +  i  =  —2s +  2  <  o. 
T hus, the fo llow ing inequality  is ob tained

+ to

I  K i ( b ) f ( b i ) d b i

hn

<  co n s t  I l f  llso ( i  +  \ b l + h  n )  (s + s°)+ i/2 .

S quaring  the la tte r inequality , m ultip ly ing  by  ( i  +  b 2 |)2so and in tegrating  over h T  
w e obtain

l ( i  +  Ib2 l)2so I  K i ( b ) f ( b i ) d b i  db2 <

h T h n

c o n s t  I l f  \\20 J  ( i  +  b 2 l +  h  n ) —2(s+ so)+ i ( i  +  b 2 l)2so db2 <

h T

2o ( i  +  h n ) —2s+2 j  ( i  +  b  l)2sodb2,

<

co n s t

hT

since i  +  | 2 | +  h n  >  i  +  \ h n |, — 2(ж  +  so) +  i =  —2s +  2 <  o. L e t us no te  
2 so <  — i .  So, w e have

hT

+ to

J ( i  +  Ib2l)2so f  K i ( b ) f ( b i ) d b i

hn

d &  <  c o n s t | | f  | |2oh 2(s i ) .

F or the second  case  ( | f 2 | >  h n )

+h n

f  K i ( b i ,  b ) f  (b i )d b i

—hn

+h n

<  c o n s t  j  ( i  +  b \ ) - * \ f ( h ' № i  <  

—hn

2

2
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/  hn

co n s t

\  1/2

I  (1 +  b i ) - 2ж(1 +  b 1 i)- 2s0db1

- h n

/  hn 1/2

f  i f ( b 1 ) i2 (1 +  Ib1 i)2s0d b 1

-h n J\ - h  n

H ere  w e have u sed  the C au ch y -S ch w artz  inequality  once again . Taking in to  account 
th e  inequality  1 +  b  i >  1 +  lb1| w e obtain  the estim ate

hn hn

J  (1 +  b i ) —2ж(1 +  b 1 i)- 2s0d b 1 — c o n s t  J (1 +  b1 +  I b2 i ) - 2(s0+ $ )d b 1 —

0

— c o n s t (1  +  i b2 i)- 2s+ 2 — co n s t (1  +  h n ) —2s+2,

-h n

in  v iew  o f  - 2 (s0 +  ж) =  —2 (s -  1 / 2 ) =  - 2s +  1 . 
T herefore , w e obtain  the inequality

+h n

f  K 1 (b 1 ,b 2 ) f (b 1 )d b 1
-hn

— c o n s t  f  s0h s — 1

M ultip ly ing  by  (1 +  | b2 1 )s0 the  la tter inequality , squaring  and in tegrating  over 
R  \  h T  w e find

+  O  + O

f  (1 +  i b2 i )2s0 f  K 1 ( b ) f ( b 1 )d b 1 db 2 — co n s t  i i f  i i 20 h 2(s—1) f  ( 1 + b 2 )2s0 d b 2 .

R\T hn hn

T he la tter in tegral converges since 2 s 0 < - 1 .
T he sam e estim ates are valid  for K 2. □

C o ro lla ry  1 I f  s  > 1, ж >  1 a n d  the opera tor  K  is invertible  then f o r  the operator  
K —1 the sam e estimate holds

i i a h K  — K  a h i iHs0 (R )^H s0 (R) — c o n s t  h  .

P r o o f  Indeed , w e have

' 1  ̂— 1 V  — 1 ^  TS' — 1 ^ ^ '  1  ̂— 1 1  ̂— 1 ^  IS 1  ̂— 1 1  ̂—1 ( ^  IS IS ^  \ F  — 1h K  — K  &h =  K  K & h K  — K  & h K K  =  K  (& hK  — K & h ) K

\
X



2 Digital Operators and Discrete Equations 5 i

and  therefore

| |E h K  i — K  i ^ h | |Hso (R )^H so (R) <  l |K  i | l ' | | f l 6K  — K ^  h II Hso (R )^H so (R )'I|K

L e m m a  4 Fornж >  i the fo l lo w in g  estimate

\K i ( b )  — k i ( f ) | <  c o n s t  ( i  +  Ib |)—* h * —\  b e  h T 2 .

holds.

P r o o f  Indeed , accord ing  to our cho ice  for A —i= ( f )

\K i ( b )  — k i ( f ) |  =  |A = i ( b ) ^  —i (b2) — A —=(b)'a—l (b2 )\

<  c o n s t ( i  +  |b |) —1s \Ao(b2 ) — ao(b2 )\. 

L e t us considerl |A  o ( f2) — a o ( f2) |.  T hen

I a  o(b2) — ao(b2)l =

to h n

I  A-—l (b )d b i  — f  A —= (b )d b i\ = (
—hn

<

+ to

<  c o n s t  j  ( i  +  | f  | ) —* d f i  <  co n s t  ( i  +  H2 I +  h ) —ж+ 1 <  c o n s t  h 1 —i

hn

for enough  sm all h . It im plies the fo llow ing im plica tion  in f  |A  o ( f2)| =  o = ^ -  
in f  \ao ( f 2)l =  o for enough  sm all h .

C o llecting  the ob tained  estim ates w e com plete  the p roof. □

L e t us in troduce  the operator!E h K E h . L em m a 3 im plies that for enough  sm all h 
an invertib ility  o f  the operator E h K E h in  the space H s—ж—i / 2 (h T ) follow s from  an 
invertib ility  o f  th e  operator K  in th e  space H s—ж—i/ 2 (R ) [24 ]. M oreover,

\\( E h K E h) HHso(hT)^H so(hT) <  co n s t

for enough  sm all h .

L e m m a  5 f  ж >  i then  a com parison  f o r  norm s o f  opera torsl E h K E h a n d  k  is 
g iven  b y  the estimate

\\E hK E h — k | |Hso(hT )^ H so(hT) <  c o n s t  h  .
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P r o o f  T he  d ifference  o f th e  operators looks as follow s

^hK ^ h  — k  =
{  X h K 1 Xh — k 1 0

V 0 XhK2Xh — k2

and  w e need  to estim ate  the  n o r m x h K j X h — k j , j  =  1, 2. L e t us e s t im a te K 1 u sing  
L em m a 3 . So, w e obtain

i i X h K x X h f  — h f  i i 2  =  (1 +  I b2 i)f ( 1  +  IЬ21)2s0 f

hT

K 1 ( b )  — k1 (b ) ] f(b 1 )d b 1

hT

db2 —

— f  (1 +  I b2 I )2s0

hT

1 1K1(b) — h ( b ) i i f ( b ) i d b 1  

\ hT

db2 —

— c o n s t  к 2ж 2 J  (1 +  I b2 I)2 

hT

J ( 1  +  I b21 )2s0 f

\
(1 +  I b I ) —ж I f b ) I d b

\ h  T

db2.

/

In the inner in tegral, w e apply  the C au ch y -S ch w artz  inequality  w ith  the factor 
(1 +  I b 11 )s0

/
hT

(1 +  I b I ) —ж I f ( b 1 )  I db1 —

/  \  

I  (1 +  I b I ) —2ж(1 +  I b 11 ) —2s0 db1

1/2

\h  T

<

+O  \  1/ 2

j  (1 +  I b I ) —2(x+s0)db1 I — | I f  11s0 (1 +  I b2 I) — (ж+ ^ + 1/2

0

U0 (1 +  I b2 I)—s+ 1, 

sincels0 =  s  — ж — 1 /2 . W e have

h n

I I X h K 1X h f  — h f  11 20 — c o n s t  h 2ж—2 11 f  I I 20 j  (1 +  | b2 I )2s0—2s+ 2db 2

-hn
s0

2

2

2
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+ to

<  c o n s t  h 2x—2 Il f \ \20 J  ( i  +  I f 2 l)—2 l+ i d f 2 <  c o n s t  h 2x—2 \ \ f  II2 , 

o

in v iew  o f  lso +  i — s =  —ж +  i / 2 .  Taking a square roo t, w e obtain  th e  requ ired  
assertion . □

A t this tim e, w e are ab le  to  com pare  d iscre te  and con tinuous solu tions.

T h e o re m  6 L e t  the conditions o f  Theorem 5  h o ld  andLs > i ,  ж >  i.  A com parison  
f o r  solutions o f  p ro b lem s  (2 .1 0 ), (2 .12) (2 .3 ), (2 .5 ) f o r  enough sm all  h  is g iven  by  
the estimate

\\u — u d \\Hs(h T2) <  co n s t  hs — i ( l l f  Ws —i / 2 +  l |^ | | s —i / 2) 

where co n s t  does  no t depen d  on  h.

P r o o f  W e start from  a com parison  o f  so lu tions o f system s (2 .6 ) and  (2 . i i ).
W e have the con tinuous solu tion

u (b) =  A = l (b ) (C  o ( f i )  +  D  o(b2))

and  the d iscre te  one

u d (b )  =  A —1= ( f ) ( c o ( f i )  +  d o t e ) ) .

Taking in to  account thatlf  e  h n , w e obtain  th e  conclusions below .
L e t us deno te  by  Фd and  Ф vectors w ith  com ponents (Fd , G d ) T and  ( F , G ) T , 

Cl and c are vectors w ith  c o m p o n e n ts -  (Clo, D o) T (co, d o) T , respectively . T hen w e 
w rite

C  =  k —1ф  , c  =  k —Ф

w herelC b  C 2 a n d c i , c2, j - th  coord inates o f  vectorsIC , c, j  =  i ,  2. T herefore,

(Xhu )(b )  — u d (b)  =  X h A —l (b ) ( ( .C o (b i )  — c o ( f i) )  +  ( D o f e )  — d o ( b ) )  =

=  X h A = i ( f )  ( ( K  — 1Ф ) i ( b i )  — (k  — i ^ d ) i ( f i )  +  ( K  — 1Ф )2(b2) — (k — i ^ d ) 2 ( f 2 ^  .

It im plies that it is enough  to  estim ate  the no rm  | |E h K —1Ф — k —i Фd | |H»o (hT). W e 
w rite

E h K —1Ф — k —Ф  =  ( E h K —1Ф — K —i E h Ф )  +  ( K —i E h Ф  — k —i ФА).

W e u se  C oro llary  i  for an estim ate  o f  first sum m and. W e obtain



I I E h K —1Ф — K —1E h Ф  11s0 — c o n s t  h s—111Ф I I s0

and then the  second  sum m and, w e rep resen t as the sum

K —1E h Ф  — к —1Фл =  ( K —1E h Ф  — k ~ l E h ^ )  +  ( k —1E h Ф  — к —1Фа ),

each  sum m and  w e w ill estim ate  separately.
L e t us consider k —1E h Ф — к —1Фа . S ince no rm  o f  the operator к - 1 is bounded  

by  a constan t non-depend ing  on h,  w e obtain

I I k —1E h Ф  — k —^ d  11 s0 — c o n s t  I I E h Ф  — Фd I I s0

— c o n s t (I I X h F  — Fd I I s0 +  I I XhG  — Gd  11s0).

L ast step is to estim ate , for example!11 x h F  — Fd | | s0. W e have

h n

11 X h F  — Fd 11 20 =  J  I f '(b 2)A 0- 1 (b2) — fd (b 2 )a —; 1(b2) 12 (1 +  I b2 I )2s0 db2 —

—h n

hi n

— c o n s t  h 2* - 2  j  I f ( b 2 ) i2 (1 +  Ib2 i)2s0db2 — c o n s t  h 2x—2 i i f  Ii20 

—h n

accord ing  to  co incidence  fo rif d and  f  onlh T  and  the estim ate  o f L em m a 4 .
L eft sum m ands can be  estim ated  by  the fo llow ing operator iden tity

K —1 — k —1 =  K —1(k — K ) k —1.

(L et us rem ind  that an invertib ility  o f  the opera to r к  follow s from  an invertib ility  o f 
th e  operator K .) T herefore , com paring  overlh T

K —1E hФ  — k —1E h Ф  =  E h ( K —1 — k —1)E h Ф  =  E h K —1(k — K ) k —1E hФ ,

and  tak ing  in to  account L em m a 5 , w e have the estim ate

IIK —1E h Ф  — k —1E hФ  iisc — c o n s t  к ж—1ЦФ^ 0  — c o n s t  h ^ H i i f  ̂  +  llgiisc).

S um m ing  ob tained  estim ates, w e com plete  th e  p roof, tak ing  into accoun t m apping 
p roperties o f  operators w hich  adm it to  o b ta in  H s -norm . □

54 A. Vasilyev et al.
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2.5.2 Nonlocal Discrete Boundary Value Problem

F o r s u c h f d , g d and the s y m b o lA d (£), w e obtain  the fo llow ing  result.

T h e o re m  7 L em  f ,  g  e  S ( R ) ,  x  >  1. Then w e have  the fo l lo w in g  estimate f o r  
solu tions u andrnud o f  the continuous p rob lem  (2 .10), (2 .1 3 ) a n d  the discrete  
one (2 .3), (2 .7 )

where the const\ C ( f ,  g ) depends  on  fu n c t io n s*f ,  g, | в  >  0 can be an  arbitrary  
number.

P r o o f  F irst, le t us no te  tha t so lvab ility  conditions for the p rob lem  (2 .10 ), (2 .13 ) 
guaran tee  satisfy ing  solvab ility  cond itions o f the p rob lem  (2 .3 ), (2 .7 ) for enough 
sm all h .

Further, w e need  to com pare  tw o functions (2 .9 ) and  (2 .14 ), m ore  exactly  their 
inverse  d iscre te  F ou rier transfo rm  and inverse F ou rier transfo rm  at po in tslx  e  K d . 
W e have

since accord ing  to  our cho ice  for \A d , f d , g d the  functions u d and  u co incide  in 
p o in ts b  e  hiT 2 .

W e w ill estim ate  one sum m and.

|u ( x ) -  u d ( x ) | <  C ( f ,  g ) h e ,

( \

\ h  T2\hT 2 R2 /R2 /

4^  j  в ^ А - 1 (Ь) ( A = ( b ,  0 ) g (£1) +  A = (0 , & ) f ( & ) )  d£ ,

R2\h T2

1

4 n  2
j  e iji'bA = 1(£)A= (£1 , 0 ) g ( h ) d £

R2\h T2

sincelg  e  S (R ). It im plies th e  requ ired  estim ate. □
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2.6 Conclusion

W e have considered  very sim ple variants o f  d iscre te  boundary  value p rob lem s for 
d ig ita l operators. P articularly , our considera tions are  based  on T heo rem  2 w hich 
gives a genera l so lu tion  o f our d iscre te  equation . T here  are a lo t o f d ifferen t 
situations in th is studying, for exam ple, the case  In >  i w hich  perm its to use  
m ore  com plica ted  boundary  conditions, or the c a s a n  e  N ,n  <  o w hich  adm its to 
in troduce  m ore  unknow ns in E q. (2 .2 ) and po ten tia l like d iscre te  operators sim ilar 
considered  ones in [ i 8]. W e w ork  in th is d irection  and p resen t these  studies in 
fo rthcom ing  pub lications.
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