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We construct Vekua-Erdelyi-Lowndes type transmutation operators that transform solu-
tions to the Cauchy problem for unperturbed equations into to the Cauchy problem for
perturbed ones. Bibliography: 4 titles.

1 Introduction

In this paper, we develop the so-called transmutation method (see historical survey in [1]). Let
two operators (A, B) be given. A nonzero operator T is called the transmutation operator if

TA=BT. (1.1)

An important step of the transmutation method is to choose an appropriate function space
where the equality (1.1) is valid.
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We are interested in a special class of transmutation operators that intertwines the operators
A+ X\ and A + X9, where A : S1 — S5 is some operator, A1, Ao € C, and 51,55 is a pair of
function spaces. Since such operators appeared in the works of Erdélyi, Vekua, and Lowndes,
it is natural that they will be referred to as Vekua—Erdélyi-Lowndes operators. We note that
such operators were considered in [2] (see also the references therein).

Based on Vekua—Frdélyi-Lowndes transmutation operators, we clarify connections between
the solutions to the Cauchy problems for the equations wy = Aw and wy + 2w = Aw, where
w = w(z,t), c € R, and A is a linear operator acting by = € R"™. The class of equations with
such operators includes, in particular, the telegraph equation and the Helmholtz equation.

2 Transmutations in the Form of Volterra Operators
of the Second Kind

In this section, we construct transmutation operators Sgc with intertwining property
SED?*= (D*+c?) S
Theorem 2.1. Let f € C?. A transmutation operator satisfying the identity
SED*f = (D* £ c?) SEF, (2.1)

where D = d/dt has the form of the Volterra operator of the second kind

t

(SEN(E) = () + / K*(t,7)f(r) dr, (2.2)

—t

with the kernel
ViTT [0 (V=72

KON = 3= 1 (v ).

Proof. We are looking for a transmutation operator satisfying the identity (2.1) in the
form of Volterra operator of the second kind (2.2) Here, the kernel K*(¢,7) is smooth in both
variables. Substitution into the formula (2.1) leads to the relation

t

/Ki(t,T)f dtz/KjE (t,7)f(T)dr + f(t)—l—/Ki(t,T)f(T)dT

—t

Since
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and

9 t t
s [KE DI dr = [ Kt 7() dr o+ KE@r) ot S0~ KE ) [ 1)
K*(t,t) , K*(t, —t)
7 F@E) + K= (t,0)f/(t) — —a
we get

KX (t,7) = Ki(t,7) £ AK*(t,7),

dK=*(t,t)
dt

dE*(t,—t) | "
—u + lim (K7 (¢, 7) + K2 (8, 7)) = 0,

: + + 2
+ lim (K (t,7) + K7 (7)) = 2,

Let K*(t,7) € CY(Q), QN {(t,7) |t =7} # @. Then for (t,z) € N

d . . (OKE(t, )  OK*:(t,T)

Therefore, (2.4) and (2.5) take the form

dK=*(t,t) c?

a2
K*(t,—t) = const .

Introducing the new variables
t+ 7 t—rT
u = =

2 "7 2
and setting H*(u,v) = K*(u+v,u —v) = K*(t,7) we obtain the problem

Hiv(u, v) = :FCQHi(u,v),
2
H*(u,0) = Fou
To construct kernels satisfying (2.9)—(2.10), one can use the formula

u v

Hi(u,v)—¢§u¢02/da/Hi(a,5)d6.
0 0

Consider the iterations

+ ¢
Hi (u,v) = F5u

940

F=t) = K=(t, 1) f'(~),

(2.3)

(2.4)

(2.5)

(2.9)

(2.10)

(2.11)



From the first iterations we get

1
Hi (u,v) = 5 (Fc?) %v,
1 ud v
Hy (u,0) = 5 (F %) ETETR

+1
(5"
+ _ = n+l,n
Ho(wo) =5 mr o v
We use the formulas for the Bessel functions and modified Bessel functions of the first kind for

m € NU {0} (see, for example, [3])

o0 oo
J. ({L‘) _ 2 : (_1)n $2n+m I (l’) — § : 1 :L‘Qn—i-m‘
" . 22ntmnl(m + n)! o . 22ntmpl(m + n)!
n= n=

Summing up the Neumann series, we get

H*(u,v) = li ﬂu"“y” _&/u {—Jﬂ?cﬁ),

24 nl(n+1)! 2V | I (2cy/uw).

Using the asymptotic formulas for 0 < z < vVa +1

Ju(z) — ﬁ (5)" tale) =i atin),

we see that (2.10) is satisfied. Returning to = and ¢, we get

eVErT —J1 (cm) ;

K*(t,7) = ~Y———
2vt—1 | I <c~ /12 — 7-2) .
It is easy to see that K*(¢,—t) = 0 and the condition (2.7) is satisfied. O

3 Application of Vekua—Erdélyi—-Lowndess Transmutations
to the Cauchy Problem

Theorem 3.1. Let A be a linear operator, and let w be a solution to the problem
wy = Aw, w=w(z,t), (3.1)

w(z,0) = f(z), w(x,0)=g(x) (3-2)
Then the function w® = S;w, where

t

(St)ew(w, t) = w(z,t) - g/ _z i :Jl(C\/W)w(x,T) dr,

—t
1$ a solution to the problem

wé, + Aw’ = Aw®,  w® = w(x,t), (3.3)

w(z,0) = f(x), wi(z,0) = g(z). (3.4)



Proof. It is easy to see that w(z,0) = w(x,0). Therefore, if w satisfies the first condition
n (3.2), then we satisfies the first condition in (3.4). The converse is also valid. We have

¢
cO [Vt+T
wy(x,t) = we(z,t) — == Ji(eV 2 — ) w(z,7)dr
20t ) Jt—

= wy(,t) — g <1im (\/\/g,h(m/t?__ T‘z)w(x,f)) — lim (\/@Jl(cx/ﬁ__ T_Q)w(l‘,T))-i-

t—7 c(t—7)3

= wy(x, t)—% <tw(w, t)—i—/ (tJo(c =) — t+T/2 J1 (c\/t2_7-2)>w(x, T) dT) .

—t

Letting t — 0, we get wi(x,0) = w(zx,0).
We show that, if w satisfies Equation (3.1), then w® satisfies Equation (3.3). We have

(D? + A)w’ = (D? + *)S,w = S, DXw = S, Aw = ASw = Auw®.
Therefore, (D? + c¢®)w® = Aw® and w€ satisfies Equation (3.3).
The following result is proved in the same way as Theorem 3.1.
Theorem 3.2. Let A be a linear operator, and let w be a solution to the problem
wy = Aw, w = w(x,t),
w(z,0) = f(z), wy(x,0)=g(x)

Then the function w® = S_w, where

(S_)rw(zx, t) = w(x, t) +

18 a solution to the problem
wé, — Aw® = Aw®,  w® = w(z,1t),
w(@,0) = f(x),  wi(,0) = g(x).
Example 3.1. Consider the wave equation in the one-dimensional case with the initial

conditions
Wy = a Wy, w(z,0) = f(x), wx,0)=g(x).

Recall that the solution is given by the d’Alembert formula

z+at
w(z,t) = J(@ = ab) —; J(z + at) + % / g(s)ds.
r—at
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By Theorem 3.1,

w(z,t) = (Sy)w(x,t) = w(z,t) — g/ \/t—i-—le (cv 2 — 72> w(z, 7)dr

:f(x—at)+f(x+at)_g/\/t+—r
4

2 \/ﬁjl (C\/m) (flx —ar)+ f(x+ar))dr

—t

z+at t z+at
1 c Vi+T 2 2
+ 5 / g(s)ds — . \/t— c t —7'> ( / g(s)ds) dr (3.5)

—at —t —ar

is a solution to the telegraph equation

wiy = a2wc C2wC, w(z,0) = f(z), wi(x,0)=g(z).

We transform the second term on the right-hand side of (3.5) as follows:

E_/t \/@Jl <C\/t2—77-2) (f(x —ar)+ f(x+ar))dr

=5 [ s (V=) (e an) 4 fla+ an))ar

t2—1

ot t J1 (c\/t2 — 72) ot z+at J; <0m>
- 5_/t = f (@ —ar)dr = {a+ a7 =5} = 2—/ ey

Taking account that

/le (Ct\/Qti;;J) dr — % (JO(CM) _ 1) +C,

we transform the third and fourth terms on the right-hand side of (3.5) as follows:

z+at x+at t r+at

(sg%/ :—/ (s)ds — < t+_772 (c t272>( /g(s)ds) dr
_ 2_1a tho (c p_ @ ;25)2> g(s)ds.
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As a result, we get the known formula (see, for example, [4])

ztat 2 _ (z=s)?
f@—at)+ flz+at) et ‘”(C Foa )
2 2a

xr—at

z+at
1 (x —s)?
- 2 _
+ 90 / Jo (c t 2 ) g(s)ds.

r—at

w(xz,t) =

f(s)ds

_5)2
t2 _ (Ia;)

Example 3.2. The following problem describes transverse vibrations of elastic rods:

Wit = — 0 Wagas, w(z,0) = f(x), wi(z,t) =ag”(x) (3.6)

and has the Boussinesq solution (see, for example, [4])
1 oo
w(z,t) = — x — 2pVat)(cos(p?) + sin(p?))d
(@) = <= [ Fla = 2p/an) cos?) + sin?))
—0o0
o

/ gz — 2pv/at) (cos(p?) — sin(p?))dp.

—0o0

av/ 2w

By Theorem 3.1,

w(z,t) = (S4)rw(z,t) = w(x,t) — ¢ / ﬁh ( AVAZES 72> w(zx, T)dT

—t

\/7 / f(z — 2pVat)(cos(p?) + sin(p ))dp+ / x — 2pVat)(cos(p?) — sin(p?))dp

t

o c \/t+7'
2421 Vi—T
—t

t
c \/t+TJ (
— c
2a\/ 21 Vt—T !
—t

(cx/ 2 — 72) 7 f(x — 2py/at)(cos(p?) + sin(p?))dp | dr

VE=2) | [ gt~ 2pvaneosts?) — sin()ip | dr

is a solution to the Cauchy problem for the perturbed Boussinesq type equation with an addi-
tional parameter

wy; = —aQwimx — s, w(z,0) = f(z), wi(z,0)=ag”(z).
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