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Abstract—We consider a model elliptic pseudodifferential equation and the simplest boundary
value problems in a quadrant in a Sobolev—Slobodetsky space of different orders of smoothness
in different variables. In the case of a special representation of the symbol, we describe a general
solution of the equation and consider the simplest boundary value problem with the Dirichlet
and Neumann conditions on the sides of the quadrant. This boundary value problem is reduced
to a system of integral equations, which, under additional assumptions about the structure of
the symbol, can also be reduced to a system of first-order difference equations.

DOTI: 10.1134/S0012266123060046

INTRODUCTION

The theory of boundary value problems for elliptic pseudodifferential equations originates from
the mid-1960s, namely, from the papers by M.I. Vishik and G.I. Eskin, the results of which are
summarized in the monograph [1]. The results obtained attracted attention and were further de-
veloped by a number of researchers (see, e.g., |2, 3|). The second author of the present paper also
showed interest in this topic, proposing his own approach to constructing the theory of boundary
value problems for elliptic pseudodifferential equations in domains with conical points and edges of
various dimensions on the boundary (see [4, 5] and the continuation in the papers [6-10]).

All studies were carried out in ordinary Sobolev—Slobodetsky spaces; however, spaces of different
orders of smoothness in different variables are possible [11-13]. Here we consider the simplest case
of Sobolev—Slobodetsky spaces of different order of smoothness in different variables and describe
the reduction of the boundary value problem to a system of integral equations.

1. ELLIPTIC EQUATIONS
In this subsection, we give some definitions and results to be relied on in what follows.

1.1. Sobolev-Slobodetsky Spaces of Different Smoothness

Following [14] (see also [11]), we introduce some convenient notation. We represent the mul-
tidimensional Euclidean space R as an orthogonal sum of subspaces in which only some of the
coordinates xy, xa, ..., T are nonzero. More precisely, if K C {1,..., M} is a nonempty set, then
we set

R ={z e R : & = (21,...,2n), z; =0 foreach j ¢ K} C RM.
Let K1, K,,..., K, C {1,2,..., M} be some subsets such that

UK, ={12....M}, K.nK;=@2, i#j
j=1

Then we have the representation
RY =Rf* ¢ R @ --- @ R¥,
denoting an element of the space R%i by x K-
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752 A.V. VASIL’EV, V.B. VASIL’EV

For functions defined in the space R, we use the standard Fourier transform
i6) = [ul@er<dn, €= (i)
RM

Now we define the Sobolev-Slobodetsky space H*(RM), where we write S = (sy,...,s,) for
simplicity, as the Hilbert space with inner product

m—/jwm@m

and norm
1/2

&) d¢

251 259 2s
£ = [ (e 1+ feral) ™ - (14 fe, )
RJW
Such H¥%-spaces have a standard set of properties of Sobolev—Slobodetsky spaces [11]. In particu-
lar, the space H*(RM) is obtained by the following selection of the subsets K; and the parameters s;:
K1:K2:"': nflzg, Kn:{1,27...,M}, S:(0,0,...,O,S).
1.2. Model Equation and Solvability

In accordance with the locality principle, we focus on the study of a model pseudodifferential
equation with an operator whose symbol does not depend on the space variable. Detailed proofs of
the results presented here can be found in [15].

A pseudodifferential operator A is defined by the formula

(Au)(z e A(E)uly) dy dE,

RM RI\/I
where fl(f ) is a given measurable function called the symbol of the operator A.
Assume that the symbol A(€) satisfies the condition

01H 1—}—\51{3 621_[ 1—|—\§KJ , o eR, j=1,...,n, (1)
j=1 j=1

with positive constant ¢; and c,.
Denote o = (g, ..., ).

Lemma 1. Let A be a pseudodifferential operator with symbol fl({) satisfying condition (1).
Then A : HS(RM) — HS~*(RM) is a continuous linear operator.
A simple consequence of this lemma is the following fact. If A is a pseudodifferential operator
with symbol A(&) satisfying condition (1), then the equation
(Au)(z) = v(z), =€RY, (2)

with an arbitrary right-hand side v € H*~%(RM) has a unique solution v € H¥(R), and one has
the a priori estimate
lulls < const [[v]ls-a-

Note that if we consider Eq. (2) not in the entire space R but in another canonical domain
(also a cone), then such a simple corollary does not hold. Here, as before [6-10, 16-23|, we will be
interested in the case of a convex cone that does not contain an entire line.

Let Ck, C R%i be a convex cone not containing an entire line. We set
C:CK1 XCK2 X"'XCK.,L-

It is obvious that C' is a convex cone in the space RM.
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Now we study the question of solvability of the equation
(Au)(z) =0, zeC, (3)
in the space H(C).
Below we present definitions and results concerning the solvability of Eq. (3).

Definition 1. The space H®(C') consists of (generalized) functions in H¥(R") whose supports
are contained in C.

Denote by H®(C) the Fourier transform of the space HS(C).

Definition 2. The radial tubular domain over a cone C' is the domain in the multidimensional
complex space CM given by

TC)={zeCM:z=x+iy, zeRM yeC}.

The conjugate cone é’ is the cone formed by the points z satisfying the condition
xr-y>0 forall yeC;

here z - y is the inner product of z and y.

Definition 3. The wave factorization of an elliptic symbol 121(5) with respect to a cone C' is its
representation in the form

A(§) = Ax(§)A=(8),
where the factors A, (§), A_(§) must satisfy the following conditions:

1. A4(¢) and A_(&) are defined for all £ € RM| except possibly for the points £ € aC.

*

2. A.(§) and A_(§) admit analytic continuation into the radial tubular domains T'(C) and
T(— C*'), respectively, and satisfy the estimates

(1+ €5, | + |75, 1),

=

}Ail(f + ’LT)’ <¢q

j=1
|AZN (- iT)| < H (1+ [k, | + ]TKj])i(ar%j) for each 7 EC*‘, »x; € R.
j=1
The vector » = (5¢1, ..., ,) is called the wave factorization index.

Remark 1. It should be noted that Definition 3 must be modified if some cone Ck, contains
an entire line, more precisely, if it has the form R™ x Cy,_,,,, where Cy, _,,,;, 0 < m; < kj, is
a convex cone that does not contain an entire line in a (k; — m;)-dimensional space. Recall that
by definition, for m; = 0 we set R® x Cy, = Ck;, for m; = k;, and accordingly, R¥ x Cy = R,
Denoting Z;.Lzl = @, one can define Q-wave factorization, where the points of the ()-dimensional

space R? = R™ x ... x R™ play the role of parameters (see [4]). Then Definition 3 corresponds
to the O-wave factorization.

Theorem 1. If the symbol fl(ﬁ) admits wave factorization with respect to a cone C with index »
such that |»; — s;| <1/2,j=1,...,n, then Eq. (3) has only the zero solution in the space H%(C).

We assume that for each cone Ck,, j = 1,...,n, its surface equation is written as x;, = @, (a:}(j),
where ¢; : R% ™' — R, is a smooth function on R*¥ ="\ {0}, ¢;(0) = 0, zx, = (2%, zx,)-
Using the change of variables
th, = Tk,
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ey, = Tn; — ij(x/Kj)’

we define an operator T,,, : R®s — R¥i as the operator of the above change of variables, while the
cone U, transforms into the upper half-space ]Rfj ={z e R :xg, = (¢, xx,), Tx, > 0}.

Remark 2. Of course, this change of variables is needed only in the multidimensional case
(m > 2); in the one-dimensional case there is only one cone—a ray, whose boundary is a point.

In the reasoning below, we will use the notation F}, for the Fourier transform in an m-dimensional
space; therefore, Fix, denotes the Fourier transform in the space R,

According to the results in [8], we have the relations Fi,T,, =V, Fk,

Next, we introduce an operator T, : RM — RM using the formula T@ = [[—, T, to obtain the
operator V,, = H?Zl Vi, for which the identity Fy/T, = V,F; holds. We also introduce the vectors
N=ny,....,n,), L="(l,....0l,),and e = (e1,...,6,), n;,; €N, |§;] < 1/2,j=1,...,n

Theorem 2. If a symbol fl(ﬁ) admits wave factorization with respect to a cone C with an index
such that » — S = N + ¢, then the general solution of Eq. (3) in terms of Fourier transforms has

the form
ag) = (ZZ ZcL S Tre 55;;—1>, (4)

l1=112=1

where the cp(x)) € HS=(RM=") are arbitrary functions and
Sp=(s1—sm+0L—1/2,.. .8, —s,+1,—1/2), l;=1,....n;, j=1,...,n.

The following a priori estimate holds:

|ul|s < const Z Z Z leclls, -

I1=11y=1 l,=1

2. BOUNDARY VALUE PROBLEMS

In this subsection, we consider some simple formulations of boundary value problems related to
Theorem 2, which establishes the multiplicity of possible solutions of Eq. (3). Additional conditions
are needed to isolate a single solution. We start with the case of a two-dimensional cone. The
presence of the operator V,, in formula (4) greatly complicates the formulation and study of boundary
value problems, but the two-dimensional case is a rare exception where one can do without such
an operator. This was demonstrated in the monograph [4], and a comparison of the two variants is
presented in [7].

2.1. Flat Angle and General Solution

For the case of a flat angle, only one situation with different smoothness in variables is possible,
namely, smoothness of the order s; in one variable and s; in the other. Our cone C has the form
of a direct product of two rays; we can assume it to be the first quadrant. It is assumed that

the symbol A(£) admits wave factorization with respect to C' with an index s = (3¢, 55) such
that »; —s; = n; +¢;, n; € N, |g;] < 1/2, j = 1,2. Let us show how the general solution
formula (4) looks like in this case.

Set
u_(z) = —(Au)(z), z€R™%

By virtue of relation (3), we have u_(xz) =0, x € C. Let us write Eq. (3) in the form
(Au)(z) +u_(x) =0, =x€cR%

we apply the Fourier transform and obtain

A(&)u(€) +u-(&) =0,
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and after wave factorization of the symbol A(€) with respect to C' we obtain the relation

Ax(Ou(€) = —AZN(§)a-(6).

By Lemma 1, .
Ax(&)u(§), AZN(§)u- () € H**(R?),

but more precise inclusions are as follows (see [4] for details):

AL (&)u(§) € H7*(C),

1y 75 R2\ T (5)
AZ(§u-(§) € HTZ(R™\ O).

It readily follows from the inclusions (5) that the inverse Fourier transform of these (generalized)
functions, owing to them being equal, can only be a function concentrated on the boundary of the
quadrant. Taking into account the structure of such functions [24|, we can write

FALOE) = 3 eulen)0 (o) + 3 dela)ot (o),

a(€) = AZ(€) (iék(fl) U+ Z~dk(§2) f_1> )

It remains to clarify the number of terms in the sums and the exponent s, of the space H**(R) that
includes the functions ¢, and dj,.

We single out one term, for example, A;l(f)ék(&)ﬁg_l, and estimate it,

|AZH(©)an(E)es % = / |AZH O |an €D 16P* D (1 + &)™ (1 + [&]) ™ de
R2

+o0 +oo
< const / |6k(£1)’2(1 n ‘§1’)2(51—%1) dg, / (1 4 |§2|)2(82—%2+k—1) dé,.
The integral
+oo
[ i) g

is convergent under the condition 2(s, —+ k—1) < =1, or —ny—ey+k < 1/2. The last inequality
holds for k£ =1,...,ny. Thus, if ¢ € H ™= (R), then we obtain the representation

a(¢) = AZN(E) (Z@(&)éél +) di(&) i“)

and the following estimate for the solution:
no ni
HUHS S const <Z[Ck’]—n1—51 + Z[dk]—n2—§2> )
k=1 k=1

here and in the following, [-], stands for the usual H*-norm on the line.
Thus, the following assertion holds.
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Theorem 3. Let C be the first quadrant in the plane, and let the symbol 121(5) admit wave
factorization with an index » = (311, 363) such that ¢; —s; =n; +¢;, n; €N, |g;| <1/2, j=1,2.
Then the general solution of Eq. (3) in the space H®(C), S = (s1, 82), has the form

n2

a(€) = AZ(6) (Z@(&)&é* +) di(&) ) :

k=1
The following a priori estimate holds:

T2

HUHS < const <Z[Ck]—n1—51 + Z[dk]—ng—(Sg) .

k=1 k=1

2.2. Dirichlet and Neumann Boundary Conditions and Integral Equations

Consider one particular case where we can restrict ourselves to the classical Dirichlet and Neu-
mann conditions for determining arbitrary functions appearing in the structure of the general solu-
tion.

Let ny = 1 and ny = 2. According to Theorem 3, the general solution of the equation has the

form
(&) = AZH(E) (er(&) + ea(&1)Ea + di(&2))

and contains three arbitrary functions c;, ¢o, and d;, which are to be uniquely determined to obtain
a unique solution. On the sides of the corner, we set the boundary conditions

0
Ulpyeo = f(wl)v <_28;2>

In terms of Fourier transforms, conditions (6) have the form

=g(71),  Ulz,=0 = h(z2). (6)

—+oo

/ (&, 6) déy = f(&),

— 00

+oo
/ Caii(Er, ) dés = §(0),

—+oo

/ (61, &2) &1 = h(&).

— 0o

Substituting them into the general solution formula, we obtain the following system of linear integral
equations for the three unknown functions c;, ¢,, and d;:

a1(&1)ei (&) + bi(&a)ea(&n) + / AN (&, 8) di(&) d& = f(&),

bi(&)ei(&r) +pi(6n)ea(én) + / 5214;1(51752) di(&2) déy = g1(61), (7)
/ AZN (&, &) (6r) déy + / EAZN (&1, 6) (&) dér + pa(&) di (&) = h(&),
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where we have introduced the notation

+oo
ar(&) = /A;l(&,&)df% bi(§1) = /52 §1,§2 dé,

(1) = /52 Y&, 8)dE,  pa(&) = /A;,gl(flyfz)dfy

Thus, we have the following assertion.

Theorem 4. Let s; > 1/2 and s, > 3/2, and let the symbol A(€) admit wave factorization with
respect to C with an index » such that se; — s1 = 1+ ¢e1, [01| < 1/2, 300 — 59 = 2 4 &4, |0] < 1/2.
Then the boundary value problem (3), (6) is uniquely solvable in the space H*(C) if the system of
integral equations (7) has a unique solution ¢y, ¢z, d;.

2.8. Integral and Difference Equations

The system of integral equations (7) obtained in the previous section is not simple, and it is
difficult to propose any acceptable method for solving it. However, if we introduce some additional

assumptions about the symbol fl(ﬁ), then this system can be reduced to a system of first-order
difference equations. Let us describe this possibility.

Assume that the factor A, (&, &:) is a positively homogeneous function of different orders in the
variables & and &, namely, of order s in the first variable and s in the second one, for all ¢ > 0,

Ap(t&, 1) = 72 A4(&1, &)
In this case, it is easy to verify the validity of the following homogeneity property.

Lemma 2. The functions ay, by, p1, and py possess the following homogeneity property for

allt > 0:
ar(t&) =72 a,(&y), bi(t&r) = 2772 (&),
pi(t&r) = 277 p (&), pa(t&e) =t py(&).

System (7) can be written in the form

c1(&) +r(&)ea(&n) + / K (&1,&) di(&) dé = F(&),

“+o0

q@ﬂﬂ@kﬁn+/L@£wM&M&:@&% (8)

— 00

+00 +oo
/Mﬁﬁm&mm+&/M®@M@M&+M@Zﬁ@%

where we have introduced the notation

bi(&)ar (&) =7(&), P& (&) = a(&), a7 (6)AL (&, &) = K(&, &),
§2bf1(51)A;1(51752) = L(&,&), p3'(&)AZN (6, 6) = M(&,&), f(&)arl (&) = F(&),
g(&1)by (51) = (fl)a B(§2)p2_1(§2) = ﬁ(&).

Lemma 3. The functions r and q are positively homogeneous of the first degree, and the ker-
nels K, L, and M are positively homogeneous of degree —1.
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Proof. The assertion about the functions r and ¢ is obvious, and hence they have the form
t, t t, t
=4 70 g = gt 120
7“2t, t < O, QQt, t < 0,

where r1,72,q1,q2 € C.
Consider, for example, the kernel M (&;,&,). We verify that

M (&1, t&5) = py ' (tea) AL (t6y, 162) = 71727 py (&)1 72 AN (€4, &),

as desired. The proof of the lemma is complete.

Further, we write system (8) in the form

Q@Hﬂmdw+/K@@M&m@+/M&®M@%FF@%

a@ﬂmwam+/L@@m&m@+/L@@M@m@:@m,

+o0 0 “+o0
/M@@M®%+/M@@M@%ﬁ&/M@@M®%
0 —00 0

+ & / M (&1, &)e2(&1) d&y + di(&) = H(&).

Replacing the integration variable in the integrals over the negative half-line by a variable with
the opposite sign, we obtain a new system with integrals over the positive semiaxis,

c@n+mm@@yy/K@@gm@mg+/k«pﬁgme&wgzﬁ@»

Q@Hmmmm+/L@@M&W@+/L@r@meaﬁfﬁﬁx
0 0 (9)

+oo +oo too
/W&@M®%+/W%ﬁﬂ&&%ﬁ&/meﬁwﬁ
0 0 0

+oo
+&/MF&&MF®%H%&QZWQ-

Now we transform this system by increasing the number of unknowns and making all functions
and kernels appearing in it defined only for positive values of the arguments. Let us introduce the
following notation for &;,&; > 0:

en(6) = a(&), c12(§1) = ei(=&1), ca1(61) = 2(&1), (&) = (&),
din(§e) = di(&2),  diz2(§2) = di(—&2), Fi(&) = F(&), Fy(&) = F(=&),
Gi(&) =G(&),  Ga(&)=G(=&), Hi(&)=H(&), Hy&)=H(-&).
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Given the kernels K, L, and M, we define new kernels for positive values of the arguments,

Kn(fhfz) = K(fbfz)a K12(§17§2) = K(§17 —52)7
K21 (&1,&) = K(—&1,&),  Ky(&, &) = K(—&, —&);

L;;(&,&) and M;;(&,&2), 1,7 = 1,2, are defined in a similar way.
System (9) takes the form of a 6 x 6 system of linear integral equations on the positive half-line,

c11(&1) +m&iean (&) + / K11(&1,&) di1(&2) déa + / K15(&1,&) dia(&e) d&y = Fi (&),
0 0

—+o0 —+o0

c11(&) + qéiean (1) + / L1 (&1, 62) dii(§2) déa + / Lis(&1,&2) di2(&2) Ay = G1(&1),
+oo +oo ’ +oo ’
/ M11(£1)£2)611(£1)d€1 + / M21(£1>£2)612(£1)d£1 +& / M11(517§2)C21(§1)d51
0 0 o 0
&2 / My (&1,82)c02(&1) déy + dii (&) = Hi(&2),
0

+00 +oo
c12(&1) + ma&icaa (&) + / Ko (&1,&2) di1(&2) d&o + / K15(&1,&2) dia(&a) déa = Fy(&1),
0

“+oo “+o0
c12(&1) + q2€1c22(61) + / L1 (&1,&2) di1(&2) déa + / Loy (&1, &) di2(&2) dés = Go(&1),
0 0

+oo +oo oo
/ Mis(61,&)en (&) déy + / Mas(61,6)cra(61) dés + & / Mus(&1, 6)en (61) déy
0 0 0

+oo
+ & / Mao(&1,62)c22(&1) d&y + dia (&) = Ha(&2).
0
We apply the Mellin transform [25]
+oo
= /f(t)t“dt, A\ =5+ io,

to this system and, as a result, taking into account the properties

BN = FA+1)

of the Mellin transform, we obtain the system of first-order difference equations

cii(A) +rica(A+1) + f(u()\) 11()\) + f(m()\) 12()\) FI(A)’
C12(A) + 1ol (A + 1) + f(m()\) A11()\) + [A{m()\) 12(A) = Fz()\),
en(A) + @éan (A + 1) + L (V) CZ 1(N) + L (A) diz(V) = Gi(N),
G12(A) + qabaa (A + 1) + Lot (A) dia(A) + Laa(V) dia(A) = G1 (V)
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My (AN)ér(N) 4+ Mar (M) éra(N) + My (A + 1)éa (A + 1)
A A +J\:421(/\+ Déoe(A+ 1) + dii(\) = Hi(N), (10)
Miz(A)ein(A) + Maz(A)éi2(A) + Mia(A + 1)éai (A + 1)
+ Map (A + 1)éaa (A + 1) + dia(N) = Ha(N),

where K;;(\) and L;;(\) are the Mellin transforms of the functions K;;(t,1) and L;;(t,1) and
the M;;(\) are the Mellin transforms of the functions M;;(1,t), i,j = 1,2.
Thus, the following assertion holds.

Theorem 5. If the function possesses the property of generalized positive homogeneity, i.e.,

AL (téy,t&) = T2 AL (&1, &)

for allt > 0, then the system of integral equations (7) can be reduced to the 6 X6 system of first-order
difference equations (10).

CONCLUSIONS

The simplest version of the boundary value problem in the Sobolev—Slobodetsky space with
different smoothness in different variables is described. Unfortunately, the formula for the general
solution in the multidimensional case is too cumbersome to write down and study the general
boundary value problem, but in some cases meaningful results can be obtained. The authors intend
to continue work in this direction.
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