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Abstract

The problem of recovery of the solution of the singular heat equation over the positive
part of the real line at a given time is solved from inaccurate measurements of this
solution at other times. Explicit expressions for the optimal recovery method and its
errors are obtained.
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1 Introduction: problem statement and interim results

It is well known that the temperature distribution in RY is described by the equation

d
8—”; — Au+t fx, 1),

where A = 82/3x12 + ... 82/8x3 is the Laplace operator in RV,
The authors of [11] stated the following problem. Let there be temperature dis-

tributions u(-, 1), ..., u(-, tp) at the instants of time 0 < #; < --- < 1, given
approximately. More precisely, we know functions y;(-) € Ly(RN) such that
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(-, 25) — yj(-)||L2(RN) < d;, where §; > 0, j = 1,..., p. For every set of such
functions we want to find a function in L, (R") which approximate a real temperature
distribution in RY at a fixed instant of time 7 in a best way in some sense. We inves-
tigate a similar problem for the singular heat kind equation with the Bessel operator
[4-10, 12, 13, 16, 17]. Singularities of the above type arise in models of mathemati-
cal physics such that the characteristic of the media (e.g., diffusion characteristics or
heat-conductivity characteristics) have degenerate power-like heterogeneities.
Let’s consider the initial-value Cauchy problem for the equation

0
—M=Bu,xER+,t>O,
ot

where B is the Bessel operator at R, defined by the formula

?u  you

Bu=—+ =~ s
ax2  x dx

with the initial condition
u(x,0) =up(x), x e R;.

We assume that ug(-) € L}z' (R). The unique solution to this problem was gotten at
[17], [13] by the next formula, generalizing the well-known Poisson formula

1 nx n? +x2
T / n " ug(n) I, (E) exp <— 1 dn . (1

R+

ulx,t) =

where
o 2m+v

Z
I =
v (2) mz_l 22m+umgr(m +v+1)
is the modified Bessel function of the first kind of order v, I"(-) is the Euler gamma
function.
The following problem is set.
Let functions y;(-) € Lg(R) be known at moments 0 < #; < --- < 1, and

with §; > 0, j = 1,..., p. Itis required for each such set of functions to match a
function from L)Z/ (R4), which in some sense would best approximate the true tem-
perature distribution in R at a fixed point in time t. In this regard, following [11], we
call any mapping m : LY (R}) x --- x LY(Ry) — L} (Ry) the recovery method
(temperatures in R at time t according to this information). The value

6(7:, Sa m) = Sgp |Iu(7 t) - m(yj())()”L;/(]R+)7
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where () = (y1(), .., ¥p (), 8 = (81(), .., 8, (),
U= {uo(-), () € LYRy) : llu(,t;) — Vil wy =85 J =1+, rh
is called the error of this method. The value

E(z,8) = inf e(t,8,m)
mi(LY (R)P— LY (Ry)

is called the error of optimal recovery. The method 2, for which
E(t,8) = e(t, 8, m),

is called the optimal method of the recovery.

2 The lower bound of the optimal method
Let’s introduce the operator P; : LY (R) —> L} (R;), defined by formula (1):

1 _ nx nz—i—xz
I (—) - dn
2th/ n uo(m) I o) &P a7 n

Ry

Pruo(-)(x, 1) =

t > 01is a fixed value, Py is an identical operator.
Let T > 0. Let’s consider the next problem

||PTMO(')||LZ(R+) —> max, 2)

1Pyu0 Ol g sy < 8j G =1oeees po to() € LY (RY). 3)

A function that satisfies the condition (3) is called a valid function of the problem

(2)-(3).
Let S mean the upper bound of || Prug(-)|| LI(Ry) with conditions (3) and is called
the value of the problem (2)—(3).

Lemma 1 3
E(t,8) > S.

Proof Letug(-) be a valid function of problem (2)—(3). Then —u(-) is a valid function
of problem (2)~(3) too. For any method m : (LY (R4))? —> L} (R.), we have

20 Peto )l ) = I Peiio() = m(©)() +m(O)() = Pe(~To(Dl 1y e,
< IPeEio() = mO) Ol 5,y + ImO)O) = Pe(=T0() 5,

=2 sup IPruo () = m(O)) Ly )
ug(-) € LY (Ry)
HPtjMO(')“Lg(R)Stsj,j:l ..... p
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< ZSgp | Prug(:) — m(i(-))(-)lng<R+) .

In the left part of the resulting inequality, we pass to the supremum over admissible
functions, and in the right one to the infimum over all methods. This step completes
the proof of the lemma. O

Using formula 6.633 (4) from the book [2] it is easy to obtain that

L [Pauo(D]1(E) = exp(—|€ %) Fyug ().

Therefore, by the Parseval-Plancherel theorem for the Fourier—Bessel transform the
squared value of the problem (2)—(3) is equal to the value of the next problem

m f £ e8P Fug(@) dg — max, uo() € LRy, (4)
Ry

m / $2U+1 —2|§| t/lF u0(€)| dg S(Sj’ J—l . D (5)

Let’s move from the problem (4)—(5) to the extended problem (according the termi-
nology [11]). To do this, let’s replace |Fyuo(§)|2$2”+l dé& for the positive

22vr2(v+1)
measure du(§).
[ 2 ) — max, ©
Ry
_ 24, .
/e W@ <o j=1.....p. @
Ry

The Lagrange function for this problem has the form

p
LW@u(),2) = 2o / T anE) + Y 4 f e apee) - 57 |

R4 =1 +

where A = (Ao, A1, ..., Ap) is a set of the Lagrange multipliers. Extended problem
(6)—(7) was solved in [11]. For the complete of the narrative, we will need to rewrite this
solution, slightly changing the specific meanings for our needs. On a two-dimensional
plane (¢, y), we construct a set

M:co{(g,ln(%))]:1,...,p}+{(t,0):t20},
J
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where c 0o A means the convex hall of set A. Let’s introduce the function 6(z) on the
ray [0, +00):

0(r) = max{y : (t,y) € M},

assuming that 6(t) = —oo if (¢, y) ¢ M, for all y. On the ray [#;, +00), the graph of
the function 6 (¢) is an upward convex (concave) polygonal line. Let t; = £;, < t;, <

C < 1y, be the essence of its breaking point. Obviously, {t;, < t;, < -+ < tsg} -
h<th<---<tph

We need to consider three cases.

(a) Let T > t1, while to the right of t there is a break point of the function 6 ().
Suppose that T € [1 o B ). Letdu(¢) = x” T;O(S,,, where the parameters Ag and &
are determined from the conditions

/ e 2EPT AR (E) = Ae MO = 82 k=s;,5541. ®)
Ry

From conditions (8), we get

_ 2t5j+l/(tsj+1*txj) 721‘Sj/(txj+1*txj)
A=,

Sj+1 )
| |2 Indy; /8s;,, In(1/6s;,,) — In(1/é;)
0 = = .
tSjJrl - tSj tSjJrl - tSj
Let/):o = —1,/):/( =0,k # sj, 5j4+1. In order to find numbers )\x_/, )\S_H,, let’s make

some preparations. Let

P
FO)=no+ Y rje 2,
j=1

We require that f (1&1%) = f'(|&]?) = 0. From here, we obtain a system of linear

equations with respect to As;, As;,,

A e_2|§0‘2(tsj_r)

20801ty —
5 6ol (’j+1 7) — 1’

+)‘S_/+1e

)e—zwsom,—r) =200 (ts; —7) _ 0.

Ag;(ts; — T + Asj (s, — T)e

After solving this system, we get

2=ty )ty ~ts,)
fi — T (3”“) s 1 Tl

)\,SA = 9
Tt g\
2ts.  —T) /(s —ts:)
)\‘ - ‘C - ts] 8Sj vj+1 / Sj+l v‘]
ST 4 :
Isj1 —1s; 85j+1

) Birkhauser
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For the measure diz(£), we have:

min L£(du(-), %) = L(du(). 2), ©)
du()=0
o~ _ 2 ~ .
A /e Mrdae) -85 =0, j=1,....p. (10)
+
Let
In(1/8s,,,) — In(1/8;,)
plt) = ——== Lt = 15) +In(1/5,).
Isj1 = Is)
The straight line y = p(¢) passes through the points (tsj,ln(l/Ssj)) and

(ts;,1,In(1/3y;,,)) and lies at least below the graph of the function y = 6(t). For
the found values of A and |&|2, we have:
) 2[_ ~ 2 2[, 2(ts; i+1 —1;)/(ts 1 ts ) 20— ts )/ (s i+1 ts )
/ e 28I di(€) = Ae €01~ =8] J J+ 5Y1+1 j
R4
— o~ 20() < e—2In(1/8) _ 51_2’ i=1,...,p.
These mean that dfi (&) is a valid measure in the extended problem (6)—(7) and is its

solution. If we substitute dzz(§) into the functional defined in (6), we get the value of
the problem (6)—(7), which is also the solution to the problem (4)—(5):

_ 2 ~ _ 2 2(ts; _f)/(ts- —ts.) Z(T_tx')/(ts- —ts.)
/ 28l TAL(E) = Ae 2l&1°T =5, i+l A S A

Sj+1
Ry
— ¢ 2P(0) — ,=20(0)
It means that the value of problem (2)—(3) is equal to § = e 0,

(b) Lett > 1g,. If the graph of the function y = 6(¢) is a straight line, then Iy, = 1.
This time let’s put Ao = —1, )LS =1, )\. = 0, when j # o, dii(§) = x¥§; L0y (6).
The fulfillment of the condition (10) 1s qu1te obvious. In addition, for all § € ]R+ the
inequality

FUER) = —1+ e 26— 5
and the equality f(0) = 0 take place. Therefore, condition (9) is also met. On the ray

[25,, +00), the equality 6(¢) = In(1/3;,,) is fulfilled identically. Therefore In(1/5;) <
1n(1/8sg),j =1,..., p. From here

Ry

W Birkhauser



Recovery of the solution of the singular heat... Page70f19 41

Thus, the measure diz(§) is valid in the problem (6)—(7) and is its solution. The value
of this task is calculated as follows:

/ o 2ElT djiE) = 53@ — o 2In(1/8s) _ ,=260()

Ry

This means again that the solution of the problem (2)—(3) is equal to S = e 00,

(c) Let T < t1. For an arbitrary yg > 0, there is a straight line given by the equation
y =at + b, a > 0, separating the point (t, —yg) and the set M. At the same time

—at —yo > b > —at; +ln(1/8sj), j=1,...,p.
Let A = e 2P, Let’s select & € Ry to provide |£y|> = a. Then
oiE0 2t .
Ae el 58?, j=1,...,p.

It means that the measure dii(¢§) = xV T;OS),(é) is valid for problem (6)—(7) and

Ae2lé0* > 20, By virtue of arbitrariness of yo > 0 the value of the problem
(6)—(7), and with it the solution of the problem (2)—(3) is +oc.

In all three cases, for all © > 0, the error of optimal recovery is estimated from
below E(t, 5) > 00,

3 The upper estimation of the optimal recovery error

Let t > 1, and /):1, . ,/):p be the Lagrange multipliers from cases (a), (b) for such
values of 7.

Lemma2 Let for a set of functions y(-) = (y1(-),...,¥p(")) € (L)zl RL))? the
problem

)4
> Rl o) = i Oy, — min, uo() € Ly Ry, (11)
Jj=1
have a solution 1o (-) = uo(-, y(-)) Then for any oy, . . ., o) the value of problem
| Peutg() = Petio)lI 7y ) — max, uo() & LY (Ry), (12)
1Pu0C) = i Oll g,y <077 =1 p. (13)

is not more then the value of problem
| Petto)lI 7y ) —> max, uo() € LY (Ry), (14)

) Birkhauser
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e
AP 0Oy ) < (15)

M-

M
>)
Q

Proof Equality to zero of the Frechet differential of the convex smooth target functional
from (11) at the point 7o (), that is, equality

p
23 % / X7 (Pl (x) — yj (x)) Pyyug(x)dx =0, (16)
=1 R,

is a necessary and sufficient condition for the delivery the minimum to this functional
by a function 7y (-). Taking this equality into account, it is easy to get that

=

Y 2
2 il Pyuo() = 3Ol .

j=1

S|

p
Z iIPyu0C) = PiioOllgy ) + Z JIPTEOC) = ¥ Oy, -

Let the function u¢(-) be valid for the problem (12)—(13). Then

p

()12
Z PO = 3Ol @,

=

P
. v ()2 . ) — v (12
le,nPt_,uo(-) VO @,y = 22 RilIPG0C) = ¥ Ol g,
J

j=1

=

=<

M-

Rl Pyu0C) = ¥ Oy @,y < D H50)
j=1

1

J

It means that the function ug(-) — up(-) is valid for the problem (14)—(15). The value
of the functional (12) at the function u(-) is equal to the value of the functional (14).
The proof is completed. O

Lemma 3 The values of problems (2)-(3) and (14)-(15) witho; = 6;, j =1,..., p,
are coincide.

Proof Using the Parseval-Plancherel equality, let’s move from the problem (14)—(15)
to the problem

/ e 2P du (&) —> max, (17)
Ry

W Birkhauser
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P P

—~ _ 2., o~
E:A,f e M dp(E) < Y nj87, (18)
j=1 j=1

Ry

where

du() = |Fyuo(€)262 1 de > 0.

1
2212w 4+ 1)
The Lagrange function of this problem has the form

L1(dp(), v) = o / 2P 4,08)

Ry
P . 5 p .
+ Z/\j/ e MiduE) =Y hi87 |,
j=1 R, j=1

where the set v of the Lagrange multipliers now has the form v = (v, v1). From
the fact that the measure di(§), which is the solution to the problem (14)—(15), is
valid in this problem, it follows, that it is also valid in the problem (17)—(18). Let
vo="79=—1,v1 =71 = 1. Then

min L1(dup(), V) = L1(dZ(-), D)
du(-)>0

= L((), ») = Jmin 0c<du<.>,i>, (19)

where UV = (Vp, V1) and with respect to (10), we have

14 p

~ o~ _ 2. ~ -~

i § ,\jfe 211 ’xdu(g)—E %63 | =0. (20)
j=1 R, Jj=1

It means that diz(§) is the solution to the problem (17)—(18). Therefore the value of
this problem is equal to the value of the problem (17)—(18). It follows that the squared
value of the problem (6)— (7) is equal to the value of the problem (14)—(15). Therefore
the values of the problems (6)—(7) and (14)—(15) are coincide. The lemma is proved.

O

The main result is the next

Theorem 1 For any t > 0 the equality
E(t,8) =@
take place.

) Birkhauser
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—

If0 <t <t then(r) = —o0.

2. Ift =ty j =1,..., 0 then the method m, defined by the formula m(y(-))(-) =
Vs, (+), is optimal.

3. Ifo =2 1 € (l;, Is;,,), then the method m, defined by the formula

AT = (U, % 5,0y () + Wy, % 500y (), 1)

where Wy, (-), Wy, (-) are functions whose Fourier—Bessel images have the form

_ 52 o lEPEt))
Fy Wy, (6) = (501 = D5 € ’ 22)
e 2 2 2P, k)
(tSj+1 - T)55j+l + (T — tsj)(SSje Jj+1 J
(r — 1,82 ¢ 6P (¥ =205))
8%
FV\IJX/’H (’5) = A , (23)
216ty —15,
(tfj+1 - 7)53”_1 +(t — tS_j)(S%je 1§12 (s j4q —ts;)
is optimal.
4. If T > ty,, then the method m, defined by the formula m(y(-))(-) = Pr—t:Q V5o ()
is optimal.

Proof Let T € [t i Is; +1)- It was shown above that it could be possible to select the

set of Lagrange’s multipliers in which only the multipliers Ay ; and A ;41 are not equal
to zero. Therefore the problem (11) takes the form

Rl Py, 10C) = o, Oll g @y + Ryl 100) = Yijy Oll g e,y —> min,

uo(-) € L5 (Ry).

Let o (-) = up(-, y(-)) be the solution to this problem. Then condition (16) is fulfilled.
In the Fourier—Bessel images, this condition can be written as

j+1
_1£12 —~ CE2
> / £V (eI Fylg () — Fyyy, (€)1 Fug(€)d = 0. (24)
K:jR+
Let 2 ,
> &l > —1&1%1s;
Ay € PF,ys. +Ag.. € IHUE, Y.
Ffi(§) = S s 5)
LI W L

Then equality (24) holds for all uo(-) € L)z/ (Ry). Let for a set y(-) =
01, yp()) € (Lg (Ry))? the functions F,y;(-), j = 1,..., p, finitely
supported. Then the function (25) belongs to the space LJZ/ (R4). Then function
uo(-) = uo(-, y(+)), defined by the formula (25), is also belonging to the space
L’Z/ (R4) and is the solution to the problem (11). Finite functions are dense in L’z’ Rp).
Therefore, functions with finite Fourier—Bessel’s images are dense in L}z’ Ry).

W Birkhauser
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Let functions #ig(-) € LY (R4), ¥(-) = (y1(), ..., yp() € (L} (R}))? satisfy the
inequalities

1Py, 0() = ¥, Oll g ey S 8j5 F =100 p.

Let’s choose a sequence i(k)(-) (y(k)( ) )( ) € (LV(]R+))” k € N for
which functions Fyy;.k)(-), J = 1,..., p, are compactly supported and |y;(-) —
y‘g.k)(~)||Lg(R+) <1/k,j=1,...,p,k € N Let’s fix the number k € N. There exists
the solution 7y (-, y¥)(-)) to the problem (11). Due to inequalities

~ k
1Pyii0) = ¥ Olly s
~ k .
< 1Py = ¥ Oll gy + 15O = ¥ Ol g,y <85+ 1/k, j=1,..., p

the function #¢(-) is valid in problem (12)-(13) witho; = 0 (k) = §; + 1/k. Let

14 14
alk) = Z,\ja}(k)/z,\jaf.
j=1 j=I

Due to Lemma?2 the value of the problem (12)—(13) does not exceed the value of the
problem (14)—(15).

Let’s make the replacing of the function ug(-) = a(k)vg(-) for the problem (14)—
(15). This problem will take the form

a(k)|| Prvo(-) — Prﬁo(oniy(R , — max, uo() € Ly (Ry), (26)
Z APy 00O gy g, ) < Z 27)

The value of the problem (26)—(27) coincides with the value of the problem (2)-(3),
multiplied by a(k), and it is equal to a(k)e~?). Since the function #o(-) is valid in
the problem (12)—(13), we have

1Pciio() — PetioC-, YO Oy ., < alk)e . (28)

Let W i ), D, ., (-) be functions whose Fourier—Bessel images have the form
according to (22)—(23):

o IEREn)
(s, — T8} i

Fy‘lfsj ) = Sj+1 sj+1€
(s, — )82, o (- tsj)8s2je

2082ty —tsy)

) Birkhauser
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2
(7 — 15,)82 & TG4 =20)
J

Fy Wy, (&) = .

_ 2 _
2060, 15

2
(tsjp1 — t)85j+l

+(t — tsj)éfje

Let T € (is;, t5;,,). Fourier—Bessel images (22) and (23) of functions W, (-) and
W, ., () belong to space of even infinitely differentiable rapidly decreasing functions.
Therefore, the functions W, (-) and W, () belong to this space. In the case under
consideration, we define a recovery method using generalized convolution according
to (21):

”7@())() = (\IJSJ' * ij)}/(') + (“IJSjJr] * ysjur])]/(')'
Then
F,m (7P ()() = F, W, O F, 3@ + Fy ¥, O Fy 3 (6)
— ¢ EPTE, T, TR () (®). (29)

It means that
mG® N = Paio, 7O () ). (30)

Ift = s, including the case of T = £, 0 then

F,mn GO ) E) = Fyd @
= e EPTE T (, TR ())(E) = Fy (Peiio(-, TR (1)) (©),
S0, in this case (30) is also true.

Let again the functions o(-) € L}z’ R, y() = (1), ..., ¥p() € (L;(RJF))I’
satisfy the inequalities

”Pl.rjaO(‘) - ij(.)”le/(]R_'_) =< (Sj, j=1...,p.
Then for any k € N
” PIEO(’) —m (?())()Ing(RM

< 1Pito() = m OOy )
Him GO = GOy ®,)

< | Pito(:) = PeitoC. 7 O)lly
Him GO = GOy w,)

<a(k)e ™ 4+ |m (y(k)(_) — y('))(')”Lg(ﬂh) )

W Birkhauser
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Passing in this inequality to the limit at k — oo, we get
1Peiio() — 1 GOy @,y < e

In this inequality, let’s move to the upper edge over all wy(-) € Lg (R4) and y(-) =
V1), ¥p()) € (LY R4 )P, for which | Py Gio() = yo; Ol y,) < 85 J =

1,..., p. Then we get e(t, 8, m) < e (D

obtain

. Given the lower bound proved earlier, we

eV < E(r,8) <e(r,5,m) < e,
from which it follows that E(t, §) = ¢~?® and that i is the optimal method.

Let T > 1;,. Then Ay , = 1, the remaining Lagrange multipliers are equal to zero.
The problem (11) will take a form

1Py, To () = ¥s, 7, == min.

Let for a given set y(-) = (y1(-),...,yp(")) € (Lg(RJr))” functions F,y;, j =
1,..., p, be finitely supported. Then solution up(-) = ug(-, y(-)) to this problem

exists and Fyﬁo(é) = e'glztw F, Vs The inequality (28) in this case is proved as
before. Now we define the method 7 by equality

AFO)) = Pry, . 31)
Then
Fa® )@ = e Pt Ly 6) = e TR, (L, 7O ().
It means again that
m(y*® () () = Prio(-, 3P ().

Further reasoning repeats the reasoning in the previous case. The proof is finished. O

Acknowledgements All authors declare that they have no conflicts of interest.

Appendix A: Basic concepts, designations and initial facts
We need to use some notations and facts from the weighted functional Kipriyanov
spaces theory [5]. We will present the facts we need, as in the work [14, 15]

Let

N
R+ = {x = (x,5 'x”)7 x/:(x17 MR xl’l)y x//z(xn+17 MR xN)5 X1 207 MR xn20}7

) Birkhauser
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wherel <n <N — 1.

Let’s denote by Q™ a domain adjacent to the hyper-planes x; = 0, ..., x, = 0.
The boundary of Q% consists of two parts: I'* in RY and I'¢ in the hyper-planes
x1=0,...,x, =0.

Let Qgr be an interior sub-domain of QT such that all its points are located at a
distance at least 8 from the part of the boundary I'*" of the domain . Then Q; is
called a symmetrically interior (s-interior) sub-domain of the domain Q.

Let @ € R" be a union of Q* and Q™ obtained from Q* by symmetry with
respect to x’ = 0. We denote by C év (™) the linear space of functions possessing the
following properties.

1. Every function ¢ € C év (1), and all its partial derivatives of order up to /, are
continuous in Q. If a function ¢ has continuous partial derivatives of any order
in Q1, we set] = oo.

2. Even continuations of a function ¢ € C. (Q*) with respect to x" remain in the
class C'(Q).

Following [5], we say that functions admitting smooth even continuation with
respect to the corresponding variables are even with respect to these variables.

We denote by CéU’O(QJF) the linear space of functions ¢ € CéU(QJr) vanishing
outside some s-interior sub-domain of Q. Lety = (y1, ..., ¥a), () =[]\, x,
where y; > 0 are fixed real numbers. We denote by L}’,(Q*) a closure of C,, (271) by
the norm Up

s = | [ 117 @y ax
Q+

If @t and Rﬁ coincide, we can omit the symbol Rf and write Lz.

We denote by L;JOC(Qﬂ the linear space of functions such that

/ |f)I7 ()Y dx < 400

+
§25

for any s-interior sub-domain Q; of the domain Q.

Let D,y (27) (E.0(21)) be the set of all restrictions of even functions with respect
to x” in the space D(2) (£(2)) to the set Q. The topology in D,,(2T) is induced
by the topology in D(2) (£(R2)). By definition, D,, = D, (R_’;f). We denote by S,y
the linear space of functions ¢(x) € CSI‘}’(R_IX ) that, together with all their deriva-
tives, decrease faster than any power of |x|~! as [x| — oo. The topology in S,, is
introduced in the same way as in the space S (see [4-8, 10, 12, 13, 16, 17]). The
dual of Dyy(QF) (Eep(27T1), Sey) equipped with the weak topology is denoted by
D, (27) (&,(2T), S.,). The following relations hold: D,y C S,y C S, C Dl

In all three cases, the action of a distribution f on a test function ¢ is denoted by

(f(), 0(0)), = (f(x), @(x)). (AD)
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We identify each function f(x) € L{JOC(QJ“) with the functional f € D, (Q%1)
called regular, acting by the formula

(F (), () = f FOR() () dx. (A2)
Q+

The remaining functionals in D), (1) are said to be singular. Although (A2) does
not spread to singular functionals, following [1], we use designation (A2) in addition
to (A1) both for regular and singular functionals.

As an example of a singular functional in D, (") we can recall the weighted
d—function 4, (x) that is the functional defined by the equality (5, (x), ¢}, =¢(0)

A mixed generalized shift is defined by

n

fo> @H@ =1, x" =y,
i=1
where each of the generalized shifts Txyl." is defined by (see [9])
(Vi+l )

2

Vr T (5)

(T Hx) =

and [];_, T)g‘,;k is understood as the superposition of operators.
The generalized convolution of functions f, g € Lg (Rf ) is defined by

(f %), (x) = f FOIT g(0)() dy.
RY

If f € D,,. g € &,,, then the generalized convolution ( f *g), of such distributions
is defined by

(f %)y (1), 0()y = (f), (g, T p(x))y)y, ¢(x) € Dey.

The direct and inverse mixed Fourier—Bessel transforms are introduced by

Fylo(x', x)H1E) = / @(x) 1_[ Jvg (Ekxk)e_”‘”'f” (') dx

k=1
N
RY

= em)V 2T T2+ DF Iy (o, —x")1&),
k=1
1

Qm)N-n22VITTi_ T2 (v + 1)

F [yl =
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x/waﬂnﬁmw“ﬁﬂws
N k=1
R+
_ 1
CQm)N=n22PITTEZ T2 (v + 1)

Fy [y (&', —£")](x),
where

X =xg 4 b, X8 =X .+ NN,
Wl =vi+...4+ v,
, 2%T (v + 1)
Jue (@) = ———5——Ju (zk)
Zk
00 2m
(=D"z;
=T 1 ,
i+ )mX_:l 2m T (m + ve + 1)

I'(-) is the Euler gamma-function, J,, (-) is the Bessel function of the first kind, vy =
m—D/2, k=1,...,n.

Theorem 2 [6] The following Parseval-Plancherel formula holds for the Fourier—
Bessel transform:

n
lelly = @oN "2 T 0+ DIly . @ = Fylel
k=1

The Fourier—Bessel transform of a distribution f is defined by the formula
(Fy[f1.0), =(f. Fyle), .

where ¢ € S.

The Paley—Wiener—Schwartz theorem for the Fourier transform is well known (see
[3]). A generalization of this theorem to the case of the Fourier—Bessel transform can
be found in [5] (also see [8]). We formulate this result in a convenient form.

Theorem 3 (The Paley—Wiener—Schwartz theorem for the Fourier—Bessel transform).

1. (acounterpart of the Paley—Wiener—Schwartz theorem). An entire analytic function
V() =W, ¢") =W, Cn gy - -, En) in CN, even with respect to

"= (1, ..., &), is the Fourier-Bessel transform of some compactly supported
distribution with support in the set Gc,, = {x € RN . |xXk| < Rk, k=1,...,N}
if and only if
N
W@l <CA+1ghNexp (Zdlllmm), ;ecCh, (A3)
=1

where C, R are some positive constants.
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2. (a counterpart of the Paley—Wiener theorem). An entire analytic function ¥V (¢) in
CN is the Fourier—Bessel transform of some function u € Cs° (RN) with support
in the set Gcq = {x € RN :|xx| < Rk, k =1,..., N} if and only if for every
R=0,1,2,..., there is a constant Cyx such that

N
(W)l < Cx (1+[2) Nexp (Zdlllm m) ccech. (a9

=1
Let B = (B8/, B”) be a multi-index with nonnegative integer components 8’ =
B1, B2y -5 Bn), B” = (But1, --- , Bn). We denote by Bf/ the operator defined by

BYu=BP B .. B,

¥/

where By, = By, y; is the Bessel operator acting with respect to x; by the formula

u v du _, 0 ou
Buu =By yu=—s 020 o Z ((n 28
Xi Xi»Vi axlz X; axl_ 2 axl_ < 1 axi)

We denote by Df,//, the operator acting by

Y 9l8"l !
Dl = ST
axﬁn+l

BN’
ntl XN

where [8”| = Bpt1 + - + BN
A function of the form Bf , Df » f(x', x"") is referred to as the mixed B-derivative of

f(x,, x//).

We consider the polynomial

0() = P(—=CE, s =2 —ilnits .. —ilN) = P(=C2, ..., =22, (—iC")
- Z bﬂ(_;lz)ﬁl . (—é‘nz)ﬁn (_ig//)ﬂﬂ.
218 |1+1B"|<m

We define the operator P = P(B,s, D,») with constant coefficients and the symbol
P(—;lz, R —;,12, —iln+1, - .., —i¢y) by the formula

Pu= Y bsBl D (A5)
218|418 |=m
In particular, the B-elliptic operator A p is defined by the formula (see [5])
n 2 N 2
0“u  yx ou 0“u
Apu = A= ar
we X (i) 2 5
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Taking the Fourier—Bessel transform on both sides of (A5), we obtain the identity

FylPul= Y bgFBL DL ut 1@ ¢
2|1/ |+IB" | <m
= P(=¢f, . =8 =i VF )¢, ).

Theorem 4 [15] Let f € E,,(RY). The equation

Pu=f (A6)

has a solution u(x’, x") € &,, (R{X) if and only if

FLf100) = P(—¢3, ..., =2, —it¥ (@),

where {ﬁ\ (¢) is an entire analytic function in CN, even with respect to variables ¢’, in
other words, when the Fourier—Bessel transform of the right side of Eq. (A6) is divided
"entirely" by the operator symbol P.
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