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We consider the discrete Dirichlet boundary value problem for a discrete elliptic pseu-
dodifferential equation in the quadrant and study its solvability in discrete counterparts
of the Sobolev—Slobodetskii space. The study is based on a special factorization of the
elliptic symbol. We compare the solutions to the discrete Dirichlet problem and its con-
tinuous counterpart. Bibliography: 10 titles.

In this paper, based on the ideas and methods of [1, 2| (cf. also [3]-[7]), we compare discrete and
continuous elliptic boundary value problems in the quadrant for the simplest pseudodifferential
operators. We emphasize that, in the case of a quadrant, there are principal differences from
the case of a half-space, and new analytic tools are required.

1 Preliminaries

We recall the main notions and results which will be used throughout the paper (we refer
to [5] for details). Let Z2? be an integer lattice in the plane. We denote by Q = {x € R? : z =
(z1,22),71 > 0,29 > 0} the first quarter-plane, Q4 = hZ* N, h > 0, and consider functions
of discrete variables uq(%), T = (Z1,%2) € hZ2. We denote by T? = [—m,7]?,h = h~! and
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¢? = h2((e7™4 — 1)2 + (e~™€2 — 1)2), S(hZ?) is the discrete analog of the Schwarz space of
infinitely differentiable functions rapidly decreasing at infinity.
The space H®(hZ?) consists of discrete generalized functions and is the closure of the space

S(hZ?) in the norm
1/2
Julls = ( [a+ |c2|>3|ad<s>|2d§) , (1)

AT?2
where %4(£) denotes the discrete Fourier transform

(Faua)(§) = Ta(§) = Y e Tlug(@h?, & el
ZchZ?

We denote by H*(Qy) the space of discrete generalized functions in H*(hZ?) supported in
Q4. The H*(3)-norm is induced by the H®(hZ?)-norm. The space H§(f2;) consists of discrete
generalized functions f; € §’(hR?) with support in Qg, which admit an extension to the whole
space H®(hZ?). The H§(Qg)-norm is given by

Ifall = inf [[€falls,

where the infimum is taken over all possible extensions of £.
The Fourier-image of the space H*(Qq) is denoted by H*(Qg).

Let A4(€) be a measurable periodic function defined on R? with the main period square ATZ.
By the discrete pseudodifferential operator Ay with symbol A;(€) in the discrete quadrant Qg
we understand the operator

(Agu)@ = T 12 / A O)ETDEG()de, 7 € . (1.2)
yehZ2 ﬁTz
The operator Ay is elliptic if
inf |A > 0.
sé%w' d(§)|

Here, we consider the symbols satisfying the condition
cr(1+1¢)%? < [Aa(@)] < ea(1+[¢*)/? (1.3)

with positive constants ¢; and c¢e independent of A. The number o € R is called the order of
the discrete pseudodifferential operator A4.

We are interested in the solvability of the discrete equation

(Adud)(%’) = ’Ud(.’f), e Qd, (1.4)

in the space H*(€g) under the assumption that vq € Hj *(Qq).

We need special domains in the two-dimensional complex space C2. A domain of the form
Tn(Q) = AT2 +iQ is called a tubular domain over the quadrant 2. We will operate with analytic
functions f(z + i7) in the domain 73,(2) = AT? + iQ.

We define a periodic analog of the Bochner kernel (cf. [7])

Bu(z)= ) eTEHDR2 e hT?, req,
TEQ,
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and the corresponding integral operator

(Bri)§) = lim o [ Bale +ir — n)a(mdn.

hT?2

To describe the solvability conditions for the discrete equation (1.4), we need a special
representation of the symbol of a discrete operator.

Definition 1.1. By the periodic wave factorization of the elliptic symbol A4(¢) € E, we
mean its representation

Aq(&) = Ag£(6)Ag—(8),

where Ag+(€) and Ag—(§) can be analytically extended to the tubular domains .7;(f2) and
Tn(—Q) respectively and

a(l+ICDF < A€ +in)| <A1 +[3DF,
ca(1+[3N) %7 < [Ag=(€ —im)| < (1 + )
where ¢, ¢}, ca, ¢4 are positive constants independent of h;
¢ = R((eMaH) 1) 4 (REHE) 1)), = (6,6) €RT?, T=(n,m) €.

The number & € R is called the indez of periodic wave factorization.

We will assume that we have a periodic wave factorization of the symbol A;(¢) with index

The theorem on the general form of solutions to Equation (1.4) is proved by methods of [5].

Theorem 1.1. If e—s=n+4d, n € N, |6 < 1/2, then the general solution to the discrete
equation (1.4) has the form

Tal€) = A7L()Qn(E)BAQ7(6) A7, (s)(evd>(£)>+Ad¢f)( ch(fl)<2+dk(£z)<1,),

k=0

where Qn(€) is an arbitrary polynomial of degree n in variables (x = h(e™™e — 1), k = 1,2,
satisfying the condition (1.3) for a = n, ¢x(&1), &;6(52) ,k=0,1,--- ,n—1, are arbitrary functions
in H*%(hT), sy, = s — &+ k + 1/2, fvg is an extension of vg € Hy *(Dg) to the whole space
H*%(hZ?). Furthermore, the following a priori estimate holds:

n—1
||ualls < const (”vd”:—a + > (lerls + [dk]sk)),
k=0

where [-]s, is the H®*(hZ)-norm and the constant const is independent of h.

2 The Discrete Dirichlet Problem

We consider the Dirichlet boundary condition. In this section, we assume that &2 —s = 1+9,
|0] < 1/2, vg = 0. By Theorem 1.1, the general solution to Equation (1.4) has the form

Ua(€) = AzL(8)(@(&) + do(é2)), (2.1)
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where cg,dy € H5—=+1/ 2(hZ) are arbitrary functions. To determine uniquely these functions,
we add the discrete Dirichlet condition on the angle sides

Udy o = Jd(@2),  Udlp,_, = 9a(T1)- (2.2)
Thus, (1.4), (2.2) is the discrete Dirichlet problem.
We set

hm hr
[ Ak =), [ 4k@d =)

—hm —hm
and, under the assumption that 60(52),50(51) #0forall & #0, & #0,

Fy(&2) = fa(&)ag (&), Galtr) = Gal€1)by (&1),
ki(€) = A75 (TN &), ka(€) = AZL(E)B5 (&)

Using the new notation, we write the following system of two linear integral equations for two
unknown functions ¢y(&1), do(&2):

hmr
/ e (€)0 (€1)dE1 + dol&s) = Fa(es),
—hn
- (2.3)
we)+ [ k()i = Galer)
—hm

Theorem 2.1. Assume that fq,9a € HY2(R,), s > 1/2, vg = 0, inf [ag(€2)] # O,
inf |bg(€1)| # 0. Then the discrete Dirichlet problem (1.4), (2.2) is equivalent to the system
(2.3) of linear integral equations.

Proof. Applying the discrete Fourier transform to the discrete conditions (2.2), we obtain
the Fourier-images

7
/ Ga(€1,&)de1 = fa(&a),
—hm
. (2.4)
/ ug(€1,€2)dE2 = ga(61)-
—ha
Substituting (2.4) into (2.1), we get
hrm hr ki
[ e = [ a3kemenda +ae) [ Aked,
—hr —hm —hm
7 7.4 b
[ u@de=ae [Ak@d+ [ 440060eE
—hm —hm —hm
Taking into account the above notation, we arrive at the system (2.3). O
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We consider the continuous case. We describe a similar scheme for the continuous analog of
the discrete Dirichlet problem (1.4), (2.2). It is reduced to the system of integral equations by
the same method with the help of the Fourier transform.

If we consider the pseudodifferential equation

(Au)(z) =0, z€Q, (2.5)
where the symbol A(£) satisfies the condition
cr(L+ €)% < AG)] < e2(1 + €)™ (2.6)

and admits the wave factorization with respect to D

A(§) = Ax(§)A=(8)

with index @ such that & — s = 1+ 4, |0| < 1/2, then the general solution to the equation can
be written as

() = AZ1(€)(Co(&r) + Do(&))

where Cy(€1), Do(&2) € H5~ = Y/2(R) are found from the system of integral equations (if it is
uniquely solvable)

/ K1(6)0a(E0)dey + Do(&2) = F&a),
- _ (2.7)
Goler) + / Ky (€)Do(E2)des = G(€),

with boundary conditions
Ul o = f(22), vy, = 9(z1) (2.8)
and the condition that inf [Ag(£2)| # 0, inf [Bo(&1)| # 0,

[ 4@ =A@, [ 470k =B

F(&) = fe)A7 (&), G(&) =3By &),

Ki(€) = AZ 945\ (&), Ka(8) = A7) B (&)

Theorem 2.2 ([1]). Assume that s > 1/2 and the symbol A(§) satisfying the condition
(2.6) admit the wave factorization with respect to Q0 with index @ such that € — s = 1+ 6,
6| < 1/2. Ifinf|Ag(&)| # O and inf |By(£1)| # 0, then the Dirichlet problem (2.5), (2.8) with
f,g € H"Y2(R,) is equivalent to the system of integral equations (2.7) with unknown functions
Co, Dy € H*(R) and right-hand sides F,G € H*(R).

Remark 2.1. Equation (2.5) with nonzero right-hand side and symbol A(£) = (€2 + €2 +
k)12 k € C, appears in the theory of electromagnetic wave diffraction by a flat screen [8] and
also in the problem of pressing a wedge-shaped stamp into an elastic half-space [9).

The Dirichlet problem (2.5), (2.8) for the Laplacian was studied by the second author in [1],
where conditions for the unique solvability were obtained for the system of integral equations
(2.7), but no constructions of the solution were proposed there. Hence it becomes necessary to
develop the discrete theory and constructions which could be used as approximation elements.
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3 Comparison of Discrete and Continuous Solutions

Here and below, we consider the case & —s =144, s > 1/2, |§| < 1/2. In this situation,
e—1>2s-1/2

The main difficulty in comparison of solutions to the systems (2.3) and (2.7) is that the
solutions belong to different function spaces and the integral operators of these systems act in
different spaces. Therefore, we divide the comparison process into two steps. We first consider
the truncated integral operator of the system (2.7) on AT and compare it with the original
operator. Then we compare the truncated operator with the discrete operator of the system
(2.3). We use the general results concerning projection methods (cf. [10]).

We introduce the space H*(R) of two-component vector-valued functions f = (f1, f2), f; €
H*R), § = 1,2, |If|ls = |l alls + [|f2lls, and matrix operators

(K I (B Iy
k=7 x) =0 )
acting in the spaces H*~**1/2(R) and H*~*+1/2(KT) respectively.

We recall that sp = s — 2 + 1/2. Using the Cauchy—Schwarz inequality, it is easy to verify
the following assertion.

Lemma 3.1. For & > 1 the operator K : H**(R) — H?®*(R) is boundedly acts in the space
H?* (R).

3.1. Estimate for the norm of the integral operator of the system (2.7). We denote
by xp : H*(R) — H*(kT) the projection on the segment AT. The projection on AT in the space
H?*(R) will be denoted by Ej, so that for f = (fi1, f2) € H*(R)

Enf = (Xnf1, X0 S2)-

In all estimates below, we assume that b is sufficiently small, 0 < A < 1,

Lemma 3.2. Fore>1
1EnK — KEh |00 r)-sfivo ry < cOnSER®/2.

Proof. It is easy to see that

_ - xXrK1 — K1xn 0 )
=K — K5y = .
i h ( 0 xnK2 — Koxa

We have

( —hr  +

( /+/®>K1(§1,€2)f(€1)d€1, & € I,
- ke

(K — Kixn))(&) =
- [ Kie s, £ ¢ AT

\ —hm
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In the first case, we estimate only one of the integrals since the other is estimated in the
same way:

+oo +oo +oo
/Kl(ﬁ)f(&)d& < / |Kl(§)||f(§1)|d€1<00n3t/(1+|§|)_ae|f(§l)|d§1
ki hr ki

1/2

400 1/2 +o0
< const ( /(1 +1EN T+ |§1I)_2s°d§1) ( / [fE)P+ |§1I)2S°d£1>
hr b

400 1/2
< const ( / 1+ |§|)_2($+s°)d§1> 111505
7.4

where the Cauchy—Schwarz inequality was used. We have
400
/ (1 + [€)2EH00dgy ~ (14 |€g| + ) ~2emFo0)
ke

since —2(se + sp) + 1= —2(s+1/2) + 1= —2s < 0. Thus,

< const || f]s (1 + [€2| + h)~(EFs0)+1/2,

+o0
/ Ky (€) f(€1)déy
%

Squaring the last inequality, multiplying by (1 + |£2])?*°, and integrating over AT, we get

/ (1+ |y
RT

< const || [[5, / (14 [€a] + ) 2EH0I (1 + |g5)) 20 dEs
AT

2
dés

+o0
/ K1 (€) f(€1)d6s
R

< const ||f][Z,(1 + &)™ /(1 +[€])*°déa < const ||f][3,(1 + B) 72
AT

since 1+ |&2| + Amr > 1+ A, —2(ze + so) + 1 = —25 < 0. Then

/ 1+ JEal)?0
KT

In the second case, (|€2| > firr), we have

2
dés < const ||f| |§0 p2(s=1/2),

+o00
/ Ky (€) f(€1)dy
hm

+hm +hm
/ K(€1, &) f(€1)dé | < const / (1 + J€)=IF (E0)ldén
—hr —hm

hm

1/2 hm
Sconst( /(1+Iél)‘“(l+|€1|)‘2s°d§1) (/If(§1)|2(1+|€1|)2s°d£1>

—hr —hr

1/2
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Here, we again used the Cauchy—Schwarz inequality. Taking into account that inequality 1+|£| >
1+ |&1|, we derive the estimate

hm |§2|
/ 1+ €D 722(1 + |&1|)2%0dE; < 2 / (1 + &) 20+ ®)de; < const(1 + |&o]) 72
—hm 0

since —2(sg + &) = —2(s + 1/2) = —2s — 1. Thus, we have

+hr

/ K1(&1,62) f(1)d6r

—hr

< const || f[so (1 + [€2]) -

Multiplying both sides of the last inequality by (1 + [£2]|)%°, squaring the result, and integrating
over R\ AT, we get

2
/ (1+ [€o])?* dts

R\T

+o00
/ Ky (€) f(€1)des
hm

~+00
< const || |13, /(1 + &)%%0=9)d¢, < const || f]|2 h2=D.
hm

The last integral can be easily calculated (sp — s = —a + 1/2). Similar estimates are valid for
the operator Kj. O

It is easy to prove the following assertion.

Corollary 3.1. Let the assumptions of Lemma 3.2 hold. If the operator K possesses the
bounded inverse, then the operator K~ satisfies the estimate

IZn Kt — K1 const h*~Y/2.

Enll g0 )—ioo (r) S

To prove the following assertion, we need to choose elements of the periodic wave factorization
generating a special periodic symbol.

We construct the symbol Az(€) of the discrete operator Ay as follows. If there is the wave
factorization of the symbol A(§), A(§) = Ax(§) - A=(§), then we take the restrictions of A, (€)
and A_(€) on AT? and periodically extend them to the whole space R?. The obtained elements
are denoted by Ag+(§), Ag=(£). For these elements we construct the periodic symbol A4(§)
which admits a periodic wave factorization with respect to 2

Ag(§) = Agx(€) - A= ()

with the same index «. Below, comparing the discrete and continuous solutions, we consider
the discrete pseudodifferential equation with this symbol.

Lemma 3.3. For & >1

|K1(€) — k1(€)| < const(1 + |£])"2h®7Y, ¢ € ATZ.
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Proof. Indeed, by the choice of A;;(f),
[K1(8) — ka(8)] = 1451 () Ay (&2) — AgL(6)d; " (€2)| < const(L + [€]) 7| Ao(&2) — To(£2)-

Let us estimate |Ag(£2) — Go(€2)|. We have

oo b
Aoee) - o) = | [ 47 ©d~ [ A7k

—hr
+o0o
< const / (1+ |€])"®dé1 < const(1 + |&| + F)~®+! < const A* !
R

for sufficiently small k. Hence inf |By(£1)| # 0 implies inf [by(£1)| # O for sufficiently small h.
Collecting the obtained estimates, we complete the proof of the lemma. O

We introduce the operator Z,KEp. By Lemma 3.1, for sufficiently small A the invertibility
of 2, KE, in H*~=~1/2(KT) is a consequence of the invertibility of K in H*~2~1/2(R) (cf. [10]).
Furthermore, for sufficiently small h

||(EnKEp) const .

-1
|0 (RT)— 20 (RT) <

Lemma 3.4. For & > 1 the comparison of the norms of the operators 2=, K=y, and k is given
by the estimate
= K= —1
IErKEn — Kllgga0 () firso ey < CONSE A=

The proof mainly repeats that of Lemma 3.2, and we omit it.

3.2. Discrete and continuous solutions. We compare the discrete and continuous so-
lutions. Since Theorems 2.1 and 2.2 establish the equivalence between the boundary value
problems (1.4), (2.2) and (2.5), (2.8) for the systems of integral equations (2.3) and (2.7) respec-
tively, we assume that the original (continuous) boundary value problem is uniquely solvable
for any right-hand side v € H3 *(K) and any boundary functions f,g € H*"1/2(R;). In other
words, the bounded inverse operator K ! exists, i.e., the system (2.7) of integral equations has
a unique solution for any (F,G)T.

Taking into account the choice of the discrete operator A made in Subsection 3.1, we
construct the boundary functions fq and gq in a similar way. Namely, we restrict the Fourier
transforms f and g on AT, extend periodically to the whole line R, and then apply the inverse
discrete Fourier transform. Thus, we obtain the corresponding discrete boundary value problem
(1.4), (2.2) with vg = 0. We compare the obtained problem with the problem (2.5), (2.8).

Theorem 3.1. Let all the assumptions of Theorem 2.2 hold, and let & > 1. The comparison
of solutions to the problems (1.4), (2.2) with vg = 0 and (2.5), (2.8) for sufficiently small h is
given by the estimate

[lu — udl | s gur) < const h*2(]| fll5-1/2 + [1lls-1/2)

where const is independent of h.
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Proof. We first compare the Fourier-images of solutions to the systems (2.3) and (2.7). We
have the continuous

4(¢) = AZ'(©)(Co(&1) + Do(&))

and discrete

() = Az 4@ (&) + do(&2))

solutions. We denote by ®; and jI; vectors with components (Fy,Gq)T and (F,3)T and by C
and ¢ vectors with components (Co, Do)T and (¢, do)” respectively. Then

C=K'8, ¢=k13,

We denote by Ci, Cs and ¢, ¢o the jth coordinates of the vectors C and ¢, 7=1,2. Then

(xn)(€) — Ta(€) = xnAZ () ((Col&r) — To(&r)) + (Do(&2) — do(&2))

= xnAZHO((ET10)1(&) — (K@) (&) + (K 71®)2(&2) — (k7' ®a)2(£2))-
This means that it suffices to estimate the norm ||E,K~*® — k™ '1®4||g5s0 (r1). We write

ERK 10 — k710, = (ER K10 — K15,®) + (K 15,8 — k1®y).
To estimate the first term, we use Corollary 3.1. We have
IERK 1@ — K18,®||5, < const A*/2(|®], < const 25~ Y2(|f]lso + 119]ls0)-
We represent the second term as the sum
K 15,® — k710, = (K715,® — k715,0) + (k715,® — k~10,)

and estimate each term separately.

We consider k15, ® — k~1®4. Since the norm of k! is bounded by a constant independent
of h, we find

||k_15h<I> — I<:_1<I)d||s0 < const ||Ep® — @4|s, < const(||xnF — Fills, + |1xaG — Gallso)-

It remains to estimate, for example, ||xnF — Fyl|s,- We have

hm
|IXhF — Fall5, = / F(&)A5 (&) — Fa(&)ay (&) P(L + |éal)**0dé

—hm

7
< const A?*~2 / | F(&2)P(1 + |&2)**°dé, < const h2*~2|| £ |2,
—hm

taking into account that fg and f are identical on AT and using the estimate from Lemma 3.3.

The remaining term is estimated by the following inequality which can be easily verified:
K'— k™' = K7(k — K)k™!. We recall that the invertibility of the operator k follows from
the invertibility of the operator K. Comparing on AT

K 15,® - k12,0 =S4 (K1 — k1), = 5, K1k — K)k™15,®
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and taking into account Lemma 3.4, we obtain the estimate
|K~'E® — k" En®||so < const h®H|®||s, < const A= (|| fl]so + ll9llso)-

Collecting the obtained estimates, we obtain the assertion of Theorem 3.1. Here, we took into
account the properties of pseudodifferential operators [5] owing to which we can pass to the
H*-norm. [l
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