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A B S T R A C T

In this work, the interatomic potentials for modeling diffusion in the C15 Cr2Ta Laves phase were constructed
within the N-body approach. The potential for Ta–Ta interactions reproduces the lattice parameter, cohesive
energy, elastic constants, equation of state, thermal expansion, point defect energies, and phonon dispersion
of body-centered cubic Ta in qualitative agreement with density functional theory (DFT) data and almost
quantitative agreement with available experimental data in the temperature range of stability of C15 Cr2Ta
Laves phase. The potential for Cr–Ta interactions reproduces the elastic constants, point defect properties,
equilibrium volumes, and formation enthalpies of Cr–Ta structures in qualitative agreement with DFT data.
Also, it reproduces the lattice stability and high-temperature formation enthalpy of C15 Cr2Ta Laves phase
in very close agreement with the available experimental data. The calculations of diffusion coefficients with
constructed potentials showed that diffusion in C15 Cr2Ta lattice is governed by Cr atoms which cannot move
without creation of vacancies. The constructed potentials can be used in further investigations of diffusion
processes in Cr–Ta phases at temperatures up to 2000 K, while the obtained results on diffusion coefficients
in C15 Cr2Ta Laves phase would be useful in the rational design of Cr–Ta based alloys.
1. Introduction

The Cr2Ta intermetallics attract an interest in aerospace and high-
temperature applications due to its low density, high melting tempera-
ture, and high oxidation resistance. In dependence on the temperature,
the Cr2Ta can exist in C14, C15, or C36 crystal structures [1–5], among
which the cubic C15 is the most stable one in the temperature range
from 0 to 1963 K [3].

Despite the extensive experimental [4–15], theoretical [16–18], and
theoretical-experimental [2,19] investigations of Cr2Ta phase stabil-
ity [2,15], properties [16–18], influence on microstructure [4,5,7,9,10,
15,19], mechanical behavior [5,10,14], and oxidation resistance [6,8,9,
19] of binary Cr–Ta [4,7] and ternary Cr-Ta-X (where X = Mo [5,13],
Al [5], Si [5,9,10,14], Fe [11], Ru [12], or V [15]) alloys there are
several aspects that need to be additionally explored with atomistic sim-
ulation methods. Among them there are coefficients and mechanisms of
diffusion in Cr2Ta Laves phases. Knowledge of the diffusion behavior
of intermetallics is important in the context of their high-temperature
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structural applications because their high-temperature strength is lim-
ited by diffusion-controlled creep processes.

There are very few experimental investigations of diffusion in Laves
phases at all. In particular, there are only two investigations of inter-
diffusion for Cr–Ta alloys [20,21] from which the experimentally based
diffusion coefficients in solid solutions and intermediate Cr2Ta phase
are obtained at 2128 K, 2165 K [20] and 1373 K [21]. However, in
the mentioned experiments [20,21] the diffusion coefficients only in
the hexagonal C14 Cr2Ta phase are most probably extracted because at
temperatures higher than 2000 K the C14 phase is the stablest at Cr2Ta
composition [3] while at temperatures around 1373 K or lower the C14
phase is a primarily formed phase [4,7] due to kinetic reasons. Thus,
there is no information in the literature about diffusion in the cubic C15
Cr2Ta phase. Meanwhile, the knowledge of the diffusion properties of
C15 Cr2Ta phase and understanding the self-diffusion mechanisms in it
is also important because namely, this phase is the most stable one in
many Cr–Ta based alloys.
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Since the diffusion in metals and alloys is the atomistic process,
one of the best ways to get insight into its mechanisms is to conduct
the atomic scale simulations with different model samples employing
molecular dynamics (MD). For example, the molecular dynamics simu-
lations allowed to establish the leading mechanism of the self-diffusion
phenomena in Ni2Y Laves phase [22].

The bottleneck in implementing such a scheme for Cr–Ta alloys
was the unavailability of appropriate interatomic potentials. In this
work, we construct such potentials within the N-body approach [23,24]
and use them to disclose the self-diffusion mechanisms and derive the
diffusion coefficients in cubic C15 Cr2Ta Laves phase from the analysis
of results of molecular dynamics simulations.

2. Methodology

2.1. Interatomic potentials

Within the N-body approach [23,24] the potential energy of a
system of atoms is described by the following expression:

𝐸𝑝𝑜𝑡 =
𝑁
∑

𝑖<𝑗
𝛷(𝑅𝑗𝑖) +

𝑁
∑

𝑖

𝑁
∑

𝑘<𝑗≠𝑖

𝑛3
∑

𝑝,𝑞
𝑔𝑝𝑞(𝑐𝑜𝑠(𝜃𝑗𝑖𝑘))

×𝑓 𝑝(𝑅𝑗𝑖)𝑓 𝑞(𝑅𝑘𝑖) +
𝑁
∑

𝑖
𝐹 (𝜌𝑖), (1)

where

𝜌𝑖 =
∑

𝑗≠𝑖
𝜌(𝑅𝑗𝑖), (2)

and 𝑖, 𝑗, and 𝑘 are indexes of interacting atoms.
In Eq. (1), the first term describes the sum of pairwise interactions

depending on interatomic distances 𝑅𝑗𝑖, the second term describes the
um of three-body interactions depending on interatomic distances 𝑅𝑗𝑖

and 𝑅𝑘𝑖 and bond angles 𝜃𝑗𝑖𝑘, and the last term describes the sum
of higher-order interactions within the centrosymmetric approximation
(CSA) [23].

The derivation of Eq. (1) is described in [23,24]. Here we only
emphasize that 𝛷(𝑅𝑗𝑖), 𝑓 𝑝,𝑞(𝑅𝑗𝑖), and 𝜌(𝑅𝑗𝑖) are only the basis functions
with no physical meaning, while 𝑔𝑝𝑞(𝑐𝑜𝑠(𝜃𝑗𝑖𝑘)) are the expansion coeffi-
cients of three-body interactions on basis functions 𝑓 𝑝,𝑞(𝑅𝑗𝑖). By varying
the number 𝑛3 of basis functions 𝑓 𝑝,𝑞(𝑅𝑗𝑖) the accuracy of three-body
interactions can be tuned.

In a practical implementation of the interatomic potential, all basis
functions are represented by cubic splines with equidistant knots. The
values of the basis functions in the knots are optimizable parameters.
The optimization of parameters is done by minimizing the value of the
target function 𝑍 with a simulated annealing algorithm. The function
𝑍 is the weighted sum of deviations of values calculated with the inter-
atomic potential from corresponding target values; see [23] for details.
The target values usually include experimental data about cohesive
energies, elastic constants, formation enthalpies, and theoretical data
about energies, volumes, and forces in model lattices, and form a fitting
database. By varying the weights of targets one can reach the desired
accuracy of the interatomic potential for specific tasks or try to make
it quite accurate in all tasks of atomistic modeling for the particular
system.

2.2. Fitting database

To describe interatomic interactions in the Cr–Ta system, three
potentials should be constructed within the N-body approach: one for
Ta–Ta, one for Cr–Cr, and one for Cr–Ta interactions. To describe Cr–Cr
interactions we used our already published potential [25]. The other
two potentials were constructed within the N-body approach [23,24]
in this work.

The experimental part of our fitting database for Ta–Ta interactions
2

included cohesive (sublimation) energies, elastic constants (𝐶11, 𝐶12,
𝐶44), lattice parameters, and equation of state 𝑃 (𝑉 ) of pure Ta in
its ground-state body-centered cubic (bcc) structure. For fitting Cr–Ta
interactions we did not use any experimental data due to their low
availability.

The theoretical part of our fitting database for Ta–Ta interactions
included energies and equilibrium volumes of model lattices (fcc, hcp,
A15, C32, simple hexagonal and simple cubic), and energies and forces
in two model bcc superlattices with 128 atoms. The configuration of
the first superlattice was obtained by shifting one atom along the [001]
direction on 0.05 Å. The configuration of the second superlattice was
obtained after ab initio molecular dynamics simulation at 1100 K. The
energies, volumes, and forces in model lattices were calculated within
the density functional theory (DFT) using the projector-augmented
wave (PAW) approach [26] for the treatment of core-valence elec-
trons interactions and generalized-gradient approximation (GGA) in the
form of Perdew–Burke–Ernzerhof (PBE) functional [27] for exchange–
correlation energy as implemented in VASP [28]. We used value of 600
eV for plane-wave energy cutoff and density of k-points corresponding
to the 30 × 30 × 30 mesh for bcc cell of Ta with two atoms. The
Methfessel–Paxton [29] smearing of the Fermi level with 0.3 eV smear-
ing width was used. The chosen parameters of DFT calculations ensured
the accuracy of 0.1 meV in the total energy calculations of the model
lattices of Ta.

The theoretical part of our fitting database for Cr–Ta interactions
included elastic constants, formation enthalpies, and volumes of several
model lattices calculated within the PAW GGA approach. The Cr–Ta
model lattices included 15 bcc solid solutions with concentrations from
6.25 to 93.75 at.% Cr and 22 lattices of Laves phases with C14 and
C15 structures with and without deviations from stoichiometric Cr2Ta
composition.

2.3. Calculation details of diffusion coefficients

To estimate the influence of different diffusion mechanisms on
diffusion coefficient in Cr2Ta, we calculated the mean-squared dis-
placements (MSD) of atoms in different model samples: (i) the ideal
sample without defects, (ii) three samples (for getting the averaged
quantities) with monovacancy in Cr position, and (iii) three samples
with monovacancy in Ta position. The structures of model samples can
be found in the Supplementary materials.

The MSD in the ideal sample gives us the estimation of the contribu-
tion of the interstitial mechanism into diffusion because in the lattices
with elements of different radius the element with smaller atomic
radius can move through interstitials of the host metallic lattice without
need for creation of vacancies in the host lattice. Thus, calculating the
MSD in the Laves phase without vacancies we can see if the atoms of
smaller element (Cr) can move through the Cr2Ta lattice in a similar
way as carbon atoms move in carbides, for example. The MSD in
samples with vacancies in Cr and Ta positions gives us the estimation
of the influence of Cr and Ta vacancies on diffusion, respectively.

Because the contribution of vacancies depends on their concen-
tration, the vacancy diffusion coefficients should be scaled with the
following equation [25]:

𝐷(𝑇 ) = 𝐶𝑣𝑎𝑐 (𝑇 ) ×𝑁 ×𝐷𝑣𝑎𝑐1
𝑖 (𝑇 ), (3)

where 𝐶𝑣𝑎𝑐 (𝑇 ) is the vacancy concentration at temperature 𝑇 , 𝑁 is the
number of nodes in the simulation cell, and 𝐷𝑣𝑎𝑐1

𝑖 (𝑇 ) is the diffusion
oefficient calculated as a slope of the linear fit of MSD versus modeling
ime.

The vacancy concentration is determined as follows:
𝑣𝑎𝑐 (𝑇 ) = 𝑒𝑥𝑝(−𝐺𝑣𝑎𝑐∕𝑘𝐵𝑇 ) = 𝑒𝑥𝑝(−𝐻𝑣𝑎𝑐∕𝑘𝐵𝑇 )𝑒𝑥𝑝(𝑆𝑣𝑎𝑐∕𝑘𝐵), (4)

where 𝐺𝑣𝑎𝑐 , 𝐻𝑣𝑎𝑐 , and 𝑆𝑣𝑎𝑐 are the Gibbs free energy, enthalpy, and

entropy of vacancy formation, respectively.
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In our work, we consider the formation of vacancies in Cr2Ta within
he Schottky mechanism. Thus, the enthalpy and entropy of vacancy
ormation can be obtained as [30]:
𝑣𝑎𝑐
𝐶𝑟 = 𝐻𝐶𝑟2𝑛−1𝑇 𝑎𝑛 −𝐻𝐶𝑟2𝑛𝑇 𝑎𝑛

3𝑛 − 1
3𝑛

, (5)

𝑣𝑎𝑐
𝐶𝑟 = 𝑆𝐶𝑟2𝑛−1𝑇 𝑎𝑛 − 𝑆𝐶𝑟2𝑛𝑇 𝑎𝑛

3𝑛 − 1
3𝑛

, (6)

or Cr vacancy, and:

𝑣𝑎𝑐
𝑇 𝑎 = 𝐻𝐶𝑟2𝑛𝑇 𝑎𝑛−1 −𝐻𝐶𝑟2𝑛𝑇 𝑎𝑛

3𝑛 − 1
3𝑛

, (7)

𝑣𝑎𝑐
𝑇 𝑎 = 𝑆𝐶𝑟2𝑛𝑇 𝑎𝑛−1 − 𝑆𝐶𝑟2𝑛𝑇 𝑎𝑛

3𝑛 − 1
3𝑛

, (8)

or Ta vacancy, where 𝐻𝐶𝑟2𝑛−1𝑇 𝑎𝑛 , 𝐻𝐶𝑟2𝑛𝑇 𝑎𝑛−1 , 𝐻𝐶𝑟2𝑛𝑇 𝑎𝑛 , 𝑆𝐶𝑟2𝑛−1𝑇 𝑎𝑛 ,
𝐶𝑟2𝑛𝑇 𝑎𝑛−1 , and 𝑆𝐶𝑟2𝑛𝑇 𝑎𝑛 are the enthalpies and entropies of model
r2Ta supercells with vacancy in Cr and Ta positions, and of ideal
upercell without vacancies, respectively. The enthalpy and entropy
erms include temperature dependent vibrational contributions that
here calculated in our work within the harmonic approximation as

mplemented in the Phonopy package [31].

. Results

.1. Results of fitting and testing interatomic potentials

In this work, we have constructed and tested several tens of in-
eratomic potentials describing Ta–Ta and Cr–Ta interactions. Among
hese potentials, we have chosen those that reproduce the lattice pa-
ameters, point defect properties, and thermal stability of bcc Ta and
15 Cr2Ta Laves phase in the best agreement with the experimental and
FT data. Further, we will refer to the chosen potentials for Ta–Ta and
r–Ta interactions as POT_Ta and POT_CrTa, respectively. Tables A.1
nd A.2 in Appendix A list arguments and values of the potential
unctions comprising the POT_Ta and POT_CrTa, while Figs. A.1 and
.2 illustrate the potential functions in graphical form. The files with

he potentials and the example how to use them with LAMMPS package
an be found in the Supplementary materials.

.1.1. Accuracy of fitting
First of all, we estimated the accuracy of interatomic potentials in

eproducing the target quantities used in fitting their parameters. In
able 1, the main characteristics of bcc Ta and Cr2Ta in C15 structure
alculated with POT_Ta and POT_CrTa are presented in comparison
ith experimental and DFT data.

As it is seen from Table 1, the constructed potentials reproduce
attice parameters and elastic moduli of bcc Ta in almost quantitative
greement with target experimental data and in a qualitative agreement
ith target DFT data. The maximum deviation of elastic constants

alculated with POT_Ta from their corresponding experimental values
s about 1%. There is also an excellent agreement of lattice parameter
nd cohesive energy of pure Ta with experimental data. The POT_CrTa
redicts the mechanical stability of the C15 Cr2Ta Laves phase in a
ualitative agreement with DFT data since its shear moduli and the
ompression modulus have positive values. The values of the lattice
arameter of Cr2Ta predicted by POT_CrTa at 298 K and 0 K are
bout 1.1% and 1.0% larger than the value of the experimental lattice
arameter at room temperature taken from [37], respectively. On the
ther hand, the value of the lattice parameter predicted by DFT at 0
[34] is about 0.3% smaller than its experimental value. Thus, our

otential POT_CrTa predicts the values of the lattice parameter of C15
r2Ta in worse agreement with experimental data than the DFT.

Fig. 1 shows a comparison of the calculated dependence of pressure
f bcc Ta on the relative volume with the equation of state 𝑃 (𝑉 ∕𝑉0)
btained from experimental data [38].

As can be seen from Fig. 1, the potential POT_Ta reproduces well
3

he experimental data of the equation of state for the bcc lattice.
Table 1
Binding energy 𝐸𝑐𝑜ℎ, lattice parameter 𝑎0 at 298 K for experimental data and at 0 K
(in parentheses) for DFT data, and elastic moduli 𝐶𝑖𝑗 at 0 K for bcc Ta and C15 Cr2Ta.

Property POT_Ta Exp. DFT (0 K)

𝐸𝑐𝑜ℎ, eV/atom 8.09 8.10a –
𝑎0, Å 3.299 3.303b (3.322)c

𝐶11, GPa 264.0 266.0d 265.0e

𝐶12, GPa 155.0 158.0d 158.0e

𝐶44, GPa 87.0 87.0d 69.0e

Property POT_CrTa Exp. DFT (0 K)

𝑎0, Å 7.038 (7.033) 6.961f (6.937)c

𝐵, GPa 215.0 – 261.0g

𝐶 ′, GPa 80.4 – 81.3g

𝐶11, GPa 322.1 – 369.4g

𝐶12, GPa 161.4 – 206.8g

𝐶44, GPa 105.2 – 99.5g

aRef. [32].
bRef. [33].
cRef. [34].
dRef. [35].
eRef. [36].
fRef. [37].
gThis work.

Fig. 1. Dependence of pressure 𝑃 on the relative volume 𝑉 ∕𝑉0 for the bcc Ta
lattice. The dependence calculated using the POT_Ta potential is shown in red. The
experimental data are taken from [38] and are shown in blue.

Table 2
The energies per atom 𝛥𝐸 of the model crystal lattices of A15, 𝛽-Ta, face-centered cubic
(FCC), hexagonal close-packed (HCP), C32, simple cubic (SC) and simple hexagonal
(SH) calculated using the potential POT_Ta in comparison with calculations by the
DFT method. The energy of the equilibrium body-centered cubic (BCC) lattice is taken
as the reference point.

Structure 𝛥𝐸, eV/atom

POT_Ta DFT

A15 0.024 0.027
𝛽-Ta 0.018 0.016
C32 0.258 0.223
FCC 0.144 0.250
HCP 0.284 0.286
SH 0.971 0.685
SC 1.326 1.106

Table 2 presents the results of calculations of the energies of a
number of model lattices of Ta in comparison with the results of DFT
calculations.
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Fig. 2. Result of fitting the DFT data on the enthalpies of formation of model Cr–Ta
lattices. The abscissa shows the values of the formation enthalpies of model Cr–Ta
lattices, calculated within the DFT. The ordinate shows the enthalpies of formation of
model Cr–Ta lattices, calculated using POT_CrTa.

Fig. 3. Result of fitting the DFT data on equilibrium atomic volumes of model Cr–
Ta lattices. The abscissa shows the values of the equilibrium atomic volumes of the
model Cr–Ta lattices, calculated within the DFT. The ordinate shows the values of the
equilibrium atomic volumes of the model Cr–Ta lattices, calculated using POT_CrTa.

As it can be seen from the data in Table 2, the energies of A15,
𝛽-Ta, FCC, HCP, C32, simple cubic (SC), and simple hexagonal (SH)
crystal lattices, calculated using the potential for tantalum, lie higher
than the energy of BCC lattice, meaning that the potential POT_Ta,
correctly describe the BCC lattice as the most favorable one in terms
of energy. There is also a qualitative agreement with the results of
DFT calculations in the sequence of energies of the considered model
lattices, except the energy of FCC lattice.

Figs. 2 and 3 show the results of fitting the formation enthalpies and
equilibrium atomic volumes of the model Cr–Ta lattices, respectively.

All DFT values of the formation enthalpies of model Cr–Ta lattices,
including solid solutions and Laves phases with non-stoichiometric
composition, have a positive sign, except the enthalpies of formation of
4

Fig. 4. The thermal expansion of pure Ta in bcc structure calculated with POT_Ta (red
circles) in comparison with experimental data (blue squares) from [33].

Fig. 5. The thermal expansion of Cr2Ta in C15 structure calculated with POT_CrTa
(red circles) in comparison with unpublished experimental data (blue squares) taken
from the theoretical work (Hong2001 [17]) and with combined experimental data
(green triangles) about the lattice parameters of C15 Cr2Ta at room tempera-
ture (Duwez1952 [37]), 1273 K (Kuo1953 [39]), and between 1933 and 1968 K
(Kumar1997 [40]).

C14 and C15 phases with stoichiometric composition Cr2Ta. As can be
seen from Figs. 2 and 3, POT_CrTa reproduces well the fitted formation
enthalpies and equilibrium atomic volumes of model lattices, including
two negative values for Laves phases with stoichiometric composi-
tion Cr2Ta. It should be noted here that the calculated enthalpies
of formation of solid solutions and Laves phases are in qualitative
agreement with the phase diagram. According to the data on enthalpies
of formation, Laves phases are present in the Cr–Ta phase diagram
due to negative values of their enthalpies of formation and positive
values of enthalpies of formation of Cr–Ta solid solutions. The presence
of solid solutions in the Cr–Ta phase diagram can be explained by
the contribution of the configurational entropy term to the Gibbs free
energy.

3.1.2. Results of testing interatomic potentials
The second part in estimating the reliability of interatomic poten-

tials is testing how they reproduce the properties that are not included
in the fitting database. In Table 3, the defect properties of bcc Ta and
Cr2Ta in C15 structure calculated with POT_Ta and POT_CrTa potentials
in comparison with available experimental and DFT data are shown.
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Fig. 6. Phonon dispersion curves of bcc Ta along the high symmetry directions of the Brillouin zone calculated using the POT_Ta potential (solid red lines) in comparison with
experimental data [41] (triangles, circles, rhombuses).
Fig. 7. The averaged dependencies of MSD from modeling time at temperatures from 1473 to 1973 K in the samples with vacancy in Cr position.
These properties were not included in the fitting database and can serve
as a guide of how the interatomic potential will reproduce the diffusion
properties.

From the data in Table 3, it can be seen that the values of the
vacancy formation energy and the vacancy migration energy of bcc
Ta obtained using our potential lie within the experimental error.
The values of the activation energy for self-diffusion according to the
vacancy mechanism given by POT_Ta are close to the experimental one.
The dumbbell ⟨111⟩ has the lowest value of the formation energy among
the interstitial atoms, which agrees with the results of DFT calculations.
The formation enthalpies of Cr and Ta vacancies at 0 K and 0 GPa
in Cr2Ta C15 structure, 𝐻𝑣𝑎𝑐

𝐶𝑟 (0) and 𝐻𝑣𝑎𝑐
𝑇 𝑎 (0), calculated according to

Eqs. (5) and (8) are in qualitative agreement with the corresponding
DFT values calculated in this work.
5

In Table 4, the melting point, melting heat of bcc Ta, and formation
enthalpy of C15 Cr2Ta Laves phase at 1693 K in comparison with
available experimental data are presented. The melting point of bcc Ta
was calculated from modeling the NPH (constant number of particles N,
pressure P and enthalpy H) ensemble [46] in a two-phase superlattice
with 19 652 atoms as it was done for W in our previous work [47].
One part of the superlattice consisted of the bcc phase while the other
part consisted of the liquid phase. The heat of melting was calculated as
the difference in the enthalpy of two superlattices one of which had the
liquid structure while the other had the bcc structure at the determined
melting point. The formation enthalpy of C15 Cr2Ta Laves phase at a
temperature 𝑇 was calculated as follows:

𝛥 𝐻(𝑇 ) =
𝐻𝐶𝑟2𝑇 𝑎(𝑇 ) − 2𝐻𝐶𝑟(𝑇 ) −𝐻𝑇 𝑎(𝑇 )

, (9)
𝑓 3
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Fig. 8. The averaged dependencies of MSD from modeling time at temperatures from 1473 to 1973 K in the samples with vacancy in Ta position.
Fig. 9. The temperature dependence 𝐷𝑣𝑎𝑐1
𝑖 (𝑇 ) calculated from MSD in model samples with the vacancy in the initial Cr position.
where 𝐻𝐶𝑟2𝑇 𝑎(𝑇 ), 𝐻𝐶𝑟(𝑇 ), and 𝐻𝑇 𝑎(𝑇 ) are the enthalpies of Cr2Ta in
C15 structure, Cr, and Ta in bcc structures, respectively, calculated by
averaging the total energy over the last 20 000 timesteps after modeling
the NPT (constant number of particles N, pressure P, and temperature
T) ensemble at zero pressure.

From the data in Table 4, it can be seen that the value of the
melting point calculated using the potential for tantalum coincides with
the experimental value within the calculation error, while the melting
heat calculated using the POT_Ta potential differs significantly from the
experimental value by 49%. On the other hand, the calculated value of
the formation enthalpy of C15 Cr2Ta Laves phase at 1693 K is in good
agreement with the corresponding experimental value [49].

In Figs. 4 and 5 the thermal expansions of bcc Ta and Cr2Ta
in C15 structure calculated with POT_Ta and POT_CrTa are shown
6

in comparison with experimental data. The thermal expansions were
calculated from a series of MD simulations at different temperatures
using the NPT ensemble at zero pressure. During MD simulation at
each temperature, the temperature was kept constant using Nose–
Hoover thermostat [50,51] while the pressure was kept constant using
Berendsen barostat [52].

As can be seen from Fig. 4, the potential POT_Ta predicts thermal
expansion of bcc Ta in good agreement with the experimental data [33]
up to a temperature of about 2000 K.

The experimental data about the thermal expansion of Cr2Ta lattice
is scarce. In the theoretical work of Hong et al. [17], the experimental
data about the temperature dependence of thermal expansion coeffi-
cient of C15 Cr Ta is plotted along with the data calculated from the
2
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Fig. 10. The temperature dependence 𝐷𝑣𝑎𝑐1
𝑖 (𝑇 ) calculated from MSD in model samples with the vacancy in the initial Ta position.
Fig. 11. The temperature dependence 𝐷(𝑇 ) calculated with Eq. (3) from MSD in model samples with the vacancy in the initial Cr position.
elastic constants obtained within the DFT. However, in [17] the exper-
imental data is taken with the reference to the unpublished work, thus,
their reliability is under question. Another way to get the information
about the thermal expansion of C15 Cr2Ta is to gain the experimental
data about its lattice parameters at different temperatures that may be
taken from the different sources. In literature, there are three exper-
imental works [37,39,40] from which the lattice parameters of C15
7

Cr2Ta at room temperature [37], 1273 K [39], and between 1933 and
1968 K [40] can be taken. Based on data from these works [37,39,40],
another combined experimental set containing information about the
thermal expansion of C15 Cr2Ta at three temperatures can be created.
From Fig. 5, it can be seen that the potential POT_CrTa predicts the
thermal expansion of C15 Cr2Ta lattice within the range of two different
experimental sets.
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Fig. 12. The temperature dependence 𝐷(𝑇 ) calculated with Eq. (3) from MSD in model samples with the vacancy in the initial Ta position.

Fig. A.1. The potential functions in form of cubic splines describing interactions between Ta atoms in the POT_Ta potential. 𝛷(𝑅) at 𝑅 < 𝑅𝑍𝐵𝐿 has the form of a Coulomb screened
pair potential in Ziegler–Biersack–Littmark (ZBL) form [42] and is a fifth-degree polynomial in [𝑅𝑍𝐵𝐿, 𝑅𝑚𝑖𝑛].

Fig. A.2. The potential functions in form of cubic splines describing cross interactions between Cr and Ta atoms in the POT_CrTa potential.
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Table 3
Defect properties of bcc Ta and C15 Cr2Ta in comparison with experimental and DFT
data: 𝐸𝑣𝑎𝑐 (0) - vacancy formation energy in bcc Ta at 0 K, 𝐸𝑚

𝑣 - vacancy migration
energy, 𝑄𝑑𝑖𝑓𝑓

𝑣 - self-diffusion activation energy, 𝐸𝑓
⟨110⟩, 𝐸𝑓

⟨100⟩, 𝐸𝑓
⟨111⟩, 𝐸𝑓

𝑜𝑐𝑡, and 𝐸𝑓
𝑡𝑒𝑡 -

interstitial atom formation energies, 𝐻𝑣𝑎𝑐
𝐶𝑟 (0) and 𝐻𝑣𝑎𝑐

𝑇 𝑎 (0) - Cr and Ta vacancy formation
enthalpies in Cr2Ta C15 structure at 0 K calculated according to Eqs. (5) and (8).

Property POT_Ta Exp. DFT

𝐸𝑣𝑎𝑐 (0), eV 2.99 2.20-3.10a –

𝐸𝑚
𝑣 , eV 1.29 0.70-1.90a –

𝑄𝑑𝑖𝑓𝑓
𝑣 , eV 4.28 3.56-4.12b –

𝐸𝑓
⟨110⟩, eV 6.75 – 5.55c

𝐸𝑓
⟨100⟩, eV 6.92 – 6.04c

𝐸𝑓
⟨111⟩, eV 6.03 – 4.82c

𝐸𝑓
𝑜𝑐𝑡, eV/atom 6.66 – 6.08c

𝐸𝑓
𝑡𝑒𝑡, eV/atom 7.26 – 5.86c

Property POT_CrTa Exp. DFT

𝐸𝑣𝑎𝑐
𝐶𝑟 (0), eV/atom 1.051 – 1.716d

𝐸𝑣𝑎𝑐
𝑇 𝑎 (0), eV/atom 6.773 – 5.862d

aRef. [43].
bRef. [44].
cRef. [45].
dThis work.

Table 4
Melting point 𝑇𝑚, melting heat 𝛥𝐻𝑚 of bcc Ta, and formation enthalpy 𝛥𝑓𝐻(1693) of
C15 Cr2Ta Laves phase at 1693 K in comparison with experimental data.

Property POT_Ta Exp.

𝑇𝑚, K 3291 ± 20 3290a

𝛥𝐻𝑚, kJ/mol 18.7 36.6a

Property POT_CrTa Exp.

𝛥𝑓𝐻(1693), eV/atom −0.088 −0.093b

aRef. [48].
bRef. [49].

In Fig. 6, the phonon dispersion curves of bcc Ta in comparison with
experimental data are shown. The dispersion curves of the phonons
were calculated with the PHONOPY package [31,53] using a 128-atom
superlattice.

As it can be seen from Fig. 6, the potential POT_Ta predicts the
phonon dispersion curves in the low-frequency region in good agree-
ment with the experimental data. This is consistent with the good
reproduction of the elastic constants of bcc Ta; see Table 1. On the
whole, good agreement was obtained between the calculated and ex-
perimental values of frequencies along the symmetric directions of the
Brillouin zone.

Summing up the results of testing of POT_Ta and POT_CrTa inter-
atomic potentials, it can be concluded, that they should be suitable for
modeling the diffusion in C15 Cr2Ta Laves phase as they reproduce its
oint defect properties in a qualitative agreement with DFT data.

.2. Results of calculation of diffusion coefficients in C15 Cr2Ta

As it was mentioned in Section 2.3, to establish the diffusion mech-
nism and calculate diffusion coefficients in C15 Cr2Ta Laves phase, we
alculated MSD of atoms in model samples without any vacancies, with
vacancy in Cr position, and with a vacancy in Ta position of Cr2Ta

attice in the temperature range from 1473 K to 2273 K with the step of
00 K. To calculate MSD, we used the samples with 1536 lattice nodes
nd anneal them for 30 ns with 2 fs timestep (15 000 000 timesteps) at
ach temperature using the NPT ensemble.

The analysis of MSD in the Cr2Ta samples without vacancies showed
s, that there is no diffusion in them at all temperatures in the studied
ange since after 30 ns annealing, the atoms in all model samples were
9

isplaced on distances not larger than interatomic distance. f
Table A.1
Parameters specifying the cubic splines that comprise the potential functions of the
POT_Ta. The first part of the table lists the number of knots 𝑁 for each spline and
the range of the spline variables 𝑡𝑚𝑖𝑛 and 𝑡𝑚𝑎𝑥. The second part of the table gives the
values at equally spaced spline knots defined by 𝑡𝑖 = 𝑡𝑚𝑖𝑛 + (𝑖− 1) ∗ (𝑡𝑚𝑎𝑥 − 𝑡𝑚𝑖𝑛)∕(𝑁 − 1).

i t 𝑡𝑚𝑖𝑛 𝑡𝑚𝑎𝑥 𝑁

𝛷 𝑟 (Å) 1.8 6.2 30
𝜌 𝑟 (Å) 2.0 6.2 25
𝐹 �̄� 0.0 25.0 10
𝑓 1 𝑟 (Å) 2.0 4.5 15
𝑔11 𝑥 −1.0 1.0 10

i 𝛷(𝑟𝑖) (eV) 𝜌(𝑟𝑖) 𝐹 (�̄�𝑖) (eV) 𝑓 1(𝑟𝑖) 𝑔11(𝑥𝑖)

1 12.35707499 1.00000000 0.00000000 1.00000000 0.62266212
2 8.59184587 0.98587865 −4.99614499 0.99814950 0.57723992
3 5.62628574 0.90887988 −8.48547576 0.98460629 0.48307245
4 3.61411410 0.76459257 −11.17487934 0.94616154 0.39583083
5 2.22604474 0.58633584 −14.13906125 0.87154397 0.30610401
6 1.13710227 0.40652175 −17.81561535 0.75889218 0.17043216
7 0.29143033 0.24956059 −21.88968284 0.61723756 −0.06730240
8 −0.30624073 0.12946259 −25.49263151 0.46571989 −0.47443181
9 −0.70021737 0.04953448 −27.50553953 0.33162758 −0.97767731
10 −0.94237038 0.00374371 −27.88212062 0.23302305 −1.22962748
11 −1.05711365 −0.02129224 0.16183130
12 −1.05615745 −0.03818141 0.09766398
13 −0.97175796 −0.05427488 0.03975243
14 −0.85041315 −0.07141853 0.00633911
15 −0.73533930 −0.08610671
16 −0.64944525 −0.09303372
17 −0.59698889 −0.08942609
18 −0.56777289 −0.07563357
19 −0.54266332 −0.05530090
20 −0.50413140 −0.03418348
21 −0.44265298 −0.01692710
22 −0.35916878 −0.00598631
23 −0.26404762 −0.00122060
24 −0.17153138 −0.00007905
25 −0.09513326
26 −0.04230901
27 −0.01301094
28 −0.00182761
29 0.00005600
30 0.00000000

In Figs. 7 and 8, the averaged dependencies of MSD from modeling
time at temperatures from 1473 to 1973 K are shown for the samples
with vacancies in Cr and Ta initial positions, respectively. At temper-
atures higher than 1973 K in some samples the dependence of MSD
versus time was non-linear indicating that at these temperatures the
phase transitions can take place. For this reason, we do not include the
information about MSD obtained at temperatures higher that 1973 K
for calculations of diffusion coefficients.

The analysis of MSD of atoms in the samples with vacancies in Cr
and Ta initial positions showed us that diffusion coefficient 𝐷𝑣𝑎𝑐1

𝑖 (𝑇 )
almost does not depend on sublattice where the vacancy was initially
formed. In Figs. 9 and 10, the temperature dependencies 𝐷𝑣𝑎𝑐1

𝑖 (𝑇 )
calculated from MSD of atoms in samples with vacancies in Cr and
Ta initial positions are shown. It is seen that values of 𝐷𝑣𝑎𝑐1

𝐶𝑟+𝑇 𝑎(𝑇 ) and
𝑣𝑎𝑐1
𝐶𝑟 (𝑇 ) are very close, while the values of 𝐷𝑣𝑎𝑐1

𝑇 𝑎 (𝑇 ) are several times
maller in both cases. This indicates that Ta atoms change their initial
veraged positions much less than Cr atoms with time. Thus, it can be
oncluded that diffusion is governed by Cr atoms even in the case when
a vacancy was initially formed. For this reason, we do not consider
urther the diffusion of Ta atoms as their contribution to the total
iffusion is negligible.

To calculate 𝐷(𝑇 ) with the account of vacancy concentration, we
sed Eqs. (3) and (4). First, we estimated only enthalpic contribution
o the vacancy concentration and diffusion coefficients using the values
f 𝐻𝑣𝑎𝑐

𝐶𝑟 (0) and 𝐻𝑣𝑎𝑐
𝑇 𝑎 (0) from Table 3 and neglecting the 𝑆𝑣𝑎𝑐 term in

he Eq. (4). Then, we estimated the influence of temperature depen-
ent vibrational contributions to the enthalpy and entropy of vacancy
ormation and hence vacancy concentration and diffusion coefficients.
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Table A.2
Parameters specifying the cubic splines that comprise the potential functions of the
POT_CrTa. The first part of the table lists the number of knots 𝑁 for each spline and
the range of the spline variables 𝑡𝑚𝑖𝑛 and 𝑡𝑚𝑎𝑥. The second part of the table gives the
values at equally spaced spline knots defined by 𝑡𝑖 = 𝑡𝑚𝑖𝑛 + (𝑖− 1) ∗ (𝑡𝑚𝑎𝑥 − 𝑡𝑚𝑖𝑛)∕(𝑁 − 1).

i t 𝑡𝑚𝑖𝑛 𝑡𝑚𝑎𝑥 𝑁

𝛷12 𝑟 (Å) 1.7 5.8 30
𝜌12 𝑟 (Å) 1.85 5.8 25
𝜌21 𝑟 (Å) 1.85 5.8 25
𝑓 1
12 𝑟 (Å) 1.85 4.2 15

𝑓 1
21 𝑟 (Å) 1.85 4.2 15

i 𝛷12(𝑟𝑖) (eV) 𝜌12(𝑟𝑖) 𝜌21(𝑟𝑖) (eV) 𝑓 1
12(𝑟𝑖) 𝑓 1

21(𝑟𝑖)

1 8.74407469 0.99962800 0.96794558 0.86934085 0.79273299
2 6.31575439 0.98520800 0.96403037 0.86592476 0.77373160
3 4.26939431 0.90662479 0.94187066 0.84448387 0.67221968
4 2.81655397 0.75951217 0.89738398 0.79353993 0.48526428
5 1.80583658 0.57802046 0.83622624 0.70846169 0.26527993
6 1.04399929 0.39550257 0.76459600 0.59478365 0.07200324
7 0.48237976 0.23729700 0.68794381 0.46674765 −0.04760151
8 0.10412671 0.11825016 0.61122792 0.34391094 −0.07898482
9 −0.13688611 0.04220941 0.53859475 0.24870441 −0.05330146
10 −0.28763221 0.00319331 0.47218491 0.18927323 −0.01746897
11 −0.37193039 −0.01259398 0.41158005 0.14763072 0.00434013
12 −0.39820839 −0.01858253 0.35496217 0.09863457 0.00887985
13 −0.38255222 −0.02321099 0.29990336 0.04309324 0.00343669
14 −0.34781453 −0.02953124 0.24439589 0.00716443 0.00032983
15 −0.31496401 −0.03526146 0.18800401
16 −0.29453814 −0.03623655 0.13209190
17 −0.28736406 −0.03058735 0.07997140
18 −0.28760149 −0.01916771 0.03606885
19 −0.28559411 −0.00550371 0.00394800
20 −0.27321684 0.00557808 −0.01443725
21 −0.24666812 0.01094872 −0.01975644
22 −0.20713709 0.01001523 −0.01549836
23 −0.15998153 0.00507856 −0.00716980
24 −0.11212442 0.00091102 −0.00122599
25 −0.07022287
26 −0.03819055
27 −0.01688169
28 −0.00517848
29 −0.00065763
30 0.00000000

The obtained temperature dependencies of 𝐷(𝑇 ) with and without
vibrational contributions on the concentration of vacancies are shown
in Figs. 11 and 12.

The influence of lattice vibrations on vacancy formation has an
opposite effect for Cr and Ta vacancy. If we do not take into account
the lattice vibrations, the diffusion coefficient is several orders of
magnitude higher if Schottky vacancy in Cr position is formed. The
situation changes drastically with inclusion of vibrational contributions
to the enthalpy and entropy of vacancy formation. Now, the main con-
tribution to the diffusion in the C15 Cr2Ta lattice is from Ta vacancies
but governed by movement of Cr atoms.

Summarizing our findings, it can be concluded that the diffusion in
the Cr2Ta Laves phase with the C15 structure is mediated by Cr atoms
which cannot move without initial creation of vacancies.

4. Conclusions

In this work, the interatomic potentials for modeling diffusion in
the C15 Cr2Ta Laves phase were constructed within the N-body ap-
proach [23] and thoroughly tested.

The potential for Ta–Ta interactions reproduces the lattice param-
eter, cohesive energy, elastic constants, equation of state, thermal ex-
pansion, point defect energies, and phonon dispersion of body-centered
cubic Ta in qualitative agreement with DFT data and almost quanti-
tative agreement with available experimental data in the temperature
10

range of stability of C15 Cr2Ta Laves phase.
The potential for Cr–Ta interactions reproduces the elastic con-
stants, point defect properties, equilibrium volumes, and formation
enthalpies of Cr–Ta structures in qualitative agreement with DFT data.
Also, it reproduces the lattice stability and high-temperature formation
enthalpy of C15 Cr2Ta Laves phase in very close agreement with the
available experimental data.

The calculations of diffusion coefficients with constructed potentials
showed that diffusion in C15 Cr2Ta lattice is governed by Cr atoms
which cannot move without creation of vacancies.

The constructed potentials can be used in further investigations of
diffusion processes in Cr–Ta phases at temperatures up to 2000 K, while
the obtained results on diffusion coefficients in C15 Cr2Ta Laves phase
would be useful in the rational design of Cr–Ta based alloys.
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Appendix A. The potential functions describing Ta-Ta and Cr-Ta
interatomic interactions

Tables A.1 and A.2 contain parameters specifying the cubic splines
that comprise the potential functions of the POT_Ta and POT_CrTa.

Figs. A.1 and A.2 illustrate the potential functions of the POT_Ta
and POT_CrTa in graphical form. They have smooth dependencies on
the arguments, which indicates that there is no overflow in the number
of optimized parameters with the used base of target values.
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