Journal of Mathematical Sciences (2024) 280:672-691 q
https://doi.org/10.1007/510958-024-06911-w S

updates

ON A SINGULAR HEAT EQUATION AND PARABOLIC BESSEL
POTENTIAL

Khitam Alzamili' - Elina Shishkina'?

Accepted: 11 January 2024 /Published online: 2 February 2024
© The Author(s), under exclusive licence to Springer Nature Switzerland AG 2024

Abstract

The main goal of this paper is to analyze the solution to the singular heat equation. A singular heat equa-
tion is the parabolic equation, where the Laplace-Bessel operator acts by spatial variables. We study its
fundamental solution as well as the solution to the Cauchy problem. Also, we give semigroup properties for
singular thermal potential, construct fractional powers of the Laplace-Bessel operator using Balakrishnan
formulas, and consider parabolic Bessel potential. Finally, we prove the boundedness of the parabolic Bes-
sel potential.
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Introduction

This paper consists of seven sections. In the first section, we give a brief overview of the results on non-classical para-
bolic equations and describe the content of the article. In the second section of this paper, a brief background is presented.
We define weighted L; spaces, generalized convolution, Hankel transform, Fourier-Bessel transform, and others. The third
section contains properties of fundamental solution to the singular parabolic differential equation (Ay)xu(x, 1) = u,(x, 1),
where

A, = ;Bn )
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is Laplace-Bessel operator, B, = =t 4 Sol= 1, ...,n. In the fourth section, we prove theorem concerning properties
i X X; 0X;

of the solution to the Cauchy problem for the multidimensional singular heat equation. The fifth section contains theorem
about semigroup properties of singular thermal potential. As a conclusion, we can construct fractional powers of Laplace-
Bessel operator using Balakrishnan formulas. Finally, in the sixth section, we consider parabolic Bessel potential, obtain
its boundedness, and provide a connection with an iterated singular parabolic differential equation. The seventh section
is the conclusion.

Operator Eq. 1 and singular elliptic problems were considered in [1, 2]. The classical theory of parabolic equation can be
found in [3]. Non-classic parabolic equations arise from different practical problems. For example, generalizations of dif-
fusion equation have attracted a growing interest due to its widespread applications in anomalous diffusion processes [4],
and non-classic parabolic equation is used to describe physical phenomena such as non-Newtonian flow [5]. The connection
of parabolic equation and its generalizations with Markov processes with continuous paths, called diffusion processes, has
been studied extensively, for example, in the [6—8]. Quasilinear parabolic equations arise in soil mechanics [9]. A stochastic
analogue of the linear Oskolkov equation, which is a non-classical equation connected with a parabolic equation, was studied
in [10]. Non-classical boundary value problems for the parabolic equation emerge in heat conduction [11]. Pure mathemati-
cal interest to the asymptotic behavior of the solution to non-classic parabolic equation was demonstrated in [12], where the
Cauchy problem for a degenerate parabolic equation with inhomogeneous density was studied. The paper [13] was devoted
to properties of sets of initial-value functions providing the stabilization of Cauchy problem solutions for parabolic equations.
Solutions of a direct problem for a stochastic pseudo-parabolic equation with fractional Caputo derivative are investigated in
[14]. The classical parabolic potential was considered in [15].

Preliminaries

Suppose that R" is the n-dimensional Euclidean space,

Ri={x=(xl, cx,) €RY x>0, ... ,x,>0},

y=(y,....7,) 1s a multi-index %onsisting of positive fixed real numbers y;, i=1,...,n, and |y|=y,+...+y,. We deal with
%9

i=1,..,n
x‘ axl’ b 2

Laplace-Bessel operator A, = Y B, ,where B, = ;—; +
i=1 i

Next, we give some definitions (see [16]).

Let L;([Ri) = L;, 1<p<oo be the space of all measurable in [R’jr functions even with respect to each variable x;,i =1, ...,n

such that
/ [F)Px"dx < o0,
RY

n

where and furtherx’ =] x?". For a real number p > 1, the L;—norm of fis defined by
i=1
1/p

Wl = W1, = / FPdx

It is known (see [1]) that L; is a Banach space.
LetQ Cc R} U {x; =0,i = 1,...,n} and mes, (Q) be weighed measure of Q:

mes, () = / xVdx.

Q

For every measurable function f{(x) defined on R”, we consider
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u,(f, 1) =mes, {x € RY 1 |[f(x)] >1} = / X' dx,
{x: [f)[>1}*

where {x : |[f(x)| >t}T={x € R% : [f(x)] > t}. We will name the function p, = u,(f, 1) as weighted distribution func-
tion [f (x)|.

Space LQ(R’L):L& is defined as a set of measurable on R* and even with respect to each variable function f(x) such as

Il sy = Wllso, = es55up, /O] = inf (1, (F,a) = 0} < co.

xeR’

By the Chebyshev inequality, we have

oty < Vo IlfII )

Norms of the spaces L; and L’ are connected by the following equality:
1l = lim 171,

Let L}l' e (X)s X C R be the space of all functions integrable with the weight x” on compact subsets in X:

fe Ll IOC(X) = / f(x0)|x"dx < oo.
X

Let Q be finite or infinite open set in R" symmetric with respect to each hyperplane x,=0,i =1, ...,n, Q, = QN R’ and
Q =Qn IR” where R” ==, x)ER, X, 20, .., x, 20}, We deal with the class C™(€2,) consisting of m times
dlfferentlable onQ, functlons and denote by C"(£2,) the subset of functions from C™(£2, ) such that all derivatives of these
functions with respect to x; for any i = 1, ..., n are continuous up to x;=0. Class Cfv(ﬁ ) consists of all functions from

C"‘(Q ) such that =L = (O for all non-negative integer k < mT_l In the following, we will denote Cﬁ,(@’i) by C'. We

k+l
x2 x;=0

i

set
C2(Q,) =NC"(Q,)

with intersection taken for all finite m and OCSS(@ ) =Co. Let E‘:j(ﬁ ) be the space of all functions f eC:j(ﬁ +) with a
compact support. We will use the notation C 2(5 +):Dev(§ )

The space of weighted generalized functions ’DLV(IR'jr) = D;V is a class of continuous linear functionals that map a set
of test functions f € D,, into the set of real numbers. Each function u(x) € L?loc will be identified with the functional
u € D, (RM) =D, acting according to the formula

(u.f), = / ux)fx)x"dx,  f€D,,. 3)
R

Generalized functions u € D;v acting by the formula Eq. 3 will be called regular weighted generalized functions. All other
generalized functions u € D;v will be called singular weighted generalized functions.
Weighted delta-function 6, € D’ev is defined by the equality

0,,®), = p(0), px) €D,,.

The generalized convolution has the form

(%), = ( g), = / FONT )0 dy. @



Journal of Mathematical Sciences (2024) 280:672-691 675

Here, }’T)yc is the multidimensional generalized translation
Yy — Y —(NT VaTVa
(TN = "Tf ) = ("I " T f)(x),

iT."is the one-dimensional generalized translation
i

("A@)=t

b
2 2 o yi—1
x/f(xl,...,xi_l,\/xi + 7 = 2,y COS @y Xpy s -5 X,) SINT @ dep;.
0

Here, y; > 0, i=1, ..., n. For y; = 0 the one-dimensional generalized translation * T; is given by OT))(;"

P o /Ad
volution Eq. 4 is adapted for operator A,. We put C(y) = 7" 2 11 M

5

Let p.g.r € [1,c0)and s + = =1+ 1.1f f € L, g € L], then (f * g), and

= JEHE)  op-
> .

NG My < I, gy, ®)

Normalized function of the ﬁrs} kind j, is j (x) = @ J,(x), where J, is the Bessel function of the first kind (see [17]).
For x € R", we set j, (x,&) = [ i1 (x,£), j,(0,8) = 1.
=1 2

Multivariate Hankel transform of function f EL}I'([R{’J’r) is

F,[f(0)1&) = F,[f()]() =) = / J0J, (xé)x" dx. ©)
R
Fourier-Bessel transform of function f GLT(IR'J’r X (—00, 00)) 18
FB [f(x’ t)](g’ T) = / /jy(x, f) . ei”f(x, t) x" dxdt. (7)
—oo R}

We also need formulas

Stn)|, = /xde= = 8)
ST, ()
2

St

n
v+l
1r(s)
/ §, (e ro)e? dS = S — i (rlxD), ©)
2n—11"(”+|7|> 2
Stn) 2

where S;'(n) is a part of a unit sphere with a center at the origin belonging to R’}:
Sfm={xe R : x|=1}U{xeR" : x;=0,|x[<l,i=1,..,n}.

We will use the notation f,, = f to denote {f,, } uniformly converging to f.
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Fundamental solution to the singular heat equation

Consider the following function

2
1 e it > 0
E (x,1) = —{ ;
Y n .
)0 it <0, (10)
2l [H:1r(7>

A number of remarkable properties of Eq. 10 are gathered in [18]. Among them are the following:

1. Forallx e IR’jr, t > 0 function Ey (x, 1) can be estimated using the power function:

0<E,(x,f) < ——

ntlyl ’

r 2

where C, , is some constant;
2. Forallx e Ri, t > 0 function Ey(x, t) is a solution of the singular heat equation

(A))ulx, 1) = u,(x, 1). (11)

The function E, (x, ) is called a fundamental solution of Eq. 11. In addition, the following properties of Eq. 10
are valid.

Lemma 1

1. The Hankel transform Eq. 6 of the function E,(x,1) by x € R',, 1 > O is
(F),[E, (x, D], 1) = . (12)

2. Fourier-Bessel transform Eq. T of the function E, (x,1) by (x, 1), where x € R, 1 € R is

(Fp) [E,(x, 01, 7) = (|€]* —it)™". (13)
3. Lets>0,t> 0. Generalized convolution Eq. 4 ony(x, t) with Ey(x, nbyxe R'}r is
Y Yy —
/Ey(y, UTE,(x,0)y'dy =E,(x,t+5). (14)
RY

4. Forall € > 0, we obtain integral estimate

/ (T E, (x, D)p(y)y’dy| <

_ley2
e 4 b |§0(Y)|y7d)’- (15)
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Proof

1. Let(r, o) be the usual spherical coordinates, then, using formula Eq. 9 and integral 2.12.9.3 from [20], we get

(F,),[E, (x, 0], 1) = / E, (x,1)j, (x&)x dx =

R}
Cn,y k2 . y
=< /e J, X dx={x=ro} =
2
R}
o0
C’W -z n+|y|-1 .
=—0 [ exr™"dr [ j,(ro,{)e" dS =
t2 :
0 St
[s9)
21 n=ly|
= e ]n+|,| (gDl =
n+|7|
0
oo
1 2 ntlrl
T e WS (r|EDr2 dr =
@) lg s :
1 2 —t|§|2| |n+\y| -2 n+2H e
t+M n+\r| -1 '
(ZI)

2. Using spherical coordinates (7, ) and formula (12), we obtain

(FB)x,t[Ey(xs t)](gs T) = / /jy(xs 5) : e_iITEy(xs l) X dxdt =

_ n
o R}

(o]
= [ et = e - oy
0

3. Fort > 0, we have

(F)), / E,(y,)("TE,(x,1) y'dy =
R

= (F)[E, (x, DI, O(F)),[E, (x, )], 5) =

= oM sIER — =l
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Therefore,

/ E,(y,5)('TE,(x, 1) y'dy = (Fy);‘e—“ﬂ')'f'z =E,(x.1+5).

R,

4. Lett>0, p=(p,, ..., B,), (xy cos f)=x,y, cos f,+...+x,y, cos f,. For integral I= f (TE,(x, 1)p(y)y” dy, we obtain

1- ff_E = / / exp (= [le? + P = 2(xycos )] )x

2lrl HF R”

i=1

xo() [ [ sin"™" B, dpy" dy.
i=1

Changing variables of integration by

¥1 =y; cos fi, Y, =y, sinf,

V3 =y, cos f, V4 =yasingy, ..., (16)
’)72n—l =Vn Ccos n» ’)72n =Yu sin n>
gives
_n iyl - N
I=f—2t_ 2 /exp( (|x— 1+ )(p@)Hy dy,
20! gr(g) i
where

V=0, ¥2) =Y
Y =01, Y35 s Yono 1)
y 2623;49 ---’yZn)s

y
50 =05 T (o 432, )

and ﬂii” ={JeR>”:5, >0,i=1,..,n}. Since 2|(x,y")| < élxl2 + ¢[y’|?, then for all € > 0, we obtain

~ ~ ~ 1 ~
=5 = W = 2665 + P 2 (1= 7 )+ (1 - ol an
exp (=5 (k=T P+ F'P)) <

< exp(—$<(1 - é>|x|2 +A-oF P+ FF)),

and
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1 ~/ ~I ~ . i~
x/exp(—z((l—s)w P+ 57P) ) 1a6) [ <
i=1

m2n
R

1—¢,~ ~ ~ T
x/exp (—4—t(|y’|2+Iy”Iz))Iquy')IHyg} dy.
. i1
i

Returning back to the old variables y=(y,, ..., y,), we get

_n 1 l—1)|x|2
T 2 e4r(e
[ < s o X
i 2
2| F(E)
i=1
T V4 n
1—¢
x//.../e‘T'Y'ZI(p(y)IHSm”_lﬂidﬁiyyd)’=
R0 0 i=1
1 eﬂg_l)lx|2

Here, we took into account that

/.../l_Isin”"_1 ﬂidﬁi=ﬂ§ —21
B B i+
0 0 i=1 i=1 F(T)

(see [16]). This completes the proof. O

Function E, (x,7) is singular at the origin; thus, this fundamental solution for the heat equation is a generalized solu-
tion in D) (R").
The function Ey(x, 1) is non-negative, vanishes for ¢ < 0, is infinitely differentiable for (x, #) # (0,0), and is locally
integrable in R”*!.
Let us consider spherical coordinates x = ro in R?, where r = 1/x7 + X3 + ... + 12,6 = (6}, ..., 0,),

0| =C0S @,

0, =sin ¢, cos @,

03 =sin @, sin @, cos @5

0,_, =sin@, ---sin@,_, cos @,_,

0, =sing, ---sing,_,sing,_;.
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When x”dx = r*I/1=1 67 dS Writing the integral [ E, (x, ))x” dx in spherical coordinates:{x = ro'} and using Eq. 8, forz > 0,
R

2 b2
/Ey(x, OxX'dx = ————— / e wx'dx =
vitl

we obtain the following:

o0
_ ) 5
S /e_Zr"”V'_ldr/ o’dS =
‘ +1
2l HF(%) 0 St

i=1

i I
= —i : .2n+lyl—1r<n+2|y| )t% el =1.
2l Hr(m)
i=1 2

So we get the averaging property of the kernel £ (x, 7):

/Ey(x, Hx'dx = 1.
R}

Also, we have

E(.0)—6,0), t—=+0 in D (R").

Generalized convolution and non-homogeneous singular heat equation

The solution to the Cauchy problem for the singular heat equation is obtained by convolving in the sense of Eq. 4 the
fundamental solution E, (x, r) with the initial data by variable x. The solution to the Cauchy problem for the inhomogene-
ous singular heat equation is constructed by the Hankel transform method.
Using properties of E, from “Fundamental solution to the singular heat equation,” we obtain the following result.

Theorem 1 If ¢(x) is a continuous function on R’ satisfying for some constant a > 0 to the inequality

A= /e_“|X|2|¢(x)|x7dx < 00, xeRY,

(18)
R}
then the generalized convolution Eq. 4, taking by x:
(Glo)x) = (E, * @), (x) = / E,(, 00 Tp)x)y"dy = / (TE, (x, 0)e(y)y" dy (19)
R" R"

is defined for all (x,t) € Rix[O, T\, T = ﬁ, indefinitely differentiable on IRiX(O, T, and has an even continuation by each

variable x|, ..., x,,.
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The following properties are valid:

(G} @)(0)| < C,,(A)expalx|?) for 0 <t < g = é, C,,(A) is some constant,
(Ay)x(G,y(ﬂ)(x)=%(Gly(ﬂ)(x)for0 <t<T,;

3. (Gl @)(x) tends to @(x) uniformly on each compact subset of R as t tends to zero from the right: (Glo)x) = p(x),
t — +0.

Proof Let us notice that generalized translation VT)yC is self-adjoint with weight x” (see [16]), so

(G )x) = (E, * @), (x) = / (PE, () )y dy
J

and since t < % we can take € > 01in Eq. 15 such that

€
— =a,> e=1-4at

4t
That gives
yy v 1 e —aly? 4
('TE,(x,10)p(y)y dy| < - g e o(y)y dy.

i 2lrlnr<%) ]
Whereby Eq. 18 yields

a | |2
e 1-4at

(G p)0)|= / (TE, (. 0)p )y dy| < — T

R” 2|7|HF<%) re
=l

L2
A e 4T-n

() 0)
i=1 2

It was taken into account here that T = 4— This estimate and the form of E (x t) give that (Gy(p)(x) is defined for all
(x,1) e R" ><[0 T, T =— and indefinitely differentiable on IR” X[0, T], and has an even continuation by each variable
Xy eees Xppe

For0 <t < 8— from Eq. 20, we get property 1. Property 2 follows from the fact that function E, (x, 7) is a fundamental
solution of Eq. 11.

Applying change of variables Eq. 16 and using the same notations as in Lemma 1, we obtain

(G p)(x) =

n

T 2 _ntlyl ~ ~ z —1
=———+1 : /exp( (lx Y+ Y ))w@H)’; dy,
21 HF<§> o i=1

i=1

where [ﬁ{i” ={yeR> :5, >0,i=1,..,n}. In order to show property 3, we split the integral defining (G’ ¢)(x) into two
parts
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(Gl P)x) = ————— (I + 1),
2171 Hr(%)

i=1

where

ﬂ'_g _n+lyl ~ ~
[ =— T (__ 72+ II ) ’
e [exo (-3 (=52 45 (p@)Hy

ll;[]r(;) A,

71'_% _ntlrl 1 _ -
Lh=——"——1" /exp(—4—t(|x Y2+ )(p@)Hy 4y,
Vi
2MEF<5> 2,

A ={’§Eﬂi2n . |X ~,|2+|N"|2S 1}’3 — {’ielﬁZn . |)C ~I|2+|~//|22 1}
+ +

We show that |, = (p and/, 30 fort — +0 on each compact subset of R'}.
Substituting x =5’ = /1. 5" ='\/1.z2=(Z.7") € R, 7 (zl,z3,. o Zon_1)s 2" = (29, 245 s Zp,) N 1, We obtain

-3 _l? ‘ —1
h=—— [ e Ve VD [[ 4
i i=1
2|7|;|;|1:F<5){Zeﬁinlzlsj}

For|z| < — \/ the function @(x — z \/; 7' \/— 1) is uniformly bounded. Returning back to the old variables y=(y,, ..., y,,), we
get

2
I, = + / e "T;ﬁyqo(x)y’dy.
y;i+1
2l7 l].;{r(T){yERi:'»‘"SL}

Vi
The properties of the generalized translation (see [21]) give VT;/;V @(x) = @(x) for t - +0. We should calculate
_b2
/ e vydy={y=rb}=

o< L
{vemry:pi< )

1 n 1
Vi Hr(L“) 1%

r i— 2 r
=/e_72r”+|7|_ldr / f7ds = —— " /e‘fzr’”'”"dr;
n— n+
/ 2eir (=) )

Stn) 2

here, we use Eq. 8. Since

1
7
lim [ o5 -1y = g ( 221V
t—+0 2 ’
0

after elementary calculations, we get

I = + / e YT,}”ycp(x)dey = @), t — +0.

Irl ﬂ)
2}/ EF( 5 {)ER” blSL\[}
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Now, let us consider 1,. Splitting the exponential into two equal parts, taking into account that|x —5'|? + [y"'|* > 1, we
obtain

2 _ntlyl
Ll < ————1"% x

2 fir(:)

n
1 1 v ~ —
x [T T g Ty <
i=1

B

+

3
<

;l' :;M_/ __(Ix_} |2+W|)| G’)|H)’
wIr(2) 7

i=1

By Eq. 17 we get foralle > 0

exp (= (=3 P+ 5'P) ) <exp (= (1= 1 )P + A= F P+ F'F) )

Putting € = 1 + 8at, we can write

7[_2 e_xle_sl(l_l>|x|2 e . 1
1 4 € 1— e ~ yi—
TARS . — /e (-0 P+ )l(p@')l HyZi dy <
2l71 Hr(%) t2 B, i=1
i=1

71'_% €_$8_§(1_Z)|X|2 U E )
< n v tn+M / | ®)|Hy =
7l 4 2
2l i1;[1r<2> 4

— |2

_n -1 _ X n
_ T 2 e 8te 1+8ar —alflz ~ Vi_l
-2 e GO | B
Vi t 2 i=1
zmnlr(E) i i
=

_n L 4 y2
T 2 e 8 e 1+8ar

x| s n
—aly|? |~ yi—1 _
n ntly| /6 abt |(p®|Hy2, d;—
2|y|le<§> t o P

i=

<

1 a 2
1 e se 1+8a Il 2
- g e~ | p(x)| X' dx =
217! HF<%H) 1 o

+
i=1

<

“se T
— . 1 Ae Sen+|71|s 30’ t—>+0_
vitl 12
2'7'HF< : )

i=1

This completes the proof.
Operator G/ is called singular thermal potential with density ¢ = @(x).

Corollary 1 Let Q be a bounded simply connected domain in R’ and ¢ be a continuous and bounded function in Q, then
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u(x, 1) = (G p)x) = (E, * 9),(x) = / E, (5, D0 T p)(x)y’ dy
Ry

is a solution to the Cauchy problem for the multidimensional singular heat equation

(A,)ulx, 1) = u,(x,1),

{ u(x,0) = @(x). @h

Cauchy problem for the multidimensional singular heat equation was studied in [22].

Using the fundamental solution E, (x, 1) of the operator (A,), — %, one can construct a solution to the equation
(A))ulx, 1) — u,(x, 1) = f(x) (22)

with an arbitrary right-hand side f. More precisely, if f € D;v is such that the generalized convolution (E, (x, ) * f(x)),
exists in D;v, then the solution to equation Eq. 22 exists in D'ev and is given by the formula (Ey(x, 1) x f (x))y. This solution
is unique in the class of weighted generalized functions from D;v for which this generalized convolution exists.

Semigroup view to singular thermal potential and Balakrishnan formulas

Let us consider the operator G/ defined by Eq. 19:

(Glp)(x) = / E,0,0( T @)(x)y"dy = / (T E, (x, 0)p(y)y’ dy.

R” R"

+ +

For ¢t > 0, this operator acts
G} : C,(R") - Cy,(RY),
where Cb(IR’fr) is the class of bounded continuous functions, admitting even continuation by each of the variables x,, ..., x,,.

Theorem 2 Let Q be a bounded simply connected domain inR!,, ¢ € C,(R?), then G @ satisfies semigroup properties

1. Gio=o,
2. Gly]HZ(p = G,y1 OGZ(p.

Proof By Corollary 1, we get G| ¢ = lim0 Gl @ = @,i.e., G, = I is the identity operator.
=+
Using properties (7.1), (7.3), and (7.5) from [21], we get

/ ("T2E, (v, 1)) TEE, (x, 1)) ' dz = / ('DE, (2, 1)) (' TE, (x,1,)) 7' dz =
R”

n
R

= / E,(z1)("T ' TE,(x, 1)) 2 dz = / E,(zt)("T ' TiE, (x, 1)) 2/ dz =

R’ R”

=T / E,(z.1)("TE,(x,1y)) 2/ dz = ("TE, (x, 1, + 1,)).
RY

14

Now, we compute G,

directly using Eq. 14
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(G 4, @)x) = / E,(. 11 + )T o))y’ dy = / (TE, (.1, + 0)(y)y dy =

R”

+

R}

= / o) / ("T2E, (x 1)) (T2, (v, 1) &/ dz ' dy =

= / ('T°E, (x,1,)) / ("TE, (. ))p )y dy |7 dz = (G, oG, ().
n J

That gives semigroup property 2 for G/, which completes the proof. O

So G[y is a semigroup R”. Let function u(x, t) satisfy (Ay)xu(x, t) = u,(x, t). If the initial values u(x, 0) = @(x) imply that

.ou(x, ) — u(x, 0)
lim ———————=
t—>+0 t

u,(x,0) = (A,),u(x,0) = (A,),@(x).
Since solution u(x, r) = (Gf(p)(x) we have
.1
Jim ~(G] = Do = (A,),0(0).

So A, is the infinitesimal generator of the semigroup G} and G; A, ¢ = A, G| @, ¢ € D((A)),).
So taking into account the general semigroup theory, we obtain a contracting semigroup

Jp= / Ae™M G g ds, A>0
0

with the property llm J J’(p ®.

Now, we can construct the fractional powers of (—A )z in terms of the so-called Balakrishnan integral formula [23].
Namely, for representation the positive fractional power( A% a € (0, 1), in case of the infinitesimal generator A, of a
semigroup th, t > 0, we can use formula

@ 1 _e_
—-A =— [t G’ —Dedt.
(=4, ) / (G = De (23)
0
In the case a > 1, this formula can be written with the usage of “finite differences” (I — G,y)f ,C=lal+ 1:

Ap=—D [ -y
(-4)z¢ F(—a)Aa(l)/t I =Gy gdr, (24)
0

¢
4 o
— Y (_1)!L 1)L
Where Aa(l’ﬂ) - k§)( 1) < k > kz:( ) k‘(f k)'
The negative power of the operator (—A,) for a € (0, 1) can be defined by equality

_e 1 a_
(_Ay) Q= F_/ 12 IG;(pd[ (25)
0
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Parabolic Bessel potential

In this section, we consider the singular heat conduction operator of the form

0
Ty = _(Ay)x + E

and its negative fractional powers. The action of the operator 7, in the images of the Hankel transform takes the form
Fy(T,0(x, DI, 7) = (I€]° — in)Fglo(x, DI(E, 7).
So we can define the negative real power of 7, as
Tp(x,1) = Fy' (x> - i3 F4lpl,  a>0.

When a = 0, we get Tf(p(x, 1) = @(x, 1), so 7? = [ is a unit operator.
Let us consider the function

a—n—lr\_l _ﬁ .
E‘(x.f) = C. (« t 2 e« iftr>0; 26
(60 =Gy ){0 ifr <0, (26)

1
C,W(a) = .

a z 7 +1
2r($)TIr(%5)

It is easy to see (formula Eq. 10) that when a = 1, we get a fundamental solution E;(x, 1) =E,(x,1)of Eq. 11.
Using spherical coordinates (r, o) and Lemma 1, we obtain

Fp) [E; (X, D), 7) = / / §,(6,8) - e TEN(x, 1) X7 dxdr =

-0 Ri
< i
. e-ltT—T ’
=C,,(a) §y o6 O W dedi = (x =0} =
0 R re
(o] [s5)
e—il‘r 2
=Cn},((x)/ e /e_Er”Hyl_ldr / jy(ro,f)ay dslde =
’ |
0 r2 0 Sl+(n)

eSSy = (1€ — i) 2.

Il
Py
ois |
SN—
o\g

Therefore,
(Fp), [E2(x, DI(E 1) = (|7 = in)

and we can introduce parabolic Bessel potential for the function @(x, f) in the form
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(T;o)x, 1) = //E“(y, (' Tex. 1 — 1))y dydr =
—oo R

[s9)

://(YTzEg(x,t—T))Q)(y)yydydr.

—00 [RZ
If for r > 0 we consider generalized Gauss-Weierstrass integral of the form (see [18], formula (15))

il 1 .
Hjw)x) = -————— —— / e (T (x0)y dy,

1Y 2
Hr(i) L2 g
=1 N2 '

@7

we can write

[~

(T = —— [ ()01 - o).
r()4

It is remarkable that another potential, namely, generalized Bessel potential (see [19]), can also be represented as a one-
dimensional integral of the generalized Gauss-Weierstrass integral (see [18], formula (21)).

A linear operator A has strong type (p, q),, 1<p<o0,1<g<co it is defined on Lly), has values from Lg and and the following
inequality is valid:

where constant K does not depend on f. We say that a linear operator A is an operator of weak type (p,q),
(I<p<oo,1<g<oo)if

KU, \?
1 (Af. D) < (T”> . Ve,

where K does not depend on fand 4, 4 > 0.

If g = oo, then a quasilinear operator A is an operator of weak type (p, ¢), when it has strong type (p, g),.
Marcinkiewicz’s interpolation theorem was proved in general form in [24]. Here, we give a special case of this theorem,
adapted for estimating integrals with power-law weights.

Theorem3 Letl <p,<q;<o0,(i=1,2),q, #¢,.0<7 <1, —=p— + pi $=q— + q— If A is a linear operator of weak
1 2 1

type (py,4,), and of weak type (p,, q,), with norms K, and K,, respectivy, then A is an operator of strong type (p, q), and
Af 114, < MK TKZIIf 1], (29)
where M = M(y, T, py.Ps. 41, 49,) and does not depend on f and A in any other way.

Theorem 4 Potential T;p, a > 0, where ¢ € L"(R"“) converges absolutely forO < a <n+ |y| +2and1 <p < ”+|7|+2

Proof Let without loss of generality ¢(x, #)>0 and
1/p

ool = /|<p<x,r>|f’x’dxdr -1

n+l
R
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Taking some fixed number y > 0, we can decompose E;'f(x, t) as

EX(n,0) = "EX(n D) + PEN (1) + CEN(x D) + CEN(x, D),

where
E*(x,t) if |x| £ pandt € (0, 1);
lEtl ) = y
FED=9 if | > g
E*(x,t) if |x] <pandt>1;
2 ra
E*(x,n =14 7 ,
y 1) {o if | > p,
E%*(x,1) if |[x] <pandt e (0,1);
3 pa
E*(x,n) =14 7
y 1) {0if|x| > u,
E%(x,1) if x| >pand?t > 1;
4 ra
E*x,) =14 7
y (60 {Oif | < u.
‘We have
(T = (To)x0+CTo)x 0+ CTo)x 1)+ (T o)(x, 1),
where

(T o)(x,10) = / / E} (v, D) (" Thp(x,t = 1)y dydz,  j=1,2,3,4.

_ n
o R

The integral ( 1’]‘;(p)(x, 1) converges absolutely almost everywhere for (peL{(IR’fl) because O<a:

(T )| <

a—n—|y| -1 - b2

< Cn,y(a)/ / 72 e w |("Tolx,t — )|y dydr <

0 {yeRY:lyl<u}

1 )
anlyl _ 2 _ a_
Sconst/‘r P ldf/e iyl 1alr:const/z-z ldr < o
0 0

0

Here, we used the fact that

[s5)
0

(T o) | <

(30)
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1

< Cn’y((x)/ / Trt—nz—lrl 2

e v |("Tox,t — 1))|y'dydr <
0 {yeR}:|yl<u}

1 0 1
a—n— \yl a_
§cons/ 1dr‘/ T prlr- 1a’r—const/rz ldr < o
0 0

0
The integral (>7%)(x, t) converges absolutely almost everywhere for €L’ (R"+!) because 0<a<n+|y|+2

|CT o) 0| <
a-n—|y y|
< Cn,y(a) T 2| l_l _I_ |(yTy(P(X t— T))ly}/dyd’[ <
1 {yeR} :lyl<u}

a=n— M_
< const/ ldr < .
1

The integral ( 3’]"(p)(x t) converges everywhere since for a function (pELy(IR”“) by the same reason as (! 7% qo)(x 1).
Let (peLV([R"“) +5 = = 1. Using Eq. 5, we obtain

o

, anlyl _
1T @), iy, < const/ r( 1) dr < o
1
sincel < p < '”'Zi Thus, theorem is proved. O
Theorem 5 The operator Ty is bounded from U’(IR”“) to LV(IR”“) wherel < p < "+|7|+2, q= ;iﬁlazzfp
1ol <Cuyllell,,
Proof To apply Marcinkiewicz’s theorem, we prove that the operators T;: ’I; 3’]"’ and T" 2T”+ 4T’ (see (30)) have
weak types (py, q,), and (p,, q,),, where py, gy, p,, g, such that - p—’ + i,é =
1 2 1

an estimate for

— + — 0 < T < 1. For this, we obtain

sup A, (*T, 0, )"/ =

0<A<oo

— sup ,1<mes,{(x,z) e R L |[(FTp(x,1)] > ,1})
0<A<oo v
For this, it suffices to estimate

mes, ((x,) € R ' To(x, 0| > 4},  j=1,2,3,4
and apply inequality

(€29

mes, {(x,1) € R 1 JA+B| > 24} <

689
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<mes, {(x,)) € R™ : |A| > A} + mes, {(x,n) € R™" : |B| > A}.

But estimates for Eq. 31 are obtained from Eq. 2 and from theorem 4. Thus, the proof follows by the Marcinkiewicz
interpolation theorem 3. O

Parabolic Bessel potential can be used to solve iterated non-homogeneous equation

(.- %)mu(x, H=fa.n., meN.

Conclusion

In this paper, we constructed and studied a solution for the singular parabolic differential equation (Ay)xu(x, 1) = u,(x, 1),
where Ay = 21 B}'.- is Laplace-Bessel operator, By[ = % %%, i = 1, ..., n. Using fundamental solution, we define singular
thermal potelntial which is a solution to the Cauchy problem for the multidimensional singular heat equation. We obtained
semigroup properties of operator G’ and constructed fractional powers of (—A,) using Balakrishnan formulas. The last
section of this paper deals with the description of the negative real power of a singular parabolic operator. This operator
is called parabolic Bessel potential. The singularity of this potential is generated by the singular Bessel differential opera-
tor. The boundedness of this potential is proved here. The approach to the study of parabolic Bessel potentials involves

the Fourier-Bessel transform and the Marcinkiewicz interpolation theorem.
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