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ON RECOVERY OF THE SOLUTION TO THE CAUCHY PROBLEM
FOR THE SINGULAR HEAT EQUATION
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Abstract. We present the results related to the solution of the problem of the best recovery of the
solution to the Cauchy problem for the heat equation with the B-elliptic Laplace—Bessel operator in
spatial variables from an exactly or approximately known finite set of temperature profiles.

Keywords: Laplace—Bessel operator, optimal recovery, Fourier—Bessel transform, heat equation, sin-
gular equation.

1. Introduction

It is well known that the temperature distribution in RY is described by the equation

8u_
ot

where A = 92/0x2 + ...9%/0z2 is the Laplace operator in RY.

The authors of [13] state the following problem. Let temperature distributions u(-,¢1),...,u(-,t,) be
known at moments of time 0 < t; < --- < t, that are given approximately. More precisely, functions
y;(+) € Lo(RYN) are such that |ju(-,t;) — Yi( ) pymyy < €5, where g5 > 0, j = 1,...,p. For each set of
such functions, we want to obtain a function in Lo (]RN ) that best approximates the real temperature
distribution in RY at a fixed time 7 in some sense. In [14], the problem of restoring the temperature
of a pipe from inaccurate measurements, closely related to the one described above, is considered.

We study a similar problem for a singular heat equation with the Bessel operator [2, 6-12, 16-18, 22,
24]. Features of the above type arise in models of mathematical physics in cases where characteristics
of media (e.g., diffusion characteristics or thermal conductivity characteristics) have degenerate power-
type inhomogeneities. In addition, such equations lead to situations where isotropic diffusion processes
with axial or spherical symmetry are studied.

It should be noted that the problem under consideration is closely related to the problem of restoring
powers of the Laplace operator from an incomplete spectrum considered in [15, 23]. These results were
transferred to the case of the Laplace—Bessel operator in [19, 21].

Au+ f(x,t),

2. Prerequisites
Let RY = {z = (2/,2"), 2'=(21,..., %), ¥"=(Tns1, ..., 2N), 21>0,...,2,>0}, v = (91,---,Vn),
n
ve = (3 — 1)/2, (") = T[] z¥, v > 0, kK = 1,...,n. Let Q" denote the domain adjacent to
k=1

hyperplanes 1 = 0, ..., 2, = 0. The boundary of the domain Q7 consists of two parts: I'"", located
in the part of the space R, and I'y, belonging to hyperplanes 1 =0, ..., z, = 0.
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Let L) (2%) denote the linear space of functions such that
1/p

fligon = | [ 1@ @yde] <.
O+

Let Q ¢ RY be the union of sets QT and Q~ obtained from QF symmetrically with respect to the
space 2’ = 0.

Let 2F be an internal subdomain of Q1 adjacent to the boundary Iy, all points of which are at
a distance of more than e from the part of the boundary I'" of domain Q7. Then the domain Q7 is
called a symmetrically internal (s-internal) subdomain of Q.

Let L;J ..(Q27) denote the linear space of functions such that

/ |f(x)P (") do < +o0
Q+

for any s-internal subdomain QF of Q.

Let Dey(27) (Eer (1)) denote the set of all restrictions of even functions with respect to variables o’
from space D(Q) (space £(2)) onto the set Q. Topology in the space D, (27) (in the space E,(21))
is induced by the topology of the space D(€2) (of the space £()). By definition, Dey = Dey(RY). Let
Sy denote the linear space of functions ¢(x) € CS5(RY) decreasing as |z| — oo together with their
derivatives faster than any power of |z|~!. Topology in S, is introduced in the same way as in the
space S (see [4, 10]). The space dual to Dey(QT) (Eeu(27), Sew) with its weak topology is denoted as
DL, (QT) (£L,(QT), S.,). The following relations hold: D., C Se, C S., C DL.,,.

The action of the functional (distribution) f on the test (main) function ¢ in all three cases is
denoted as

(f(@),0(x)), = {f(x),p(x)) . (2.1)
The index « is sometimes omitted if this does not cause confusion.
We identify each function f(z) € L], (Q7) with a functional f € D.,(Q") using the formula

1,loc

(f (@), p(x)) = /f(l’)w(l’) ()" de, (2.2)
O+

and we call such functionals regular. All other functionals from the space D., (1) are called singular.
However, although Eq. (2.2) cannot be extended to singular functionals similarly to [3], besides from
notation (2.1), it is possible for all functionals (including singular ones) to use notation (2.2).
An important example of a singular functional in D, (Q7F) is the weight d-function ¢, (x) defined
by the equality
(04(2), @)y = #(0).

The mixed generalized shift is defined by the formula
Tf(x) = [[TH f @' 2" o),
i=1

where each of the generalized shifts 77! is defined by the formula (see [11])

T Yit+1
(TY f)(xz) = (% ) /f Tlyenny Tio1, \/:1322 +y? — 22y, cO8 O, Tig1, ..., oy | sin?’ e da, (2.3)
D= e
n
i=1,...,n, and the product [] T¢* is understood as a product (superposition) of operators.

k=1
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The generalized convolution of functions f, g € LV(RJF) is defined by the formula

(f * 9)s / F )T g() ) dy. (2.4)

It feD,, gel

L, then the generalized convolution (f * g)~ of such distributions is defined by the
equality

(f *9)y(@), 0(2))y = (f (1), (9(2), T o(2))7)y, (2) € Dey. (2.5)
The j-Bessel function of order v is defined by the formula

[e.e]

L 2T(v+1) _ (—1)mz2m
gnlz) = 2Y Ju(z) =Tl +1) mZ::O 2mmIl(m+v+1)’

where I'(+) is the Fuler gamma function, and

ot (_1)mz2m+u
Tu(2) = Z 2mtv mIl(m + v+ 1)’
m=0

is the Bessel function of the first kind of order v.
Direct Fp, = Fp = F, and inverse Fg{y = F§1 = Fv_l mixed Fourier—Bessel transforms are
defined by the formulas

Faglola'-a")(©) = [ o) [] du(@ae "¢ (o ds
Rx k=1

= 2m)N 2V T T2 (o + D FE L [(a!, —2")](€), (2.6)
k=1

where
m/'€/:m1€l+"'+mn€n7 x//'é‘//:xn+l§n+1+---+xN§N7‘V‘ :V1+---+Vn'

The Parseval-Plancherel formula is valid for the Fourier—Bessel transform (see [7]):

n
lellzy = @MY "2 [T T2k + DII@ly, @ = Falel.
k=1

The Fourier-Bessel transform is defined and invertible for functions of Se,(RY) (see [7]).
Below we use the notation

II = (2r)N 22 f[ (v + 1). (2.7)
k=1

The B-elliptic operator Ap (the term and notation introduced by Kipriyanov in [8]), also called the
Laplace—Bessel operator, is defined by the formula

n 82 P N

k=1 :n+1

where B,, = B, -, is the Bessel operator acting on the variable z;, by the formula

u vy, Ou ., 0 ou
B, u=DB, . u= — o 0% 2.9
kY kY o3 * 1, Oxp, Tk Oz, <xk 8$k> (2.9)
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We also note useful relations that include the Fourier—Bessel transform and the generalized shift
operator (also see [7]).

Fg [T20(2)] (€) = [T junGrn)e™™"¢" Falo(2)](€), (2.10)
k=1
TYFp ()] () = Fp | [[ g Eun)e” € 0() | (x). (2.11)
k=1
TY6,(x) = 6,(y), (2.12)
Fp [Apu()] (€) = —|€[2Fp [u()] (£). (2.13)

3. Problem Statement

Consider the Cauchy problem for the equation

(?;: =Apu, zeRY, t>0, (3.1)
with the initial condition
u(z,0) = up(z), =e€RY. (3.2)

We assume that ug(-) € LJ(RY). The only solution to this problem for the case N = n = 1 was
obtained in [24]. It is expressed by the following formula, which generalizes the well-known Poisson
formula:

u(z,t) = Brug(-)(z,t) = 27;1/ / ' ug(n) I, (Zj) exp <_772 1;3:2) dn, (3.3)

Ry
where
o Z2m+l/
I =
v (2) mz::l 22mtvmIT(m +v + 1)
is the modified Bessel function of the first kind of order v, I'(:) is the Euler gamma function. For
N > n > 1, the explicit representation of the unique solution to problem (3.1)-(3.2) has the form

u(w,t) = Prug(-)(w,t)

1 —n)* =2 . v kLK
- 2N7r(N—n)/2t(N+”)/2:E”/ eXp< ’ 77| : >1;I< L (n; )) uo(n)dn.— (3-4)

N
R+

Formula (3.4) can be obtained by applying the Fourier—Bessel transform. However, there is no point in
presenting the method for obtaining this formula here since a more general formula for the differential-
difference equation was obtained in [18].

Consider the following problem. Let the functions y;(-) € L3(R%Y) be known at moments 0 < #; <

- < t, and

lu(t5) = wiCOllyey) <€ 7=1- 0,0,

wheree; >0, 7 =1,...,p. It isrequired to assign a function from Lg(RJF) to each such set of functions.
The assigned function has to best approximate the true temperature distribution in Rf at a fixed
time 7 in some sense. For the case N =n = 1 this problem is considered in [20]. In this paper, we set
N>n>1.

Following [13], any mapping m : L (RY) x - -+ x LJ(RY) — LI(RY) is called the recovery method
(of temperature in RY at time 7 according to the data). The value

e(r,e,m) = sup flul, 7) = my() Ol g @),
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where y(-) = (y1(-), .-, yp(+)), € = (€1, .-, &p)s
U = {(uo(-),;y(-)) : wo(-) € L3(REY), y(-) € (L3RD))?, ul- ;) - YiOllyeyy <€ J=1,--.,p},
is called the error of this method. The value

E(t,e) = inf e(t,e,m)
mi(L3 (RY))P— L3 (RY)

is called the optimal recovery error. The method m, for which
E(T7 E) = e(T7 57 m)?

is called the optimal recovery method.

4. Problem Solution
Let P, : LJ(R) — L3 (RY) be the operator defined by formula (3.4):

1 |x _ 7]|2 — 27" . 7]// n vt Nk
PruoC)(@,8) = g vy /2y ()20 / () exp <_ At 11 ("ﬂ L. ( 2t )) dn,

=1
RY "
t > 0 be a fixed value, Py be the identity operator.
Let 7 > 0. Consider the following problem:
I Prato () ey — max (4.1)
1Pt uo() |y myy € €55 G =1..,p, uolr) € LY(RY). (4.2)

A function that satisfies condition (4.2) is called an admissible function for problem (4.1)-(4.2).
Let S denote the upper bound of HPTUO(')”L;(Rf) with condition (4.2).

Lemma 4.1.
E(r,e) > S.

Proof. Let ugp(-) be an admissible function for problem (4.1)-(4.2). Then —ug(-) is an admissible
function for problem (4.1)-(4.2). For any method m : (L (RY))? — L3 (RY) we have:

2[[Pruo()ll Ly ey = 1Pruo(-) = m(0)(-) +m(0)(-) — Pr(—uo(-)ll Ly @)
< [1Pruo() = m(0) ()l ) + [m(0) () = Pr(=uo()lly )
< 2 sup [ Prug(-) = m(0)()ll 3y < 2 sup [[Pruo(-) —m(y() ()l g @y)-
uo(-)ELF(RY) v
1Py 0 gy S€1 3=

On the left-hand side of the resulting inequality we pass to the supremum of admissible functions, and
on the right-hand side we pass to the infimum over all methods. This step completes the proof of the
lemma.

Using formula 6.633 (4) from [5], one could easily verify the validity of the equality
Fy[Prug(-)](€) = exp(—[€[*) Fyuo(€).

Therefore, according to the Parseval-Plancherel theorem for the Fourier—Bessel transform, the square
of the value of problem (4.1)-(4.2) is equal to the value of the following problem

i [ €M B () d — max. () € LYRY), (43)

N
RJr
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1 _9l£]2¢. .
o G L A (4.4)
&Y
Let us move from problem (4.3)-(4.4) to an extended problem (according to the terminology in [13]).

In order to do so, replace II™1 |Fyug(€)|2¢2 71 d¢ by a positive measure du(€). As a result, we obtain
the following problem:

/ e~ 2T dp(§) — max, (4.5)
Y
/ e 2P tdue) <€ j=1,....p. (4.6)

N
RJr

Any measure that satisfies conditions (4.6) is called admissible for problem (4.5)-(4.6). An admissible
measure dji(§) such that

_ole2r g~ _olel2r
[ e i) —max [ 2 duge), (4.7)
RY RY
where the maximum is taken over all admissible measures, is called a solution to problem (4.5)-(4.6).
The Lagrange function for this problem has the form

2 d 2
L)) =0 [ ) + 0 | [ e Pdue) -2 |,
RY R

where A = (Ao, A1,...,Ap) is a set of Lagrange multipliers. Extended problem (4.5)-(4.6) is solved
in [13]. For the sake of completeness, we rewrite this solution slightly changing the specific values to
suit our needs. On the two-dimensional plane (¢,y) construct the set

M:co{<tj,log<;>>j:1,...,p}—I—{(t,O):tZO},

where co A denotes the convex hull of the set A. We introduce the function 6(¢) on the ray [0, +00)
by the formula
0(t) = max{y : (t,y) € M},

assuming that 0(t) = —oo if (t,y) ¢ M for all y. The graph of the function 6(¢) on the ray [t1,+00) is
an upward-directed convex (concave) polygonal chain. Let t; = t,, <t,, < --- <5, be its vertices.
Obviously, {ts, <ts, <--- <ts,} C{t1 <ta<--- <t,}.

There are three cases to consider.

(a) Let 7 > ¢; and there be an inflection point of the function #(¢) to the right of 7. Suppose that

T € [ts;,ts;,,)- Let dii(§) = aﬂTf&)&y, where parameters A and &y are determined from the conditions

[ i) = AP — =y s (4.8)
7Y
From condition (4.8) we obtain:

A = e/ (e —tag) —2ay [ty —tsy)
- S]' Sj+1 )

&of? loges; /e, log(1/es;,,) —log(1/es;)
0 = = .

bsjpa — Ls, bsjin — Ls,
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Let Xo = —1, Xk = 0, k # sj, $j+1. In order to find the values Ag;, A
needed. Let

s;11» Some preparations are

p
F) =X+ Ne 2=,

j=1
Suppose that f(]&[*) = f'(]€[*) = 0. Then we obtain a system of linear equations for Ay, A

Sj+1°

_ 2 _ _ 2 —
)\Sje 2|£O| (tsj T) +)\5j+1e 2‘50‘ (tsj+1 T) = 17

As;(ts; — 7)6_2‘50|2(t5j 4 Asjpr(tsjin — 7’)6_2‘50‘2(tsj+1 -7) — 0,

whence we obtain

A = t5j+1 - T <58j+1>2(T—ts].)/(tsj+l_tsj)
Tt — sy \ s
A T — 15 < €5, >2(ts]+1 7—)/(tsj+1 ts])
Sj+1 t8j+1 — tS] 68j+1
For a measure dji(§) we have
) £d.7X:£dA,7X7 »
G020 (dp(), A) = L(dp(-), A) (4.9)
Xj / o 2lE1%T du(§) — E? =0,j5=1,...,p. (4.10)
N
+

Hence, for any admissible measure dyu (&)

Dividing by XO < 0, we get
/ 26T g1y < Ry / o201 g (4.11)

RY RY
Let
log(l/ESjH) — log(l/esj)
p(t) = h ;
Sj+1 T U8y
The line y = p(t) passes through points (t,,log(1/es,)) and (ts;,,,10og(1/es;,,)) and lies at least below
the graph of the function y = #(¢). For the obtained values A and |£,|? we have:

(1~ t,) +log(1/zy,).

/ e8Pt gp(e) = Ae2ol*t = 2 —t)/ (bejq —tsy) Ati—ts;)/(bajiq—ts;)

sj Si+1
RY 20(t; 2log(1/e; 2
) < o) Z 2 o1,y
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This means that dji(€) is an admissible measure for the extended problem (4.5)-(4.6) and is its solution.
If we substitute dpi(§) into the functional defined in (4.5), we get the value of problem (4.5)-(4.6), which
is also a solution to problem (4.3)-(4.4):

/ o 2lE1%T di(€) = Ae— 2160l — Eij(_t%'ﬂ_T)/(t5j+1—tSj)Ei(_::tSj)/(tSj+1_tSj) — o20(7) — —20(7)
RY
This means that the value of problem (4.1)-(4.2) is equal to S = e~%(").
(b) Let 7 > tg,. If the graph of the function y = 6(t) is a straight line, then ¢, = ¢;. In this case,

we set \g = —1, A\s, = 1, /)\\Sj = 0, where j # o, dji(§) = 27¢,,0,(§). Obviously, condition (4.10) is
satisfied. In addition, for all £ € ]Rf , the inequality
FEP) = =14 26 > 0

holds and the equality f(0) = 0 is valid. Therefore, condition (4.9) is valid as well. The equality
(t) = log(1/e,,) is an identity on the ray [t,,,+00). Therefore, log(1/e;) < log(1/es,).j = 1,...,p.
Hence,

[t dpie) = 2, = st

RY
Therefore, the measure dpi(§) is admissible for problem (4.5)-(4.6) and is its solution. The value of
this problem is obtained as follows:

/ e~2IEPT g5ie) = &2 = o—2108(1/255) _ ,—20(1)
Y
This again means that the solution to problem (4.1)-(4.2) is equal to S = e~%(7).

(c) Let 7 < t;. For arbitrary yo > 0 there exists a straight line defined by the equation y = at + b,
a > 0, dividing the point (7, —yo) and the set M. Moreover,

—at —yo > b > —atj +log(l/ey;), j=1,...,p.
Let A= e~?". Choose & € RY such that |¢|?> = a. Then
Ae7HoPt <22 =1 p.

This means that the measure dj(§) = ZL"nygO () is admissible for problem (4.5)-(4.6) and Ae~ 260l >

e?¥0. Due to arbitrariness of yo > 0 the value of problem (4.5)-(4.6), as well as the solution to prob-
lem (4.1)-(4.2), is equal to +o0.
In all three cases, for all 7 > 0, the optimal recovery error is estimated from below as E(1,e) > e 0,
Let 7 > t1 and Xl, . ,Xp be the Lagrange multipliers from cases (a), (b) for such values of 7.

Lemma 4.2. Let the problem
p
™ NP, o) — 55Ol yy — min, uo() € L3(RY), (4.12)
j=1

have the solution to(-) = To(+,y(*)) for a set of functions y(-) = (y1(-),- .., yp(-)) € (LI(RY))P. Then
for all o1,...,0p, the value of the problem

1Pruo(-) = Priio(-) |7y — max, uo(") € LI(RY), (4.13)
1Pt u0() = yiOllyeyy < o5 d=1,-..,p, (4.14)
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does not exceed the value of the problem

1P uO()IILv(RN) — max, ug(-) € LI(RY), (4.15)
p

Z Al Py o (- Hm ®Y) Z (4.16)
J=1 J=1

Proof. The zero Fréchet differential of a convex smooth objective functional from (4.12) at the point
uo(+), i.e., the equality

23" N /x'v(Pt to(x) — y;(x)) Pyyuo(z)da = 0, (4.17)

Jj=1 ]RN

is a necessary and sufficient condition for achieving the minimum of this functional on the function
uo(+). Taking this equality into account, one could easily obtain

p p
> A0 =3O e Z 3112 u0() Py in Ol ey + 3 M8 8C) — 50012 e
j=1 j=1

Let the function ug(-) be adm1551ble for problem (4.13)-(4.14). Then

p
> A1) = u Oy, = ZMWO - 0Oy
]:

M-

Il
—

SRy () — 3,02 ey
j
P P

<3 MRy u00) ~ 5O ey, < 3 Ao

j=1 j=1

This means that the function ug(-) — uo(-) is admissible for problem (4.15)-(4.16). The value of
functional (4.13) on the function ug(-) is equal to the value of functional (4.15).

Lemma 4.3. Values of problems (4.1)-(4.2) and (4.15)-(4.16) coincide for oj =¢;, j=1,...,p.
Proof. Using the Parseval-Plancherel equality, we move from problem (4.15)-(4.16) to the problem

/ e 2P dp(§) — max, (4.18)
Y
P , R
> Aj/ e 2Kl dp(e) < > Ned, (4.19)
J=1 Rf J=1
where
1

d,u(f) = 22'/F2(V + 1) ‘F7u0(€)|2§2u+1 d¢ > 0.

The Lagrange function of this problem has the form

2 P > 2 P >
La(dp(-),v) = v / e du(e) + o | N / e 2 hdu() = N |
. <

N - N
RY RY

where the set v of Lagrange multipliers has the form v = (vy,r1). From the fact that the measure
dip(€) that is a solution to problem (4.15)-(4.16) is admissible for this problem, it follows that it is
also admissible for problem (4.18)-(4.19). Let vp =79 = —1, v; =73 = 1. Then

oo Ly(dpu(-),v) = L1(dp(-),v) = ﬁ(dﬁ('),/\)debr(l.i)goﬁ(du(')d), (4.20)
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where U = (7, 71). Taking into account (4.10), we have

p p
Za Dy Aj/ e 2P ban(e) =Y N2 | =o. (4.21)
j=1

Jj=1 N
R+

This means that dji(€) is a solution to problem (4.18)-(4.19). Therefore, the value of this problem
is equal to the value of problem (4.18)-(4.19). It follows that the squared value of problem (4.5)-
(4.6) is equal to the solution of problem (4.15)-(4.16). Therefore, the values of problems (4.5)-(4.6)
and (4.15)-(4.16) coincide.

Let us now formulate and prove the main result.

Theorem 4.1. The equality
E(r,e) = e %)

holds for all T > 0.

(1) If 0 <7 < t1, then 6(1) = —oc0.

(2) IfT=ts;,j=1,...,0, then the method m defined by the formula m(y(-))(-) = ys,(-) is optimal.

(3) If 0> 2, 7 € (ts;,ts;,,), then the method m defined by the formula

A0 = (e, %5, 0) + @y 5,50, (422
where W, (-), ®s,, () are functions, the Fourier—Bessel images of which have the form

— €12 (T—ts,
(t3j+1 _7)5234.16 €% (T—ts,)

F’Y\Ils(é) g B , ) 7 (423)
J (b — T)Egﬁ-l + (7 - tsj)ggje 2l (taggr =ts;)
ot )2 e €T —2ts))
F’Y¢5j+1(€) = ( SJ) 55 124

€12 (ta. . —ts.)”
(tsj“ N T)Egjﬂ + (1 - tsj)ggje €15 (a1 —ts;)
18 optimal.

(4) If T > ts,, then the method m defined by the formula m(y(-))(-) = Pr—s,,ys,(-) is optimal.

Proof. Let T € [tsj sts;41)- It was shown above that one could choose a set of Lagrange multipliers such

that only the multipliers A, and Py are nonzero. Therefore, problem (4.12) takes the form

Sj+1
)\Sj ”Pt.Sj uo() - ysj(')”L;(]Rf) + )\8j+1 ”Ptsj-Jrl UO() - y8j+1(')HLg(]Rf) — min,

ugp(+) € LY(RY).
Let up(-) = uo(-,y(-)) be a solution to this problem. Then condition (4.17) is satisfied. For Fourier—
Bessel images this condition can be written in the form
Jj+1
> / &1(e M B 1o (€) — Fyys, (€)™ o Frug () dé = 0. (4.25)
K=] RJJX

Let

T —|€Pts, N — €|t
Fyip(§) = As; € . TEYs; + Asjpae § T EyYs (4.26)
TOEI= T g vy R et ‘
5;€ i+ )‘s]-+1€ i+

Then Eq. (4.25) holds for all ug(-) € LJ(RY). Let functions F,y;(), j = 1,...,p have compact support
for the set y(-) = (y1(-),-..,yp()) € (LJ(RY))P. Then function (4.26) belongs to the space L3 (RY).
Then the function g(-) = o(-,y(-)) defined by formula (4.26) also belongs to the space LJ(RLY)
and is a solution to problem (4.12). Compactly supported functions are dense in Lg(Rf ). Therefore,
functions with compactly supported Fourier-Bessel images are dense in Lg (Rf ).

167



Let functions ug(-) € LI(RY), y(-) = (11(-), ..., yp(+)) € (LI (RY))P satisfy inequalities
1P, 0() = g gy < &35 3 = Lo
Choose a sequence y*)(.) = (y%k)(), . ,y]gk)(-)) (LV(RN))Z’ k € N, such that functions F,Yy](-k)(-),
Jj =1,...,p, have compact support and ||y;(-) — y] ()||Lv (&) <1/k,j=1,...,p, k € N. Choose a

number k € N. There exists a solution (-, ()) to problem (4.12). Due to inequalities

~ k ~ k .
1P, 0() = 5 Oll gy < 1P, 00) = ) gy + 1950 =07 Ol igmyy S &5 +1/k 5 =1,...,p,
the function wg(-) is admissible for problem (4.13)-(4.14) with o; = 0j(k) = €; + 1/k. Let

p
a(k) = Z /

By Lemma 4.2 the value of problem (4.13)—(4.14) does not exceed the value of problem (4.15)—(4.16).
Substitute ug(-) = a(k)vo(-) into problem (4.15)-(4.16). Then this problem takes the form

a(k)|| Prvo(-) — Pruo(- )HL7 (RY) — TRAX, uo(+) € Lg(Rf), (4.27)

Mw

S,
Asj.
1

p

p
Z |Pt UO ||L’Y RN Z (428)

The value of problem (4.27)—(4.28) coincides with the value of problem (4.1)-(4.2) multiplied by a(k)
and is equal to a(k)e~%(). Since the function g (-) is admissible for problem (4.13)-(4.14), we have:

1Priiol) = Prito-y® ()l ey < alk)e™, (4.20)
Let Wy, (-), ®5,,,(-) be functions, Fourier—Bessel images of which correspond to (4.23)—(4.24):
2l (r—ts)

(ts, ., —T)Es. €
By, (6) = , L ety
(t5j+1 - )Egﬁ-l + (T —ts ')52-6 AR

(T —ts )E ety —2Es))

F“/(I)S j+1 (5) = )
Z9IE[2(te. . —ts.
] (Fs0 = T)Egjﬂ + (T - tSj)Egje 617 (ta41 —ts;)

Let 7 € (ts;,ts,,,). Fourier-Bessel images (4.23) and (4.24) of functions ¥, (-) and @, ,(-) belong
to the space of even infinitely-differentiable rapidly decreasing functions. Consequently, functions
VU, () and @, (-) belong to this space. In this case, we define a recovery method using generalized
convolution according to (4.22):

’fﬁ(y())() = (\IJS]' * yS]’)’Y(') + (CI)Sj-H * ysﬁ-l)“{(')'

Then

Ei(y® ())(€) = F, ¥ (Bl (€) + B0y (©F,y), (6) = e 7B,y ())(9).  (4.30)
Therefore,

Ay ™ ())(-) = Praio(-y™ ()(). (4.31)
If 7 = t5,, including the case 7 = 5,, then
Eyin(y™ ())(&) = Pyy®)(©) = e K Ryiig (-, y ™ ())(€) = Py (Priio(-, 3™ (1)) (),
and (4.31) holds as well.
Let functions u(-) € LI(RY), y(-) = (y1(), ..., yp()) € (L3(RY))P satisfy inequalities

1P, 1w0() = ys; (Ml Ly ey <€js 3= 1,-0,p.
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Then for all £k € N
P70 () = m (y () )l ey

< Prao(-) = i (3™ ) Ol gy + 17 @ ) C) = (OOl g ey
< |1Priio() = PriioC,y™ (Dl g @y + 1 (5™ ) ) = () Ol ey

< a(k)e™"™ + [ (4 () =y Oy ey

Passing in this inequality to the limit as k — oo, we get
~ ~ —0
1Prii() = @ (DOl ey < e,

In this inequality we pass to the supremum over all ug(-) € L3(RY) and y(-) = (y1(-),...,yp(")) €
(L3(RY))P such that ||Ptsjﬂo(-) - ij(')||Lg(R1+V) <¢ej, j=1,...,p. Then we get e(r,e,m) < e %),
Taking into account the lower estimate proved earlier, we get

e < E(r,¢) < e(r,e,m) < e ),

whence it follows that E(7,e) = e %) and m is the optimal method.
Let 7 > t,,. Then Ay, = 1, the remaining Lagrange multipliers are equal to zero. Problem (4.12)
then takes the form

| P2, uo() — ysg(')llig(Riv) — min.
Let functions Fy;, j = 1,...,p, have compact support for a given set y(-) = (y1(),...,up(*)) €

(L3(RY))P. Then a solution @g(-) = wo(-,y(-)) to this problem exists, and F,o(¢) = e‘S‘QtSQFVySQ.
Inequality (4.29) in this case is proved as before. Now we define the method m by the equality

W) = Pr,,- (4.32)

D

Then
Eym(y™ ())(©) = e 00 By, (6) = e Brio(, y ™ ().
It means that
m(y™()() = Prido (- y™ ().

Further reasoning is similar to the reasoning in the previous case.

5. Conclusion

In this paper, we transferred the results of [13] onto the case of a singular heat equation using
the methods developed in [1, 13-15, 23]. In [1, 14], the method for establishing a lower estimate of
the optimal recovery error was modified. It is reasonable to believe that this method can also be
transferred to the considered case of a singular heat equation.
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