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Abstract—We study the solvability of discrete elliptic pseudodifferential equations in a sector of
the plane. Using special factorization of the symbol, the problem is reduced to a boundary value
problem for analytic functions of two variables. A periodic analog of one integral transformation
is obtained that was used to construct solutions of elliptic pseudodifferential equations in conical
domains. The formula for the general solution of the discrete equation under consideration and
some boundary value problems are described in terms of this transformation.
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INTRODUCTION

Discrete equations arise in many fields of study and can look different. Thus, difference schemes [1]
and equations that the theory of difference potentials leads to [2] fall under this category. These
were developed for the approximate (numerical) solution of boundary value problems for partial
differential equations. However, in the 1960s, there appeared the theory of pseudodifferential op-
erators [3] and the corresponding theory of boundary value problems for elliptic pseudodifferential
equations [4]. The latter theory was further developed in [5]; this which subsequently led to sig-
nificant advances. Thus, the solvability of elliptic pseudodifferential equations in conical domains
was studied in [6-8|. Solutions were constructed for model pseudodifferential equations in simple
canonical domains using special factorization of elliptic symbols. However, from a computational
point of view, the obtained formulas are difficult to use and therefore there is a need to discretize
the results obtained. The concept of discrete pseudodifferential operators then appeared [9-11], and
some results [4] on solvability received a discrete interpretation. In [12, 13], a comparison of discrete
and continuous solutions in the case of a half-space was given, but additional difficulties arise in the
case of a quarter plane [14, 15]. This is due, in particular, to the fact that it is necessary to impose
additional conditions on the symbol of the elliptic pseudodifferential operator, ensuring the unique
solvability of the equation or boundary value problem. However, in this case it was also possible to
obtain a comparison of discrete and continuous solutions.

In this paper, we extend the methods developed in [8] to the discrete case in order to unify the
formula for constructing a general solution of a discrete elliptic pseudodifferential equation. Here
we will consider the two-dimensional case and apply discrete analogs of the integral transformations
introduced in [7].

1. DISCRETE FUNCTIONS, SPACES, AND OPERATORS

To make the presentation as closed as possible, in this section we gather basic information about
the object being studied and the mathematical concepts used.

1.1. Let Z* be an integer grid on the plane, h > 0,h = h™!. Let us denote by K, = {z €
R? : x = (x1,%2), T2 > an|r1]a, > 0} the sector with opening angle 2arctana,, where a, can
take values of the form n,1/n,n € N, K,, ;, = hZ?> N K,,. We work with discrete variable functions
Ud(i‘),if‘ = (i‘l,ﬂég) € hZZ

Let us denote T? = [—m,71]*,h = h™'. We treat functions defined on AT? as periodic functions
on R? with the fundamental period cell AT?2.

On functions u, of a discrete argument one can define the discrete Fourier transform

(Faua)(§) = ua(§) = Z " ug(T)h?, & € hT?

ZERZ?
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and a discrete analog of the Schwartz space S(hZ?) of infinitely differentiable functions rapidly

decreasing at infinity. Denote (? = h=2((e"% — 1)? + (e'"*2 — 1)?). Let us introduce the following
definition.

Definition 1. The space H*(hZ?) consists of discrete functions u,; and is the closure of the
space S(hZ?) with respect to the norm

1/2

o) ¢

lall, = / (1+12)° i

RT?

The space H*(K,, 4) consists of discrete functions in H*(hZ?) such that their supports belong to
the set K, 4. The norm in the space H*(K, 4) is induced by the norm in the space H®(hZ?).

Remark. In [11], this space was introduced as the space of discrete generalized functions and the
main properties of these functions were described. Here we rely on this approach, and by discrete
function we mean precisely a discrete generalized function.

1.2. Given a measurable periodic function A4(§) (called a symbol) in R? with the fundamental

period cell AT?, we can define a discrete pseudodifferential operator A, in the discrete sector K, q
by the formula

(Aqua) (@) = > 1 Vel C DSy (§) de, 7 € Kpa

GERT? o

The operator Ay is said to be elliptic if

ess inf }Ad(f)} > 0.

£ERT?

We consider symbols satisfying the condition

e (141D < JAa(©)] < ea(1+1¢2)*" (1)

with constants ¢; and ¢, independent of A. The number o € R is called the order of the discrete
pseudodifferential operator Ay.

It is well known that a discrete pseudodifferential operator A; with a symbol Zd(ﬁ) satisfying
condition (1) is a bounded linear operator H*(hZ?*) — H* “(hZ?) with a norm independent of h,
and a similar statement is true for the space H*(K, 4).

When studying the solvability of a discrete equation with the operator A, in the space H*(K,, 4),
the key role is played by the concept of periodic wave factorization of the symbol. For the definition,

we need some special domain in the two-dimensional complex space C?. A domain of type T, (K,) =
hT? + K, is called a tubular domain over the sector K,; we will use the properties of analytic

functions in the domain ¥, (k). Denote Kn {z €R?: x = (21, 22),a,72 > |71}

Definition 2. A periodic wave factorization for the elliptic symbol A4(¢) € E,, is its represen-
tation in the form
Ad(§) = Agz(§)Aa=(8),

where A, . (§) and A, —(§) admit analytic continuation in the tubular domains ‘Zh(f{n), Th(— Kn),
respectively, with the estimates

cl(l+\<2) < | Au (€ +i7)|§c’1(1+yé2\),
e (L4+1C) 7 < [Aue(§ —im)|
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and constants c;, ¢}, cs, and ¢, independent of h, where
y “1 ) 2 )

&2 = p2 ((e—ih(51+m) N 1)2) L = (61,6) €RT2, T — (11, T) GI*(n .

The number a € R is called the index of the periodic wave factorization.

2. DISCRETE EQUATIONS AND PERIODIC WAVE FACTORIZATION

To simplify the notation, we will consider here the homogeneous equation
(Adud)( ) - O T e Kn,d7 (2)

to study the solvability of which we assume the existence of a periodic wave factorization of the
symbol A4(&).

The scheme is standard, and we have used it repeatedly. We introduce an auxiliary discrete
function

Ud(i') = —(Adud)(:)?), T e th,
so that vg(Z) =0 for 7 € K,, 4.

Equation (2) is rewritten as a pair equation in the discrete space H*(hZ?), and the discrete
Fourier transform is applied to it,

Aq(§)ua(§) +va(§) = 0.

Next, periodic wave factorization is applied to the symbol A4(§) and the last equation is written as
Aaz(€)ua(€) = —AzL(6)va(6). (3)

Denote by H*(K) the Fourier image of the space H*(K). A detailed study of the left- and
right-hand sides of relation (3) leads to the following conclusion:

Agz(8)ua(§) € ﬁs_ae(Kn,d)a
A;L(f)ﬁd(f) € ﬁ[s_ae(hZQ \ Ky.a),

or, having applied the inverse discrete Fourier transform,

w(@) = (F ) ems (Aq2()1a(€)) € H T (K, 4),
WP () = (Fyems (A7L(€)0a(€)) € H ™™ (hZ?\ K,.0).

Thus, one of the functions wél) (Z) vanishes in hZ*\ K, 4, and the other, w((f) (Z), vanishes in K, 4.
For discrete functions uy(Z) defined on hZ?, we introduce the change of variables

gl = '%17
Y2 = Ty — an|j1|~
and the corresponding variable replacement operator T, acting according to the rule
(To,uq)(T) = Ud(v%th — Gn’i’ﬂ)-
Applying successively the inverse discrete Fourier transform and the operator T, to relation (3),
we obtain . )
(To,ws”) (@) = = (To,wi?)(@),

where (T, w(")(Z) vanishes on Z2 and (T, w'?)(), on ZZ . Therefore, this can only be a discrete

function concentrated on a discrete line hZ. The form of such a function is given in [11], according
to which

m—1

(Tanwd ce(z1) A( )5d (22),
k=0
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under the condition that & — s =m +¢,m € N, |e| < 1/2. Here d,4(z2) is a discrete delta function,
and A® is the difference quotient of the kth order [11].
Applying the discrete Fourier transform to the last formula, we obtain

3

(FdTanw((il))(g) = k(fl)@v G = T’

0

=
i

where ¢, are arbitrary functions in H**(hT), sy =s—eae+k+1/2, k=0,1,...,m — 1.

Introduce an operator V, = F,T, F;'. Tt is obvious that the operator V, is invertible
and V., ' =V_, .

Since the solution of Eq. (2) will be constructed in terms of Fourier images, it is desirable to know
what the operator F,;T,  looks like in Fourier images. Calculations lead to the following conclusions:

(FuTa,uq)(§) = lim Z e ug (T, Ty — an|dy|)h?

T—+0

TEhZ?
iF- iFg- -~ ~
— E he'*ré ( E e 252ud(x1,a;2 —an\xl\)h>
T1ERL To€ERZL
= E hel®é E el(y2+an|w1\)'§2ud(jbg2)h
T1ERL Y2 ERZ

after the change ¢ = Z3 — a,,|%1|. Then
(FuTu,ua)(§) = Y he™tretnlileq, (2, &),
T1ERZL

where ud(xl,fg) is the discrete Fourier transform with respect to the second variable. We
set Z, ={0,1,2,...}, Z_ =Z\ Z, and divide the last sum into two terms. Then

(FuTa,ua)(§) = Y he™Eren®li, () &)+ Y he™ &), (2, &)

T1 EhZJr T1€ERZ_
The last two sums were calculated in [9] for h = 1 using regularization by introducing a complex

parameter and applying the convolution property of the Fourier transform. As a result, we have
the expression

(gl + ang% 52) + ud(gl - an§2a 52)

(FdTanud)(g) 2
hm
h h + n - ~
—l—v.p.i/COt (& + ank m)ud(m,ﬁz)dm
T 2
—hr

hm
ih h(& — anés — -
— v.p.ﬂ cot & 262 m)ud(nh &) din.

—hm

Using the last formula, we can construct a solution of the discrete equation (2). Indeed, taking into
account the calculations carried out, we obtain

i4(6) = (2 &6 c2> . (4)
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3. SOLVABILITY THEOREM

In this section, we rigorously formulate the solvability theorem in order to subsequently move on
to a suitable boundary value problem.

Theorem 1. Let the symbol A4(§) admit periodic wave factorization with respect to K, with
an index e such that &« —s = m+¢e, m € N, |¢| < 1/2. Then the general solution Eq. (2)
in the space H*(K, 4) is given by formula (4), where ¢, are arbitrary functions in H®*(hZ),
sy=s—ae+k+1/2.

One has the a priori estimate

m—1
lualls <0 leils,
k=0
with a constant b independent of h, where [cy]s, denotes the H®*-norm on hZ.

4. DISCRETE BOUNDARY VALUE PROBLEM

Here we will consider the simplest case of m = 1, where there is only one arbitrary function in
the general solution. In expanded form, formula (4) looks as follows:

(1 — anéa) + Co(&1 + ans)

Ga(8) = 244,2(8)
hr
ih h(& —anés —m) .
+ Upm / cot 9 Co('r]) dn (5)
—hm
hm

ih / cot h(§ +anés — 1) .

—vp— ¢ dn.
b 47fAd,¢(§)7h 2 oltn)

An additional condition must be imposed for uniqueness. The following observation can be made
here. The right-hand side of formula (5) with & = 0 takes on a very simple form and formula (5)

looks as
Uq(£1,0) = ¢o(£1) Az L(&1,0). (6)
It immediately follows that, knowing @4(&;,0), we can uniquely determine ¢y(&;). We have
0(51,52) _ Z eii1§1+iiz€2ud(£1’£2)h2’
Fehz?
and then
W(61,0) = Y €T uy(F, E)h’ = Y N ( > ud(fcl,@)h> h.
#ehz? F1€hZ F2€hZ

If we denote

Z ud(ih,ib)h = gd(fm), (7)

To€ERZ
then formula (6) implies ¢0(&1) = Aa£(£1,0)ga(&1), and then

~ o Ad,#(él - an€27 O)gd(gl - an§2) + Ad,¢(§1 + angQ; O)Qd(él + an62)
uq(§) =

244.4(8)
hm
Zh h(& - an£2 - 77) ~
+ v-p-m / cot 5 Ad,#(na 0)ga(n) dn (8)
—hm

hm
th h(fl + an€2 - 77) ~
U'p.47TAd,¢(§)_Z cot 5 Aq£(1,0)Ga(n) dn.
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The above reasoning leads to the following result.

Theorem 2. Let the assumptions of Theorem 1 be satisfied, and let m = 1. Then for any
right-hand side g € H**Y/2(hZ), problem (2), (7) has the unique solution given by formula (8) in
the space H*(K,, 4).

One has the a priori estimate

lualls < blglst1/2

with a constant b independent of h.

Proof. Taking into account the above calculations, only the a priori estimate needs proof.
Indeed, according to Theorem 1,
luglls < blcols,,

and, since (&) = Ag,2(£1,0)ga(&1), we have
[cols, = [Ad,;é(gly0)9(1(51)]5_39_,’_1/2 < blglsi1/2

by virtue of the property of a pseudodifferential operator with symbol A, .(&:,0).

5. COMPARISON

Naturally, the question arises about comparing a discrete solution with its continual analog. In
this section we will look at this issue.

By the continuous analog of the discrete problem (2),(7) we will mean the following problem. One
is given a pseudodifferential operator A with a symbol A(), £ = (&1, &), satisfying the condition

e (L+1€)" < [A©)] < e(1+[€])",

and the corresponding boundary value problem

(Au)(z) =0, z¢€ K,, (9)
/ u(xy, o) dre = g(x1). (10)

It is assumed that the symbol A(€) admits wave factorization [5] with respect to K,

A(§) = Ax(§)A=(¢)

with an index ae such that 1/2 < &e — s < 3/2.
The solution of the boundary value problem (9),(10) was written in the paper [7],

_ A?é (51 - ang?) O)g(gl - an§2) + A#(fl + an§27 0).&(51 + anf?)

"= 24,(¢)
: . (11)
ot [ Asln 0l >dn i [ A0l >dn
QWA;&(f)_OO &1 — apés — 271'A¢(§)_Oc &+ anés —

Formula (11) is obtained by a reasoning similar to the above [7], with the reasoning involving an
arbitrary function Cy(&;) € H*~®+1/2(R) in the formula for the general solution

C’o(fl — a,&) + éo(fl + a,&2)
2A¢(f)

u(§) =

ol ol
27TA¢ 51 an§2 27TA7$ 51 + a7L§2
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1704 AFANAS’EVA et al.

which is determined from condition (10),

Co(&1) = Ax(&1,0)9(&1)- (13)
Being given the boundary value problem (9),(10), we select a discrete operator A, and a discrete
boundary function g4 so that the solvability of the boundary value problem (9),(10) implies the solv-
ability of the discrete boundary value problem (2),(7) for sufficiently small & and give a comparison
of the discrete (8) and continuous (11) solutions.
Let us write formulas (8) and (12) in terms of new variables ¢t = (t;,f3) (in this case, the
square hT? transforms into a certain rectangle II;,)

t1 = 61 - an§2,
to =& + an, &2
by introducing the notation
~ _ftaF+t to—14 ~ _ [taFt to—1
Uty ts) = Uy(ty,tz) =
(t1,t2) u< 9 72an>, a(t1,t2) Ud< 5 ’2an>’
to+11 o — 1 - to+11 12—t
t1,t) = A t1,t) = A .
a(ty, ta) ;é( 9 ,2%), aq(ty, ts) d,;ﬁ( 9 72%)
Then
. Go(th) + Eo(t2)
Ujt) = ——F———=
d( ) 2ad(t)
hm hm (14)
ih h(t; —n) . ih h(ty —n) .
po——— t —— dn —v.p.—— t —— d
+up Aragy(t) / co 9 o(n)dn —v.p Amaq(t) / co 5 ¢o(n) dn
—hm —hm
Coltr) + Co(ta) [ Gty [ Gy
~ —+ 7 7
U(t) = —22 T 202 g, / Oy p. / O (15)
2a(t) 2ra(t t1—n 2ma(t) to — 1
To compare U and Uy, we need the following formula [16]:
X 92n
cotr = — — M =l g <ol
x 4~ (2n)!
where Bs,, are Bernoulli numbers [17, 18|. Here are the first few Bernoulli numbers
1 1
By=1 By =—= By = - B;=0
0 9 1 27 2 67 3 )
1 1
By=—— By = B = —
4 307 5 Oa 6 427
and their asymptotics
2-(2n)!
| Bay| ~ IO n — oo. (16)
To obtain a convergent series for cot M, we estimate
ht—n)| _ Bt + ) _ 7
2 - 2 -2
DIFFERENTIAL EQUATIONS Vol. 59 No. 12 2023
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under the condition that [¢;] < %%, |n| < 2T For such t,,n(t; # n) we have

h(t: — 2n 2n—1 _ 2n—1
ot M—m) _ 2h Z 2°" | Ban| 2" (8 — 1)
2 ti—n (2n)! 22n—1

2h i Q‘Bgn|h2n_1(t1 _ n)2n—1

th—n = (2n)!
Then
hm/2 ) hw /2 (
ih h(t, —n) . i / co(n) dn
.p. t——= dn = v.p.

Ul dmaq(t) / cot —=—5—Golm) dn = vp- 5 t—n

—hm/2 —hm/2

Q‘B h2n 1(t _n)2n 1
] / > Al o) din.
7h7r/2 n=1

Let us estimate

i 2‘B2n|h2”_1(t1 o ,,7)2n—1

2| B [h2 1 (Jta] + 1)) SN 2| By |2
(2n)! = Z <D

(2n)! (2n)! 7

n=1

and the convergence of the last series easily follows from (16). Thus,

hm /2 | | ) 1( )2 ) hm /2
> 2 B2n h="— t1 — n T ~
> Gt —amdn| <c [ laon)]dn
—hm/2 n=1 —hm/2

and the constant ¢ is independent of h.

Note also that if ¢ € 2T?, then ¢ € II;, = [ 2, 2] x [—fhn, %]

To construct a suitable discrete boundary value problem for (9),(10), it is necessary to
choose A4(€) and g4 in a special way. Let us introduce the operator [, that acts as follows. For
a function u defined on the line R, we take its Fourier transform «, then its restriction to AT and
extend it periodically to R. Next, its inverse discrete Fourier transform is taken and the function
of the discrete variable (I,u)(Z),Z € hZ is obtained. Thus g4 = l},9g.

The symbol of the discrete operator A, is constructed in a similar way. Using the existing wave
factorization of the symbol A(£), we take restrictions of the factors to AT? with subsequent periodic
continuation to R?; the periodic symbol A4(€) is the product of these periodic extensions. Below,
we consider only such A,, g4 in problem (2),(7).

Now we are ready to formulate the main result about the comparison of discrete and continuous
solutions.

Theorem 3. Let the symbol A(§) admit wave factorization with respect to K, with an index ae

such that 1/2 < se — s < 3/2, and let g € H**Y2(R). Then problems (9), (10) and (2), (7)
have unique solutions u € H*(K,,) and uqg € H*(K, q4), respectively. If we additionally assume that
the Fourier transform g is compactly supported, then the following estimate holds for sufficiently
small h: 5

0(€) — ()] < ch, €€ 7T by =max{lan}, (17)

with a constant ¢ independent of h.

Proof. The unique solvability of problem (9),(10) was proven in |7], and the unique solvability
of problem (2),(7) follows from Theorem 2 due to the choice of the discrete symbol A,(§) and
boundary function g4(Z. It remains to verify the validity of estimate (17).
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1706 AFANAS’EVA et al.

Note that due to formulas (6),(13) and the choice of function g4, the functions & and C, co-
incide on AT. Let us compare the Fourier images of discrete and continuous solutions in vari-
ables t = (t1,t3). We write out the difference

Go(ty) + E(ta)  Colty) + Colts)

Ua(t) - U(t) = —~
At ~U ) 2a4(t) 2a(t)
L
b hm h( ) +oo(7 ( ) d
_th hts —m) _ i 0 n
+U'p'47rad(t) /cot 5 ¢o(n) dn U'p'Zwa(t)/ P—
—hm —00
I
B ooy hl =) yRetor;
7 t2 —n). 1 oln U
—v.p. t ———= d .p. .
U e /CO 5 o) 77+Up27ra(t)/ b =1
—hm —00

I3

As noted above, the term I; is equal to zero, and the terms I, and I3 look alike. Since some
estimates were given in this section for I, we will focus on this term.

Since Cy(n) = Ax(n,0)§(n) and the function § is finite, we can choose an h so that supp Cy C iT,
and then

hm/2 +hr/2 _

ih h(ti —n) . i / Co(n) dn
I, =v.p. t —————=¢co(n) dn —
2 P () / cot =5 dn —v-p.5 00 P
—hm/2 —hm/2
hr/2
— / § :2|B2n|h2n ! t _77)2” 1C ( )d
= 47Tad P 2n)! oln)an.
—hm/2

The estimate for the last expression was obtained above, therefore we can conclude that

hm/2
Li<eh [ fatmldn<oh [ 420090 dr
—hm/2 supp g

with a constant b independent of h, since |a,4(t)| > const

CONCLUSIONS

The considered discrete boundary value problem with a nonlocal boundary condition, of course,
does not exclude the possibility of considering problems with other boundary conditions. Some
cases under similar conditions on the symbol were considered in [14, 15|. It is expected that the
methods presented in this paper may be applicable in some multidimensional cases.
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