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Abstract—This paper deals with transmutation theory and how we can use the integral transforms
composition method (ITCM) to develop generalized transmutation operators. With the ITCM, we
can create various transmutation operators by combining different integral transforms like Hankel,
Y, Mellin, Laplace, and Fourier, sine- and cosine-Fourier, and other generalized transforms. The
paper applies the ITCM to derive connection formulas for solutions of both singular and nonsingular
differential equations. It concludes that using the ITCM to construct transmutations is a valuable
and practical approach for finding connection formulas and explicit solutions for a wide range of
differential equations, including those with Bessel operators.
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1. INTRODUCTION AND PRELIMINARIES

Before dealing with the main aim of this paper, let’s start by clarifying some important tools needed for
the establishment of our results. Initially, we will cover fundamental topics such as the special functions,
integral transforms, transmutation theory, and Bessel operator.

1.1. On the Special Functions

Here are some elementary definitions and brief information on the special functions and classes of
functions. Let o F; be the hypergeometric function defined by the power series

oF1(a,b;c;t) = Z (@)n(b)p t"

,  Wwhere |t < 1. (1)
!
o (¢)n n!

The Bessel functions of the first and second kind, respectively, JJ, and Y,,, of order v, are defined as follow,
by there series expansion around ¢ = 0:

O N A
u(t) = Z m!T(m+v+1) (2> ’ )

m=0
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3402 SITNIK, JEBABLI

and
cos vy, (t) — J_p(t) (3)

)

Y, (t) =

sin v

where v is non-integer.
Normalized Bessel function of the first kind j, is defined by the formula

, 2T'(v+1

oty = 2T

xl/
where J,, is Bessel function of the first kind. The best general reference here is [17].

Ju(@), (4)

We denote by H,, the Struve function given by the following power series expansion

o0 (—1)m (t>2m+u+1. )

H(5) = D(m+3)T(m+v+3)\2

m=0

Having disposed of the functions’ definitions (2), (3), and (5), we can now introduce integral transforms
involving them as kernels.

1.2. Integral Transforms

The one-dimentional Hankel transform of a function f€Ly, (RL) is defined as

~

H, 1) = BN = FO) = [ 1)1 (2)a"da, (6)
0

where v > 0, and j, is the normalized Bessel function of the first kind (4).

From now on, we regard f € S, where S is the space of rapidly decreasing functions on (0, 00)

t“Dbf(t)‘ <oo Vabe Z+}.

te(0,00)

S = {fECOO(O,oo): sup

Let the Hankel and Y-transforms be the integral transforms of order v of a function f defined as

follow
—+oc0

(Hof) (z) = / ()37, (at) f (1), (7)

0

+o0
1) () = / () Y, (at) £ (1), (8)

0

+o0
(S.1) (z) = / (at) S (at) f (t)dl. (9)
0

It is known that (7), (8), and (9) are invertible transforms, where (#,)(=") = #, and (3,)("1) = S,,.
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THE INTEGRAL TRANSFORMS COMPOSITION METHOD 3403

1.3. Transmutation Theory

The overall focus of this paper is mainly on the investigation of these fractional powers of the Bessel
operators and their applications to the transmutation theory via integral transforms and transmutation
methods.

We start this section by giving an overview of one of the most important parts of our research,
“Transmutation Theory”. Studies of the linear second order differential equations arise in numerous
models and problems of mathematics, physics, and many other scientific fields, while the ones of first
order are easily solved.

Throughout the centuries, there was no general method of solving linear ordinary second order
differential equations with variable coefficients, and this situation creates a gap in our understanding
by the antique mathematicians from the epoch of N. Tartaglia, G. Cardano, and L. Ferrari. At that time,
the problem of a closed form solution of such differential equations was not even viewed as among the
most important mathematical problems. It is possible that this was because there was no expectation
that these types of problems could be solved. To reduce the difficult problem to a simpler one, the idea
was to construct an operator to relate solutions of the equation with constant coefficients to solutions of
the equation with variable coefficients. This operator is called a “transmutation operator”.

Let’s consider the following second order linear differential operator

d2
 da?
where ¢ is an L?-function defined on a finite interval.

The next equation is called the one-dimensional Shrodinger equation or the Sturm—Liouville
equation

L= + q(x), (10)

Ly(z) =yy(zx), 7€C, (11)
taking in consideration that Liouville transformation reduces a large variety of linear ordinary second
order equations to this form.

An intertwining operator is sought to relate £ to the simplest linear second order expression B =
—dcfg by the formula LT = T'B.

Definition 1. Let (A, B) be a given pair of operators. An operator T is called transmutation (or
intertwining) operator if the following property is valid, on elements of some functional spaces

TA = BT. (12)

1.4. The Differential Bessel Operator

The differential Bessel operator is given by

d
dx’
and its fractional powers (B,)%, « € R, have been studied in many papers. However, in the majority of

them, they were defined implicitly as a power function multiplication under Hankel transform. In [10],
fractional powers of the Bessel operators are given in the form

B,=D*+"D, v>0, D:= (13)
T

b
—a 1 2_g2\ 21 v—1 x?
B = (Vo) e (o) sl ) s ()

for f € CRA+1(0,8], b € (0, +00), and

T
2 2

Bz [ (50 m () e ) s 05)

a

for f € CPRA*1 g, +00), a€(0, +00).
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3404 SITNIK, JEBABLI

The operators (14) and (15) are called The right and Left-sided fractional Bessel integrals. They
are given explicitly in the integral form without using integral transforms in their definitions.

In order to ensure the readers that their definitions really define fractional powers of the Bessel
differential operator (13), the authors made simple calculations for two special cases, and they found
that forv =0,

(Bos- (@) = (2f) (),  (Bogwf)(@)y = (122 f)(2),

where I2* and I2¢ are the right-sided and left-sided Riemann—Liouville fractional integrals given,
respectively, by (16) and (17)

b
I f (/g NeLFNdN, a>0 and €€ [a,b), (16)
3
and
3
2 1f] /g N E(N)dN, a>0 and €€ (a,b], (17)

12, [f] and I [f] are defined on (a, b) for f € L'(a,b;R).

1.5. The Integral Transform Composition Method

What is the integral transform composition method (ITCM), and how does it work? In transmutation
theory, explicit operators were derived based on different ideas and methods, often not connecting
altogether. Therefore, there is an urgent need in transmutation theory to develop a general method
for obtaining known and new classes of transmutations.

In this subsection, we give such a method for constructing transmutation operators. We call
this method Integral Transform Composition Method, or ITCM for short. The method is based
on the representation of transmutation operators as compositions of basic integral transforms. The
Integral Transform Composition Method (ITCM) gives the algorithm not only for constructing new
transmutation operators, but also for all now explicitly known classes of transmutations, including
Poisson, Sonine, Vekua—Erdelyi—Lowndes, Buschman—Erdelyi, Sonin—Katrakhov, and Poisson—
Katrakhov ones, cf. [1—4, 6, 7, 13—16] as well as the classes of elliptic, hyperbolic and parabolic
transmutation operators introduced by R. Carroll [1—3]. This method, with many applications and
examples, was essentially introduced and developed by S.M. Sitnik.

The formal algorithm of ITCM is next. Let us take as input a pair of arbitrary operators A and B, and
also connect with them generalized Fourier transforms F4 and Fz, which are invertible and act by the
formulas

FaA=g(t)Fa, FpB=g(t)Fg, (18)
t is a dual variable and g is an arbitrary function with suitable properties. It is often convenient to choose
g(t) = —t?org(t)= —t*, a €R
Then, the essence of ITCM is to obtain formally a pair of transmutation operators P and S as
the method output by the next formulas
1
S=Fgz'  Fa, P=F;'wlt)F 19
with arbitrary function w(t). When P and S are transmutation operators intertwining A and B:
SA=BS, PB=AP. (20)

A formal checking of (20) can be obtained by direct substitution. The main difficulty is the calculation
of compositions (19) in an explicit integral form, as well as the choice of domains of operators P and S.

The main advantages of ITCM have been listed in [5, 11].
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One obstacle to which to apply ITCM is the next one: we know acting of classical integral transforms
usually on standard spaces like Lo, L,, and C¥, variable exponent Lebesgue spaces and so on. However,
for application of transmutations to differential equations, we usually need more conditions to hold, say,
at zero or at infinity. For these problems, we may first construct a transmutation by ITCM and then
expand it to the needed functional classes.

Let us stress that formulas of the type (19) of course are not new for integral transforms and its
applications to differential equations. However, ITCM is new when applied to transmutation theory!
In other fields of integral transforms and connected differential equations, theory compositions (19) for
the choice of classical Fourier transform leads to famous pseudo-differential operators with symbol
function w(t). For the choice of the classical Fourier transform and the function w(t) = (£it)™° we
get fractional integrals on the whole real axis, while for w(¢) = |z|~* we get M. Riesz potential, also for
w(t) = (1 +t?)~* in formulas (19) we get Bessel potential and for w(t) = (1 + it)~*—modified Bessel
potentials [9].

The next choice for algorithm of ITCM
A=B=B, Fa=Fp=H, g(t)=-t" w(t)=/jst) (21)

leads to generalized translation operators of Delsarte [16], for this case we have to choose in the
algorithm defined by (18) and (19) the above values (21) in which B, is the Bessel operator (13), H,
is the Hankel transform (6), and 5, is the normalized Bessel function (4).

[t is possible to apply ITCM instead of classical approaches for getting fractional powers of Bessel
operators [15, 16]. Therefore, we may conclude that the method we consider in the paper for obtaining
transmutations—ITCM is effective; it is connected to many known methods and problems, it gives all
known classes of explicit transmutations and works as a tool to construct new classes of transmutations.
Application of ITCM needs the following three steps:

e First step: For a given pair of operators A and B and connected generalized Fourier transforms
F4 and Fp define and calculate a pair of transmutations P and S by basic formulas (18) and (19).

e Second step: Derive exact conditions and find classes of functions for which transmutations
obtained by Step 1 satisfy proper intertwining properties.

e Third step: Apply now correctly defined transmutations by the first an second steps on proper
classes of functions to deriving connection formulas for solutions of differential equations.

1.6. Some Previous Results

In this subsection, we collect some of our main results on the transmutation theory from [5, 11, 12].
We start by investigating composition operators of the form [11]

T:H;Lyya T:yuyya T:ytua T:Htua (22)

where H,, and Y, are the Hankel and Y-transforms defined by (7) and (8). The operators T" defined in
(22) commute with the differential operator

& 1d 2
dz?  zdx 2%’
respecting the common transmutation property T'L,, = L, T. The compositions H,Y, and V,H, are
considered as generalizations of Hilbert operators. It is clear that

v fie =2 [ T () a= 2 [ O () e = v, @
0 0

L, = (23)

so, only one of them can be considered.
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For the special case v = $§, it is easy to see that the operator H, ), is equal to Hilbert transform on
semi-axes

Wyl =2 [ 270,

0

The norms of H,, V., and their compositions in Lo (0, 00) are also studied in this section and it is shown
that [[Ho Vo llL, = [V HollL,-

In [12], the next operators constructed by ITCM may be considered as generalized composition
operators of 22 forv = p.

Let f € L2(0, 00),

e 2,y >0, Res <0,and Re (s + v+ 1) > 0. Then, for the transmutation operator 77 obtained by
ITCM [5], such that (T1 f) (z) = Hy [(—t?)*Hu f] (z). The next integral representation is true

r 2
HV [(_tQ)SHVf] (x) - CS,V x72871/73 /2F1 (V + s+ 17 s+ 17 v+ 17 zg) yVJréf(y) dy

—+o00
2
+ Oyt / o Fy <u+ st 1,5+ 10+ 1; ;) y~F0 f(y) dy, (25)

xT

F'v+s+1)

— (—1)892s+1
where C , = (—1)%2 (—$)0(v + 1)

and o F} is the Gauss hypergeometric function.

e 2,y >0, Res < 0,and |Rev| — Rev < Re[2(s + 1)] < 2, we have
(T2f) (z) = Ho [(~1*)° V0 f] (@),
where the next integral representation is true

_1)s+1 2(s+1) — (s v
(-1) <2> cos(mr)r( (s+1+4v)

(Tof)(z) = o 2 [(—s)

[ vy Y
x/( ) o F1 (s+1,s+1+1/;1+y;x2)yf(y)dy
0

x

x 1
(~1) (2 T()0(s + 1) / AN S

+ o 2 F(V—S) y 2F1 8+175+]— Val V’CC2 yf(y)dy

0
(1 pgesry D+ 1+ 0)T(s+ 1)
o, 2 cos(sm) T+ 1)
o T V+é 12
X / <y> oFy (5+1,5+1—V;1—V; yQ)yQSl fly) dy. (26)

xT

o z,y >0,Res <0,and |[Rev| — Rev < Re [2(s + 1)] < 2,
T3(f) = Yo (=t*)"Ho (), (27)

where

_1)s 2(s+1) s ND(s
(Tgf)(x):( 1) (2) cos(sw)r( +1+v)I(s+1)

2r \ =z F'v+1)
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z L1 2
x/(i) 22F1<s—|—1s—i—l—l—z/l—i—y >yf()
0

N (—1)st1ig2s+l COS(W)F(—V)P(S +14+v)

T I['(—s)

" v+ 3 Ca(es) 2
></ y y 2 F s+1,s+1+vsl+vsy2 y f(y) dy

N (—1)sFt1225H L D () (s + 1)
T I'(v—s)

Y V_; —2(s+1) ‘%2
[ (0) R (s s kvt v iy () dy (28)

e |Rev]? < Re[2(s+1)] < 2 and Res < 0. Then, for the transmutation operator T} obtained by
ITCM, such that Ty(f) = Y, (—t?)*Y,(f). The next integral representation is true

2s5+1 1
V()Y f] (z) = (—1)52 : z¥T2 cos(vm) cos ((s + 1)m) T(=v)T(s + 1+ v)I(s + 1)

s
—+00

2
- / y DT f(y) 5By (8 +ltvs+ 14w x2> dy
J y
228+1

+(=1)*7 , @ 2cos((s+1—v)m) T)(s + 1 — )I(s + 1)
T
+o0 9
X / y*2(3+1)+'/+§ fy) o Fy (5 +1,s+1—v;1—v; xQ) dy. (29)
Yy

xT

In [5], we study the composition (19), of integral transforms with Bessel functions kernels and
different indices H,, and ), defined by (7) and (8). By applying ITCM of the form

T) = £ (wm),

we obtain an interesting and important family of transmutations including index shift B-hyperbolic
transmutations, “descent” operators, classical Sonine and Poisson-type transmutations, explicit in-
tegral representations for fractional powers of the Bessel operator, generalized translations of Delsarte
and others, such that T,Efp,EB,, = BHT,,(,“",Z.

A class of transmutation operators introduced in this paper, for p(t) = (—t2)*, s < 0. They all be have
as transmutations, namely as shift parameter operator for the Bessel operator.

For ¢(t) = Ct*, C € R does not depend on ¢ and T,Eﬂ = T,EOQ we proved the following integral
representation

ga+ip (Ot‘HH‘l T 2

5 atp+l o v+1y
T(a) ) :C / F 1' . Vd
( V,Nf (Zlf) F<M+1> f 2 1 9 72 + 3 2 7x2 Yy ay

2 0

(v 7 atp+l atp—v opt+l 2\

+ f(y)2F1 ; +1 e )Yy
(43 () P

where o F} is the Gauss hypergeometric function.
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2. GENERALIZATIONS OF FRACTIONAL BESSEL OPERATORS
WITH TWO INDICES p AND v

The next operators constructed by ITCM [5] may be considered as generalized fractional powers of
the Bessel operator introduced in [12], with two indices p and v as they annihilate integer powers of
classical Bessel operators.

Theorem 1. Let f be a proper function, x, y >0, Res <0, Re[2(s+ 1)+ u+v] >0, and
Re[2(s + 1)] < 2. Then, for the transmutation operator Ty obtained by ITCM, such that T5(f) =
Ho (—t2)*H,(f). The next integral representation is true

r("3Y +s+1)

_2vs ) = (—1)5925+1 p—n—2s—3
[Hu( t ) Huf] ( ) ( 1) 2 : F(Vglt _ S)F(,U-Fl)

xX
+v -V 2
X/f(y)2F1(u2 +s+1,”2 +s+1;u+1;i2)y’”5dy
L(VHH +s+1)

1(1)592s Lty
(=1) LY —s)(v+1)

2

“+00

+ — 9

x /f(y)2F1<”2”+s+1,”2“+s+1;u+1;§2)y v=25=3 g, (30)
xT

where o FY is the Gauss hypergeometric function.

Proof. We have
+oo +oo

1 1
(-] () = (1) [ @b iedr [ 0,00 1) dy
0 0
x 1 —+o0
= (=1 S T2 d 2(s+1)71 d
= (-1 y yf(y)dy [t Ju(yt) J,(xt) dt
0 0
+o00 1 +o00o
T\ 2 _
w0 [ () wrway [ A0 00 260 ar
T 0
Using [8] (formula 2.12.31, p. 209)
“+00
/ 21 7, (bx) J,(cx) da = A%, b, ¢, Re(a+p+v)>0, Rea<
0
[(VHhte v+puta v—pu+a c?
A =207y g F( , v+ 1 ) 0<c<b,
v “reeve s nrw 4+ 2 2 VT g ¢
T a+p+v - 2
A37V:2a71bu67ufa Viuio(l 2 ) L F (oz—i—,u—l—l/’oz—i—,u I/;H 1; bQ)’
L™+ 1) (p+1) 2 2 c
0<b<e, (31)

fora =2(s+ 1),z =t b=y, and c = z, we get
+o0
/ 25 Ju(yt) Ty (wt) dt = AT,
0
z,y >0, Res<0, Re[2(s+1)+pu+v]>0, Rel2(s+1)]<2,
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where
LT +s+1) v+ v—p 72
A2(s+1) — 92s+1 7u72(s+1)xu 2 F < +s41, +s+ 10+ 1; ) ’
b Y L —w+1)> '\ 2 2 2
for0 < z < y, and
p(Htv 1 _ 2
420 — etz LUSTHSTD (“ s s yQ) :
’ D("3 — )T+ 1) 2 2 v

for 0 < y < x. Hence,

x 1 —+o0
(Mo~ Huf] ) = (1) (y ) Sty [ P ) gyt d
0 0

400 1 +00

Y x\?2 2(s+1)—1 .
+ (1) / (2) wrwpay / 21 () J, (at) db
D" +s+1)

— (-1 5225+1x—u—25—g
= D(3 — T+ 1)

xT

+v — v 2
X/f(y)2F1<“2 +s+1,“2 +s+1;u+1;iQ>yu+;dy

L5 +s+1)

LY —s) (v +1)

+ (_1)522s+1xu+§

+oo
v+ v — x? —p_9g_3
x/f(y)2F1< 2M—|—S—|—1, 2'u—|—s—|—1;1/+1;y2)y 2572 dy.
xX

]
Theorem 2. Let f be a proper function, x,y > 0, Res < 0, and |Re ji| + |[Rev| < Re[2(s +1)] <
2. Then, for the transmutation operator T obtained by ITCM, such that Ts(f) = Yo (—t*)*Vu(f)-
The next integral representation is true

(Vo (=£2)*Vuf] (2)

225+1 o -
cos(um) cos ((s r14 V)ﬂ) D(—p)l(s+ 1+ pr V)F <s I V)

= (-1y

a2p28 0t 2 2 2

—+o0
X /f(y)2F1 (8+1+M+

2 2 x

22s+1 w+v w—v w+v
J— S J— J— J—
+(-1) et cos ((s +1 5 )7r> ()T (s +1 5 ) r (s +1 5 )

_ 2
Vse1+ M T Vi y2>y”+§dy

+oo
— 2
< [ 1wer (s+1 1= y2> y T ady, (32)
xT
x

where o F is the Gauss hypergeometric function.
Proof. We have
+oo +oo

(Vo (12 V] (2) = (—1)° / ()2 Y, (wt)t> dt / (yt)2Yu(yt) f(y) dy

0 0
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400 +oo
— (-1 / (29)} £ (y)dy / 2541, (at) Y, (yt) dt
0 0
+00 1 +oo

=00 [ () wtwan [ 0 ) Vit
0 0

Using [8] (formula 2.13.20, p. 278) and (2), we have

+o0

_ 20— Ly a+p—v
/ 1Y, (bz) Y, (cx) dov = 20t cos(pum) cos < g 7T>
0

a+pu+v a+u—v at+u+v a+pu—v b2
F(—M)F( " )F< " >2F1< por ek ;1+M302)

2 2 2 2
20— a—pu—v
+ 2 Cos 9 us
a—p+v a—pu—v a—pu+v a—pu—v b?
I'(pw)r r F 01— g
(,U,) < 92 > ( 2 )2 1( 9 ) 2 3 H’CQ )
0<c<b, |Rep|+ Rev|< Rea <2. (33)

Fora=2(s+1),z=tb=y,c=x,and Res < 0, we obtain

+oo
22s+1yu p—v
2541 —
/ t Y, (yt) Y, (xt) dt = 235 1) cos () cos ((8 +1+ 5 )w)
0

_ _ 2
N—mr<s+1+“+y>r<s+1+“ V>2ﬂ<8+1+u+yﬁ+ﬂ+JL ﬂ1+uf/>

2 2 2 2 x?
92s+1 . pu—2(s+1) WA+ v
+ 2y cos ((s +1-— 5 )7r)
p—v ptv p—v ptv oy
F(,u)F<5+1— 5 >F<5+1— 5 >2F1 <s+1— 9 ,s+1— 5 ’1_M’x2>’
0<z<y, |Rep+ Rev|<Rel2(s+1)]<2.
Thus,
+00 1 400
T\ 2 _
D22t @ =17 [ (2) ustdy [, ) Yoot a
0 0
92s+1 g—v y p—v
— (_—_1)\$ —_
= (-1) 3 aeesd cos () cos <(8 +1+ 5 )7T> NG <s +1+ 9 ) r <s +1+ 9 )
+00 + 9
X / fy)2F1 (s+1+'u 9 V,5+1+H2 V;1+u; 32>y“+§dy
T
22s+1 w+v w—v w+v
S
+(-1) 2 20 Cos ((s—i—l— 9 )7r> I(p)T (s—l—l— 5 )F(s—l—l— 5 )

+00
- 2
X/f(y)2F1 s41=H TV e PV ) gty
2 ) 2
x
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Theorem 3. Let f be a proper function, x, y > 0; Res <0, |Rev| — Rep < Re[2(s +1)] < 2;
Tr(f) = Vu(—t2)*H,(f). The next integral representation is true

92s+1 p—v L(s+14+"")(s+1+"7")
B 2\ s — (_ s+1 2 ?
(Vo (=) Huf] () = (-1) 25t cos <(8 T 2 )W> Pl +1)

T

+v —v ? !
x/QF1 <s+1+“2 1t ;u+1;3;2)y”+2f(y)dy
0

25 2 L(=v)D(s + 1+ ")

+ (-1 cos (vm
A
+00 9
— + 95—
X /QFl (s—l—l—’u2y,s+1+u2V;1+V;z2)y v=2s gf(y)dy
xX
+ (—1)*tt 22 g T()D(s + 1+ 43Y)
T F(—s—i—“;r”)
+o0 9
+v -V x e
< fam(ser=" e )y (3

T

where o F is the Gauss hypergeometric function.
Proof. We have

+oo +oo

V-] @) = [ @0V (-2 [ b0 sy | d
0 0
+00 1 +oo

—(—1)5/ (j)ny(y)dy/tQ(S“)_lJu(yt) Y, (xt) di
0 0

— (-1 / (y ) o +/Oot2<s+l>—1 7, () Y, (at) di
0 0

400 1 +00

w0 [ (0) w7 g Vi
0

xT

Using formula 4. 2.13.15 from [8] (p. 272) of the form
+oo

/ 21 7, (bx) Y, (cz) dx
0

B _Qa—l bH o8 a-+pu—v P(a+g+u)r(a+g—u) . at+pu+v a+p—v gy b2
= ﬂ-COH'N 9 F(/L + 1) 2477 92 ) 9 s ) 02 )
for 0<b<g (35)
+oo
/ 2 7, (bx) Yy, (cx) da
0
ga—1 e F(—V)F(a+g+”) a—p+v a+pu+rv c?
= ety €0 (vm) I a+g_y) F 5 ) 5 1+ 2
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20— pr=a D(V)I(“TH™") a—pu—v at+p—v c?
— i1 — v for 0 b 36
" F(l_i_l,Jrg,a)Q 1 9 ) 92 ) V7b2 ) or <c <o, ( )
fora =2(s+ 1),z =t,b=y, and ¢ = z we obtain
+oo
/ 25T I (yt) Yy, (at) dt
0

92s+1 4 - D(s+ 1+ (s+1+H"
=— " Y cos((5+1+u V)?T) ( 2 )T 2)
mr2(st)+p 2 I(p+1)

_ 2
2F1<5+1+H+V,s+1+'u V;u+1;y2), for 0<y<u;
Xz

2 2
b 921 D(—0)0(s + 1+ #5¥)
2s+1 _ z” VLS 2
/ t Ju(yt) Y, (xt) dt = 2+ cos (vm) D(—s — #2¥)
0
_ 2 22s+1 v—2(s+1) T T 1 u—v
><2F1<5—|—1—M y’5+1+,u—|-1/;1+y;:r2)_ y ()I(s+ jr—y2)
2 2 Y Y L(=s+"3")
n+v uw—v x?
Xoly [s+1— 5 , s+ 1+ il—vy o), for 0<z<y;

2 y
z,y>0 Res<0; |Rev|—Reu<Rel[2(s+1)]<2.
Thus,

—+00

V(=2 H,f] / (¢ ) iy [ D ) Yoat) de
0 0

—+00 “+00

s T 2(s+1)—1

+(-1) / (y) yf(y) yo/t Julyt) Yo (at) dt
Ly ol p—v. \T(s+ 1+ )D(s+1+ "))

=(-1) +17m23+u+§ o8 ((8 LR )W> FQ(H +1) 2

T

+v -V 2
></2F1<s+1—|—'u s+14+1 ;u+1;i2)y‘”5f(y)dy

2 7 2
925+1 gty T(—v)D(s+1+ "5
+ (=1)¥! - cos (v) ( F)(—(s vy 2 )
2
400 2
— v +v x 95—
x/gFl(s—l—l—'u ,s—i—l—i—u i1+ v; 2>y 2 gf(y)dy
2 2 Y
T
4Ly 2T D) + 14 1)
m L(—s+"3")
+00 2
x
/2F1 <s+1—“ s+1+“2 71—u;y2)y”‘25‘2f(y)dy
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Theorem 4. Let f be a proper function, z,y > 0, Res < 0,and |Reu| — Rev < Re[2(s+1)] < 2.
Then, for the transmutation operator Ty obtained by ITCM, such that Ty(f) = H,(—t2)*V,(f) the
next integral representation is true

92541 T(— (s + 14 Ve
[H-298) () = (1 % cosum) ’;)(_ff,,;) )

v—u v+l y2 1
X/f(y)2F1 <8—|—1— 9 , s+ 1+ 9 ;14w x2)yﬂ+2dy
P26+ T(u)T(s 41+ 73%)

ra2shts F(H—QHJ —s)

4 (_1)s+1

—_ 2
X/f(y)2F1 <5+1—V;M,s+l+y2”;1—M;i2)yu+§dy

92s+1 gt v— i T(s+14+"EM(s+14"5H)
_q)sHl 1 2 2
+(-1) - cos ((s +i+ )7r> M+ 1)

2

o0
+ — 95—y
X /f(y)2F1 (s—i—l—i—y2u,s+1+y2u;y+1;22>y 25— gdy, (37)

where o F is the Gauss hypergeometric function.
Proof. We have

+oo +o0
Ho(—2) Y, f] () = / (at)3J, (xt) | (—£2)° / ()3 Y, (1) f (v)dy | dt
0 0

“+00

~ (1 / (z>5yf(y)dy [ ) Vi) d
0 0

+o0 1 +oo

w00 [ () urdy [ 20 0 v .
Using (35) and (36) for o = 2(:+ ), p=v,v= u,osc =t,b=z,and c = y, we obtain
+o00
/ DT T ) () dt
0
_WZZS(:LS)CJW cos ((5 r14+7 ; H)W> ot I;Jg(l;)i(f;r b

- 2
><2F1<s+1+ygu,s+1+y ”;u+1;x), for 0<z<uy.

2 Y2
+oo
225+1 o ( ) (8+1+u+u)
2(s+1)—1 Y
/ t Jy(xt) Y, (yt) dt = (s €O () D(os— %)
0
_ Y2
woly (s+1-" "M sp14VTH LY
2 2 x2
B 92s+1 xu—2(s+1) I‘(M)I‘(S +14+ VEH)
TYH F(”;V —5)
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2

X o F s+1—y+u,s+1+y_u;1—u;y , for 0<y<ua;
2 2 2
z,y >0, Res < 0,and |Re u| — Rev < Re[2(s + 1)] < 2. Thus,
+oo
(=2 f] / (¢ ) Wiy [ D7) V) di
0 0
+o0 —+o0
s | () u )y [ P ) Vo) d
Yy
x 0
92s+1 T(— )T 1 vt
:(_1)s+1 s COS(MTI‘) ( M) (S‘f‘y:i‘ 2 )
TSt I(—s— 2“)

xT

vV — V+ 2
></f(y)2F1 (s+1— 2u,s+1+ 2”;1+u;i2>yu+;dy

2s+1 v—p

+ (_1)s+1 2 s+ F(N)F(S +1+ 2 )
25— p+3 ptv

T Ko F( 9 8)

xT

+ — 2\
X/f(y)2F1 <5+1—V2H,s+1+y2”;1—M;i2)y “*édy

92s+1 gt v—p, \D(s+1+"50(s+1+734)
—1)5t! 1 2 2
+(—1) - cos ((s—i— +, )w> M+ 1)

+ - SN
></f(y)gFl(s—i—l—f—y2M,S+1+V2H;V+1;gx/2>y 25— gdy.

O

They all act as transmutations, namely as shift parameter operator for the Bessel operator T'B,, =
B,T.
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