ISSN 1995-0802, Lobachevskii Journal of Mathematics, 2024, Vol. 45, No. 9, pp. 4613-4623. (© Pleiades Publishing, Ltd., 2024.

A Special Type of Multi-Dimensional Integral Transform
with Fox H-Function in Lebesgue-type Weighted Spaces

S. M. Sitnik'*, 0. V. Skoromnik®™*, and M. V. Papkovich?***

(Submitted by A. B. Muravnik)

'Belgorod State National Research University, Belgorod, 308015 Russia

2Euphrosyne Polotskaya State University of Polotsk, Novopolotsk, 211440 Belarus
Received June 23, 2024; revised July 21, 2024; accepted July 28, 2024
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transform are established. Research results generalize those obtained earlier for the corresponding
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1. INTRODUCTION

We consider the multi-dimensional H-integral transform ([ 1], formula (1))

o Vi m,n (aivai)l,p .
(Hf)(X) - O/HILQ xt (bjuﬂj)l,q] f(t)dtv X > Oa (1>

where (see [1-3]; [4], Ch. 28; [5], Ch. I; [6, 7]) x = (21,2, ...,x,) € R™; t = (t1,t2,...,t,) € R,
R™ is the n-dimensional Euclidean space; x-t =3 _, ,t, denotes their scalar product; in par-
ticular, x-1=>""_, x, for 1 = (1,1,...,1). The inequality x >t means that z; > t1,...,z, > tp,
and inequalities >, <, < have similar meanings; [;° = [5° fo - Jo s by N={1,2,..}, we de-
note the set of natural numbers, Ny = N{J{0}, Nj = Ng x ... x No; k = (k1, k2, ....kn) € N (ki €
No, i =1,2,...,n) is a multi-index with k! = ki!---k,! and |k| =k + ... + kp; R} = {x € R",x >

glx|
0}; for k = (K1,K2, ..., kin) € RT DF = (axl)md...(axn)nn; dt = dty - - dt,; t° = t"t52 .. i f(t) =
f(ti,ta, ..., tn); C" (n € N) be the n-dimensional space of n complex numbers z = (21,22, , 2,)
(% €C, i =12, ,n)i A= (A1, A2, s An) €C% b= (ha, hay ooy hy) €RY; o= 4 im =
(m1,ma,...,my) € Nj and m; =mg = ... =my; n=(ny,ng,....,ny) € Nj and n; =ng = ... = ny;
P = (P1,p2, -, pn) ENgand pr =p2 = ... =pp; 4= (q1,¢2,-,qn) ENgand g == ... = ¢, (0 <

m<q,0<n<p);
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4614 SITNIK et al.
a; = (ajy, Qiyy ooy i), 1 <0 <P, aGy, Qigy ooy @g, € C (1 = 1,2, 00150030 = 1,2, 00, pn);
bj = (bj17bj27“'7bjn)7 1 < j < q, bj17bj27 "'7bjn cC (]1 = 1,2, ey q1; ,jn = 1,2, ...,qn);
a; = (), Qigy ey ), 1 <0 <P, iy, Qg y vy @y, € Rf (i1 =1,2,..,p1; o3 = 1,2, .., Dn );

5]- = (/8.7'175]'27 ...,53'”), 1< j <q, /8]'175]'27 ...,5]'” € Rf (]1 = 1,2,...,6]1; ,jn = 1,2,...,qn).
The function in the kernel of (1)

(azaaz 1,p
]7 ] 7q

is the product of H-functions Hy. " [2]:

Hsn

P,q xt

(@iy @iy )1, } 9
(bjk’IBjk)LQk )

Hg?(’l"[z] = Hg:”é" [z

(auaz :| o 7Sd 3
b /H s 240, (3)

where

H;?,TL( ) Hmn [(a“al) ,p| ] _ Hj:1 P(bj + 'Bjs) Hizl F(l - a; — C!Z'S) (4)

(ij 5]) 1,q f=n+1 [(a; + a;s) ?:mﬂ N bj — Bjs)'

In the representation (3), L is a specially chosen infinite contour, and the empty products, if any, are
taken to be one.

The H-function (3) is the most general of the known special functions and includes, as special cases,
elementary functions, special functions of hypergeometric and Bessel type, as well as the Meyer G-
function. One may find its properties, for example, in the books ([8], Ch. 2; [9], Ch. 1;[10], Section 8.3;
[11];[12], Ch. 1-Ch. 4;[21, 23]).

In the paper [1], we have already considered the integral transformation (1), where we characterize
the existence, the boundedness and representation properties of the H-transform on Lebesgue-type
weighted spaces £, , of functions f(x) = f(z1, %2,...,z,) on RY, such that

1/2
fll, 2= /:ci”"l . / 2va— 1/ 207 Fey, o ) Pda)day 3 - b day < 00,
il
v=(v,v2,.,v) ER" vy =19 =..=vy,and 2 = (2,2,...,2).

The present work is devoted to extending the above results from r = 2 to any » > 1. Moreover, we
will deal with the study of properties of the transform (1) on Lebesgue-type weighted spaces £, , of

functions f(x), such that
s =3 [atmt e d [apres

RY RY
r3/72 Tn/Tn-1 L/rn
X / O f (@1, ey ) [ dy "2 g diy, < 00,
RL
7= (11,72, n) ERM 1 <71 <00, 11 =12 = . =1V = (Y1, 02,5 V) ER 11 =10 = .. = 1.

Research results for the transformation (1) generalize those obtained earlier for the corresponding
one-dimensional transformation (see [12], Ch. 4.1)

(Hf)(z) = / HI [:):t Ezjgﬁz] fdt, x> 0; (5)
J ,
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A SPECIAL TYPE OF MULTI-DIMENSIONAL INTEGRAL TRANSFORM 4615

in the space £, of Lebesgue measurable functions f on RL = (0, c0) for which

00 1/r
[ flv,r = {/tyf(t)rit} <oo (1<r<oo,veR).
0

The H-transform (5) generalizing many integral transforms: transforms with the Meijer G-function,
Laplace and Hankel transforms, transforms with Gauss hypergeometric function, transforms with other
hypergeometric and Bessel functions in the kernels. One may find a survey of results and bibliography in
this field for one-dimensional case in the monograph ([12], Sections 6—8). Besides it the type of integral
transforms considered in this paper generalizes well-known transforms with Legendre function kernels
[17] and Buschman—Erdélyi operators [ 18—19]. The class of operators with Fox function kernels are also
important in transmutation theory [20—22], fractional integrodifferentiation operators and applications
[23—24]. Especially note the reference [20] which contains a detailed survey of V.V. Katrakhov’s main
results.

2. PRELIMINARIES
The properties of the H-function Hp';"[2] (3) depend on the numbers ([12], formulas 1.1.7—1.1.15):

n P m q q p
A=Y= Y ai+ Y Bi— > B A=) 8-> (6)
i=1 i=n+1 j=1 j=m+1 j=1 i=1
p q .
6 =TTor 57 (7)
i=1 j=1
q p p—q
p=db-> i+’ Y (8)
j=1 i=1
m p n q
a’){:ZBj_ Z Q5 CL;: oG — Z /8]7 a){"i_a; a*v al_anga (9>
7j=1 i=n+1 =1 j=m+1
m q n p
E=Dbi— > b+ ai— Y a; (10)
j=1 j=m+1 =1 i=n-+1
G =min-PT9 (11)

An empty sum in (6), (8)—(10) and an empty product in (7), if they occur, are taken to be zero and one,
respectively.

There hold the following assertions.

Lemma 1 ([12], Lemma 1.2). For o, t € R, there holds the estimate

’H;?gl(d—i-’it)’ ~ CWAUJFRG(M) eprfrHt|a*+lm(§)sgn(t)]/2 (‘t‘ — 00) (12)
uniformly in o on any bounded interval in R, where

p
C= (27r)0* eXp_c*_Aa—Re(u) 59 H 043/2_1%(%)
=1 j

lege(bj)q /2

q
=1

and € and c* are defined in (10) and (11).
Lemma 2 ([12], Lemma 3.3). There holds the estimate as |t| — oo,

H' (o +it) = H(o +it) [logé + aj log(it) — a3 log(—it) + H —F,tAJ +0(1/¢%)] . (13)
i

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 45 No.9 2024



4616 SITNIK et al.

Definition 1 ([12], Definition 3.2). We say that a function m belongs to the class A, if there are
extended real number o(m) and 1¥(m) with ¢(m) < 1»(m) such that

(a) m(s) is analytic in the strip o(m) < Re(s) < ¥(m);
(b) m(s) is bounded in every closed substrip o1 < Re(s) < o9, where p(m) < o1 < g9 < P(m);
(c) |m/ (o +it)| = O(|t| 1) as |t| = oo for o(m) < o < h(m).
For two Banach space X and Y we use the notation [ X, Y] to denote the collection of bounded linear
operators from X to Y, and [X, Y] is abbreviated to [X].
Theorem 1 ([12], Theorem 3.1). Suppose m € A. Then, there is the transform T,, € £, , with

o(m) <v <(m)and1l <r < oosothat,if f e L, ,with p(m) <v <y(m)andl <r <2, there
holds the relation

(MTn f)(s) = m(s)(Mf)(s) (Re(s) = v).

For p(m) <v <y(m)andl < r <2, the transform T, is one-to-one on £, ,, except when m = 0.
If 1/m € A, then for mazx[p(m), p(1/m)] < v < minly(m),¥(1/m)] and for 1 < r < oo, T),, maps
£, - one-to-one onto itself, and for the inverse operator T,;! there holds the formula T, = T\ /-

Multidimensional Mellin integral transform (9tf)(x) of function f(x)= f(z1,z2,....,2), X =
(1,22, ...,xy) € R, is determined by the formula

(MF)(s) = / FO)t1dt, Re(s) = v, (14)
0

s = (s1, 82, ..., 8p) € C™. The inverse multidimensional Mellin transform has the form

vy1+ico Yn+100

1
-1 f— P —-s
6 =y [ [ e (15)
Y1 —100 Yn —100
x € R%, v; = Re(s;) ( = 1,--- ,n). The theory of multidimensional integral transformations (14) and

(15) can be recognized, for example, in books ([5], Ch. 1;[13]; [14]). Let W4, R be elementary operators
(see[5], Chapter 1)

Win) = (), XER 0= (Guduind) € R, (16)
1 1
w60 = 15( L) (17)
Operators (16) and (17) have the the following properties.
Lemma 3 ([3], Lemma 2; [6], Lemma 2.1). Let v = (v1,v2,...,0) ER" (11 =15 = ... = 1) and
1 <r <.
(a) Wy is a bounded isomorphism of £, , onto itself, and if f € £, , (1 <r < 2), then
(MW f)(s) =°(MSf)(s) (Re(s) =v). (18)
(b) R is an isometric isomorphism of £, , onto £, and if f € £,, (1 <r <2), then
(MRf)(s) = (Mf)(1 —s) (Res=v). (19)

To formulate the results for the H-transform (1) we need the following constants, analogical for
one-dimensional case defined via the parameters of the H-function (3) ([12], (3.4.1), (3.4.2), (1.1.7)—
(1.1.13)):

let & = (ay, az, ..., &) and B = (B, Ba, ..., Bn ), Where

. b; . 1- i
_ —  min [Re[_(},“)], mq > 0, ~ min [ R;@ 1)], ny > 0,
o] = 1<j1<my J1 /81 = 1<i1<n1 21

—0Q, my = 07 0, ny = 07

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.45 No.9 2024
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. Re(b; . 1—Re(a;
_ —  min { (,72)], mg > 0, ~ min [ a,( 12)], ng > 0,
Qg = 1<ja<mo J2 Bo =  1<iz<nz "2
—o0, mo =0, 00, n2 =0,
and so on
. Re(b; . 1— )
— min [ (,7”)}, my > 0, ~ min [ Re,(a“‘)], N, > 0,
an e ]-S]ngmn In IBTL e IS’LnSTLn RXip
—o0, mg =0, o0, Ny =0;
let a* = (aj,al,...,a}), A = (Al,Ag,...,An) and
n1 a ¢ P1
*
a/]_ - E Oéil - E Oézl + E /8]1 E /8j17 Al = E ﬁjl - § ail?
i=1 i=ni+1 j=mi+1 j=1 =1

na 92 q2
ag = Z Qi — Z Qi + Zﬁjz Z Bjoy Ao = Z Bja —
i=1 J=1

i=no+1 Jj=mi+1

and so on

Nn an qn Pn
St Y awZﬁan D Bii Ba=2 Bin =) i
i=1 J=1 =1

i=nn+1 Jj=mn+1
alsolet§ = (61,62,...,5 )and

p2
E (077X
=1

SIS | TR | O | GRS | a1 O

let u = (p1, poy ..., pin) and
q2 p2

Ml_zbﬁ Z ai, pl;ql,,uzzzbjg—Zai2+p2;q2,---,

i=1 j=1 i=1

qn Pn
n:Zb‘n —Zain‘i'pn;qn;
j=1 i=1

leta® = (afvaév 76:1)* at = (alad% d*)

© Up
mi p1 ni q1
~% A%
ay = E 5]’1 - E iy, Qg = E Oy — E /8j17
j=1 i=n1+1 =1 i=mi+1
m2 D2 n2 q2
~% A~k
g = E BJQ - E Qjy, Q9 = E Qjy — E /ngv
j=1 i=na+1 i=1 i=may+1
and so on
mn D2 Nn dn
ot — . . A * — . . .
ay = § /Bjn - § Qi s ap = § a4, — § Bjn7
j=1 i=nn+1 i=1 i=mp+1
and

*

Gi+ar=al, ai—ar=A, (k=1,2,..n).

The exceptional set £, of a function Hm’n(s):

m,n m,n (aza az
kaﬂjk)l,%

o™= | 1, )1
s Mj)1,

] H Hmk,nk |: azk7azk)]-7pk
Pk 4k
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4618 SITNIK et al.

is called a set of vectors v = (v1,v9,...,0,) €ER™ (11 =15 = ... = 1y), such that ax <1 -y < Bk
(k =1,2,...n), where the parameters ay, Bk(k =1,2,...,n) are defined by formulas (20), and functions
HpF ok (sk) (k =1,2,...,n) of the view (4) have zeros on lines Re(sg) < 1 — v, (k = 1,2, ...,n), respec-
tively (see[2], (61)).

Applying multidimensional Mellin transform (14) to (1), formally we obtain

(MHF)(s) = Hypo [ ((f;;’, ‘;;))11’,‘; |s] (MF)(1 ~s). (27)
Theorem 2 ([1], Theorem 3). Suppose that
G <l—uvp<Br wve=uv, k#l (k1=12,..n); (28)
and that either of the conditions
ap >0 (k=1,2,...,n); (29)
or
a; =0, Ag[l —vi]+Re(ur) <0 (k=1,2,...,n) (30)

holds. Then, we have the following results:

(a) There exists a one-to-one transform H € [£,,, £, ] so that the relation (27) holds
forRe(s)=1—vand f € £,,. ] aj, = 0, Ag[l — vi] + Re(uy) = 0 (k = 1,2,...,n), and v does not
belong to an exceptional set &, then the operator H maps £, 5 onto £,_, .

(b)ITf €L, and g€ L, ,, then for H there holds the relation

/ 7(x)(Hg) (x)dx = / (HF) (x)g(x)dx. (31)
0 0
(¢) Let f € £, A= (A A2y ) € C* L h= (i hay oo hy) € R If Re(A) > (1 —v)h — 1,

then Hf is given by formula
(HF) (x) = bt O/

d (=A\,h), (a;, ;)1
(’\“)/h/Hm’““ t AT Tnp t)dt 32
X X X .
dx J prlatl (bj, Bi)1.q, (=X —1,h) ) (32)

When Re(\) < (1 — v)h — 1, Hf is given by (Hf)(x) = —hx!~+1/h

(aiv ai)LP? (_)‘7 h)
(=A=1,h),(bj,Bj)1,q

o0
d
A+1)/h m+1,n
dex Hpiiar |X
0

t

] F(t)dt. (33)

(d) The transform H is independent of v in the sense that, for v and v satisfying the
assumptions (28), and either (29) or (30), and Jor the respective transforms H on £, , and H

on £, given in (27), then Hf = ﬁf forfeg,, N,

3. £, -THEORY OF THE H-TRANSFORM WHEN a* = A =0 AND Re(p) =0

In this section, based on the existence of the H-transform on the space £, , which is garanteed in

Theorem 2 for some v = (v1, 19, ...,vn) € R" (1) =15 = ... = 1), and af = Ay =0, Re(ug) <0 (k=
1,2,...n), we prove that such a transform can be extended to £, , for r = (r1,72,....,7,) € R", 1 <
r<o00, T =Ty =..="y V= (V1,1,..,V) ER" v =195 =.. =1, such that He [£, ,,£1_, 4]

for a certain range of the value s = (s1, s2, ..., s»). The results will be different in cases Re(uy) = 0 and
Re(ur) # 0 (k= 1,2,...n). We consider the former case.
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A SPECIAL TYPE OF MULTI-DIMENSIONAL INTEGRAL TRANSFORM 4619
Theorem 3. Letaf =0, A, =0(k=1,2,..n); Re(ug) =0 (k=1,2,..n), and
ap<1l—y < Bk; vp=v, k#l (k,1=1,2,..n).

Letl <rp<oo,ry=r,k#1 (k=12 ..n).
(a) The transform H defined on £, , can be extended to £, , as an element of (Lo, L1-v ).

(b)) If1<ry, <2, rp=r,k#!l (k,l=1,2,..,n), then the transform H is one-to-one on £,
and there holds the equality (27), namely,

(EDIHf)(s) = H(s) (imf)(l —s) (Re(s)=1-v). (34)
(c)IJv & &, then H is a one-to-one transformon £, , onto £1_, ,, i.e.,
H(L,,) = L1-vp. (35)

(d)If felyrandge £, vandr' =r/(r — 1), then the relation (31) holds:
/ £) (Hag) (x / (H7) (g o0)x (36)

(e)Iffel, ,, xeC"andh >0, then Hf is given by
(Hf) (X) _ hxlf()\Jrl)/h

Ji M h), (a0
L d X(A+1)/h/H;n+r{Jal+l <t (= h), (&g, a4)1,p
dx (b, Bj)1,a, (=A—1,h)

] f(t)dt (37)

0
for Re(\) > (1 —v)h — 1, while
(Hf)(x) = —hx!~+0/k

X d x(Hl)/h/Hgl:11$r1 xt (25, @i)1,p, (=, )
dx ’ (—A—1,h),(bj,8)1.q

] f(t)dt (38)
0
forRe(A\) < (1 —v)h — 1.

Proof. Since ar <1 —wvy < B, e =1, k #1(k,01=1,2,....,n), and Ag[l —vi] 4+ Re(uy) <0
(k=1,2,...,n), then, according to Theorem 2, the transform H is defined on £, ,. We denote by Ho(s)
the function

Ho(s) = 6 5H(s H’Ho (sk) = [ % H(sn), (39)
k=1

where 5, (k= 1,2,...,n) are defined in (22) and functions H(s) (k = 1,2,...,n) are of the view (4). It
follows from (12) that

O'k; + Ztk H B]k (bj,)—1/2 H azl:Q Re(aZk)( )c* efc* effrlm(gk)sgn(tk)/Q (|tkz| — OO) (40)
i=1

are uniformly in oy (k =1,2,...,n) in any bounded interval of R. Therefore, Ho(sx) (k =1,2,...,n)

are analytic in the strips ay < Re(sg) < B, and if o, < 01}; < 0,% < Bk, then Ho(s) are bounded in the

strips o} < Re(sy) < o? (k=1,2,...,n). Since parameters (21) aj = Ay, =0 (k = 1,2,...n), then in

accordance with (24), (25) aj = —aj, = Ar/2=0(k =1,2,...,n). Then, from (39) and (13), we have

Hi (o) + ity)

! ity) = i) | —log &
Ho(og + ity) = Ho(og + ity) | —log k+7'lo(0k+itk)

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 45 No.9 2024
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[ 1
mu) O( )
te t

for iy < o < B (k =1,2,...,n). Thus, Ho(s) (k = 1,2,...n) belong to the class A (see Definition 1)
with ag(Ho) = ax and Br(Ho) = B (k= 1,2,...n).
Therefore, by virtue of the Theorem 1, there is a transform Ty (s, ) € [£1-4, ] for 1 < 7). < o0 and

= Ho(Uk + itk)

—O(1> (Ite] > o) (41)

12

&k<1—yk<§k (k=1,2,.n). Let T = Ty, =11l 1 Tro(s,)- When 1 <7 <2, then T is one-to-
one transform on £1_, , and the relation
(IMTS)(s) = Ho(s)(Mf)(s) (Re(s) =1-v) (42)

holds for f € £1_, ;. Let

Ho = WsTR, (43)
where W and R are given in (16) and (17). According to Lemmas 3(b) and 3(a), R € [£,, £1-0.r],
W; € [£1-,,] and, hence, Hp € [£,,, L1, fora <1 —v < f and 1 <7 < oo, too. When a <
l-v<fBl<r<2andfe £y, it follows from (43), (18), (42), (19), and (39) that

(MHo f)(s) = (MWSTRS)(s) = 0°(MTRS)(s) = 0°Ho(s) (MRS)(s)

— 5 Ho(s) (MF) (1 — s) = H(s) (MF) (1 — ) (44)
for Re(s) = 1 — v. In particular, for f € £, , Theorem 2 (a), (27) and (44) imply the equality
(MHof)(s) = (MHf)(s) (Re(s) =1-v). (45)

Thus, Hof = Hf for f € £, 9 and, therefore, ifa <1 —-v < B, H=Hyon £, , by Theorem 2(d).
Since 21,,2 N L, isdensein £, , (see[16], Lemma 2.2), H can be extended to £, , and, if we denote it
there by H again, H € [£, -, £1_,,]. This completes the proof of assertion (a) of the theorem.

The property (b) is clear from the fact that the operator T above and the operators W5 and R are
one-to-one and (34) follows from (44).

Let us prove (¢). Since R(£,,) = £1-,, and W;s(£1_,,) = £1_,,, then the onto map property
H(L,,) = £1-v, holds if and only if T(£,-,,) = £1-,,. To prove this, it should be noted that the
abscissas of the zeros of H(sy) divide the interval (ay, 8) (k = 1,2, ...,n) into disjoint open intervals,
where and thereafter Ho(sy) in (39) is renamed H(sy) (k = 1,2,...,n). Let (&}, E,i) be one such interval
(k=1,2,...,n). Then, each function H(]‘;k) is analytic in aj, < Re(sg) < E,ﬁ (k=1,2,...,n). In view
of (40) we have

1/2 Re(bj,,) Re(aiy,) 1/2 —c* e omlm(€g)sgn(t)/2 00
~ t - ’
(x4 it ]I_Il I | 2m) e e (Itx] )

So, if we take a} < of <07 < ﬁ then Hék) is bounded in the strip o} < Re(sy) < o7 (k=

1,2,...,n). The qualities
1)’ _ H; (o) + itg)
+ity) = —
{Hk} (ok +ity) H2 (o, + ity)

(k=1,2,...,n) imply by (40) and (41) that

Ve vitg =0 1) (il = )
{Hk} <tk>

for @ < o < B, Thus, H(lsk) (k=1,2,...n) belong to the class A with ay(1/H(s)) = & and

Be(1/H(sk)) = BL (k =1,2,...n). Then, for @ < 1 < B} and 1 < r, < oo it follows from Theorem

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.45 No.9 2024
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I that the transforms T} /%, ) are one-to-one on £, ,, and T(£,, ,,) = £, (k=1,2,..n). Let
T= Tl/’H(s =11y T' /3(s,)- Then, we have that T(L,r) = £, Butif v, & &y, then the value 1 —
does not coincide with the abscissa of any zero of H(sx), and, hence, 1 — v} lies in such (&}ﬁ,gé)

(k=1,2,..n). Therefore, H is one-to-one transform on £,, and H(L,,) = £1-,,. The assertion
(c) of the theorem is thus proved.

Now we prove (36). [fa <1 —-v < B, then by using the Holder inequality ([12], 1.3.4.(1))

b b /e,y 1/p’
/ f(®)g(x)dx| < ( / f(X)de) ( / g(x)P’dx)
><<Il)+;/:1,—oo§a<b§oo>, (46)
we have
/ £(x) (Hg) (x / X7 f ()] M7 (Hg) ()] dx

0
1 1
< vl gl < Kllflloirllglly o {+  =1),

where K is a bound for H € [£,,,/,£,_, ,v]. Hence, the left-hand side of (36) represents a bounded
functional on £, x £, ,,. Similarly it is proved that the right-hand side of (36) represents such a
functional on £, x £, . By virtue of Theorem 2 (b), if f € £,, and g € £, 9, (31) is also true. By
([16], Lemma 2.2), £,, N £, , is dense in £,, and hence (31) is true for f € £, and g € £, ,» with

1<r<ooandd < 1 —wv < f3. This completes the proof of the assertion (d) of the theorem.
Finally we prove (e). If Re(\) > (1 — v)h — 1, then the function

LEOHD/A-1 g <t < x; e N P T IY
gx(t) = =¢ B (47)
0, t>x; 0, tr>axk (k‘ =1,2, ’I?,)7

belongs to £, s for1 <'s < co. When s = 2, we may apply Theorem 2 (c) for g« € £, 5 and we have

(Hgx) (v) = hyl‘(””/hdd y(””/"/Hg‘ﬁﬁlﬂ [yt‘ ((_A’h)’ (80, ai)1p ] D/ gy,
y

J by, ))1as (A= Lh)

(_Avh)v (alval)

Xy
_ d 1
_ hyl (A+1)/h /Hm n+
dy (bjaﬁj)l,qa (_)\ 1 h)

p+1l,9+1 t'

] t()\-i-l)/h ldt
0

m,n—+1

(=Ah),  (as qi)ip
(bj, Bi)1,q: (<A —1,h)

almost everywhere. For f € £,, witha <1 —-v < 5 and 1 <7 < oo and for the above gx € £,,,/, we
have from the previous result (d) that

/ f(t)(Hgx) (t)dt

0

/t(>\+1)/h 1 Hf /
0 0

p o (bj75j)1,q7 (_)\ - 17h)

F(t)dt.

0
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From here, after differentiation with respect to x, we arrive at (37). In the case Re(\) < (1 —v)h — 1,
the relation (38) is proved similarly if we use the function

0, 0<t<x;
hx(t) = {t(M'l)/h_l, t > x:

instead of the function gx(t). Thus, the theorem is proved.

4. CONCLUSIONS

The multi-dimensional integral transform with Fox H-function is studied. Conditions are obtained
for the boundedness and one-to-one correspondence property of the operator of such transform from
one Lebesgue-type weighted spaces of functions to others, and analogue of the formula for integration by
parts are proved. For the transform under consideration, various integral representations are established.
The results generalize those obtained earlier for the corresponding one-dimensional integral transform
and also for some special forms of the considered transforms.

FUNDING

This work was supported by ongoing institutional funding. No additional grants to carry out or direct
this particular research were obtained.

CONFLICT OF INTEREST

The authors of this work declare that they have no conflicts of interest.

REFERENCES

1. S. M. Sitnik and O. V. Skoromnik, “Multi-dimensional integral transform with Fox function in kernel in
Lebesgue-type spaces,” Mathematics (12) (2024).

2. S. M. Sitnik and O. V. Skoromnik, “One-dimensional and multi-dimensional integral transforms of
Buschman—Erdelyi type with Legendre Functions in kernels,” in Transmutation Operators and Appli-
cations, Ed. by V. Kravchenko and S. M. Sitnik, Trends in Mathematics (Springer Nature, Basel, 2020),
pp. 293—319.

3. S. M. Sitnik, O. V. Skoromnik, and S. A. Shlapakov, “Multi-dimensional generalized integral transform in
the weighted spaces of summable functions,” Lobachevskii J. Math. 43, 1170—1178 (2022).

4. S. G. Samko, A. A. Kilbas, and O. 1. Marichev, Fractional Integrals and Derivatives: Theory and
Applications (Gordon and Breach Science, London, 1993).

5. A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and Applications of Fractional Differential
Equations (Elsevier, Amsterdam, 20006).

6. M. V. Papkovich and O. V. Skoromnik, “Multi-dimensional modified G-transformations and integral trans-
formations with hypergeometric Gauss functions in kernels in weight spaces of summed functions,” Bull.
Vitebsk. Univ., No. 1 (114), 5—20 (2022).

7. S. M. Sitnik, O. V. Skoromnik, and M. V. Papkovich, “Multidimensional modified G- and H -transformations
and their special cases,” in Proceedings of the 10th International Scientific Seminar AMADE-2021,
September 153—17, 2021, Minsk, Belarus (IVC Ministry of Finance, Minsk, 2022), pp. 104—116.

8. A. M. Mathai and R. K. Saxena, The H-Function with Applications in Statistics and other Disciplines
(Halsted, Wiley, New York, 1978).

9. H. M. Srivastava, K. C. Gupta, and S. L. Goyal, The H-function of One and Two Variables with
Applications (South Asian Publ., New Delhi, 1982).

10. A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev, Integrals and Series, Vol. 3: More Special Functions
(Gordon and Breach, New York, 1990).

11. V. Kiryakova, Generalized Fractional Calculus and Applications (Wiley, New York, 1994).

12. A. A. Kilbas and M. Saigo, H-Transforms. Theory and Applications (Chapman and Hall, Boca Raton,
2004).

13. A. P. Prudnikov, Yu. A. Brychkov, and O. [. Marichey, “Calculation of integrals and Mellin transformation,”
[togi Nauki Tekh., Ser.: Mat. Anal. 27, 3—146 (1989)).

14. Yu. A. Brychkov, H. Y. Glaeske, A. P. Prudnikov, and Vu Kim Tuan, Multidimensional Integral Transfor-
mations (Gordon Breach, Philadelphia, 1992).

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.45 No.9 2024



15.
16.
17.
18.
19.
20.
21.
22
23.

24,

A SPECIAL TYPE OF MULTI-DIMENSIONAL INTEGRAL TRANSFORM 4623

S. M. Nikolski, Approximation of Functions of Many Variables and Embedding Theorems (Nauka,
Moscow, 1975) [in Russian].

P. G. Rooney, “A technique for studying the boudedness and extendability of certain types operators,” Can.
J. Math. 25, 1090—1102 (1973).

O. V. Skoromnik, Integral Transforms with Gauss and Legendre Functions as Kernels and Integral
Equations of the First Kind (Polotsk State Univ., Novopolotsk, Belorussia, 2019) [in Russian].

S. M. Sitnik, “Factorization and estimates of the norms of Buschman—Erdélyi operators in weighted
Lebesgue spaces,” Sov. Math. Dokl. 44, 641—646 (1992).

S. M. Sitnik, “A short survey of recent results on Buschman—Erdélyi transmutations,” J. Inequal. Spec.
Funct. (Spec. Iss. to honor Prof. Ivan Dimovski’s Contrib.) 8, 140—157 (2017).

V. V. Katrakhov and S. M. Sitnik, “The transmutation method and boundary-value problems for singular
elliptic equations,” Sovrem. Mat. Fundam. Napravl. 64, 211—426 (2018).

S. M. Sitnik and E. L. Shishkina, Transmutation Method for Differential Equations with Bessel
Operators (Fizmatlit, Moscow, 2019) [in Russian].

V. V. Kravchenko and S. M. Sitnik, Transmutation Operators and Applications, Part of Trends in
Mathematics (Springer Nature, Basel, 2020).

E. L. Shishkina and S. M. Sitnik, Transmutations, Singular and Fractional Differential Equations with
Applications to Mathematical Physics (Elsevier, Amsterdam, 2020).

A. K. Urinov, S. M. Sitnik, E. L. Shishkina, and Sh. T. Karimov, Fractional Integrals and Derivatives
(Generalizations and Applications) (Fergana, Uzbekistan, 2022) [in Russian].

Publisher’s Note. Pleiades Publishing remains neutral with regard to jurisdictional claims in

published maps and institutional affiliations.
Al tools may have been used in the translation or editing of this article.

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 45 No.9 2024



		2024-12-17T13:27:10+0300
	Preflight Ticket Signature




