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Abstract—This article investigates the Cauchy problem for a third-order pseudo-parabolic equation
with a Bessel operator. Using the Erdélyi—Kober operator transformation, the Riemann’s function
for this equation is constructed, which is expressed through the hypergeometric Kampé de Fériet
function. In particular, we obtain the Riemann’s function for a one-dimensional pseudo-parabolic
equation.
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1. INTRODUCTION

Boundary value problems for partial differential equations with singular coefficients have been studied
extensively by many mathematicians. The investigation of more complex equations with singular
coefficients represents a natural progression towards theoretical generalizations. The value of the
theoretical results obtained in such studies increases significantly due to the presence of these equations
or their special cases in applications.

A particular class of equations with partial derivatives with coefficients exhibiting singular behavior
includes equations with Bessel operators of the form

d A\ & 2m+1d
Bx — —2n—1 2n+1 — .
n= " dx (ac dx e

For elliptic, hyperbolic, and parabolic type equations with Bessel operators in one or more variables,
[.A. Kipriyanov [1], introduced the corresponding terminology of B-elliptic, B-hyperbolic, and B-
parabolic equations. The importance of equations from these classes is also determined by their
applications in problems related to axisymmetric potential theory [2, 3], Euler—Poisson—Darboux
(EPD) equations [4, 5], Radon transform and tomography [6—8], gas dynamics and acoustics [9], jet
theory in hydrodynamics [10], linearized Maxwell—Einstein equations [11, 12], mechanics, theory of
elasticity and plasticity [13], and many others.

The most thorough exploration of problems related to equations involving Bessel operators has been
conducted by the Voronezh mathematician I.A. Kipriyanov and his students. More detailed information
on this subject can be found in the monographs by Katrakhov and Sitnik [14], Sitnik and Shishkina [15].

The foundation of the modern theory of hyperbolic partial differential equations was significantly
influenced by B. Riemann’s, who obtained an integral representation of the Cauchy problem analogous
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to the representations of boundary value problem solutions for second-order elliptic equations using
Green’s functions. This representation assumes the existence of an auxiliary function, known as the
Riemann’s function, which possesses several well-known properties [16, 17].

Subsequently, Riemann’s method for hyperbolic equations with two independent variables was
developed in the works of Colton [18], Soldatov, Shkhanukov [19], Jokhadze [20], and others. In these
studies, the Riemann’s function was introduced as a solution to a specific Goursat problem. Zhegalov,
Mironov, and Utkina [21, 22], proposed a method for finding the Riemann’s function as a solution to an
integral equation. Fro more information on this direction we note the works [23—25] and the references
therein.

A.A. Andreev and Yu.O. Yakovleva examined and solved Cauchy and Goursat problems for third and
fourth-order hyperbolic equations using Riemann’s method [26].

[t is known that degenerate and singular second-order equations have the peculiarity that classical
problem formulations are not always well-posed. The lower-order coefficients significantly influence
problem formulation. Such questions for high-order equations with singular coefficients have been
scarcely investigated.

In the work of Barenblatt, Zheltov, Kochina [27], a linear pseudoparabolic equation of the form

gt(Axu(x,t) + Au(zx,t)) + Agu(z,t) =0 (1)
was obtained for the first time describing a nonstationary filtration process in a fractured porous medium,
where A, is the multidimensional Laplace operator and A = const € R.

A large number of papers are devoted to the study of equations of pseudoparabolic type, a survey of
which can be found in the monographs [28—31] and in works [22, 32].

This work is devoted to the study of questions of solvability in the classical sense of an analogue of
the Goursat boundary value problem for equation

0 <82u 2a Ou *u  2adu

Lo () n Au) Lo a0y, @)

ot \ 0z2 x Oz Ox? x Ox

when o, A € R,and 0 < 2ae < 1, A > 0.

Parameter «, participating in the equation (2), determines the order of the singularity of the equation
and the problems associated with it. In case a« = 0, the equation (2) transforms into the one-dimensional
equation of Barenblatt, Zheltov, and Kochina (1), and in case & = (n — 1)/2, we obtain the spherically
symmetric case of the equation (1) and in the last case, the variable x plays the role of the variable
r = /23 + 23 + ... + 22 in the spherical coordinate system.

The distinction of our problem from those discussed above lies in augmenting a third-order pseudo-
parabolic equation with a Bessel operator, and formulating the corresponding Cauchy problem in the
domain Q@ = {(z,t); 0 < x < t}. The exact solution to the problem was found using Riemann’s method.
To determine the Riemann’s function for this equation, the solution to the Goursat problem satisfying
homogeneous boundary conditions was employed, using the Erdélyi—Kober operator.

2. FORMULATION OF PROBLEM
In contrast to the cited sources, in this work in the domain Q@ = {(x,t) : 0 < x < t}, we study the
Cauchy problem for the equation with initial data on a non-characteristic line.

Cauchy problem. It is required to find a solution to equation (2) in the domain Q satisfying the
conditions
ou (x,t) 0%u (z,t)
u(z, t)’t:x =11 (), on on2
where 1, (z) for (k = 1,2, 3) are given smooth functions, n is the unit normal vector, o, A € R, such that
0<a<1/2

To construct the solution to the problem (2)—(3) we apply the Riemann’s method. Consider the
formulated problem on the plane £On. By applying Green’s identities

P 0Q
06 on’

=g (),

t=x

:lb:% (Q?), x>0, (3>

t=x

€2 [vLa (u) — uMq (v)]
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where
P =2 (v (ugy + ue) +u(vey —ve)), Q=& (ugvg — Mvu),
in the domain Q; = {(&§,7) : <& <t, x <n < t}, we arrive at the following relation:

J[ e prw - uiwidgan= [ Qds+ pan
951 T

where I' = Q1\Qy,

M, (v) = — =0 (4)

o [(0%*v 2adv )+ 0% n 2a0 Qv
Y)Toe T ¢ oo

on\og2 " ¢ oc "
is the adjoint operator to L, (u) is defined as follows.

The Riemann’s function of the operator L, is a function v (z,¢;&,n) that satisfies the following
conditions:

1) the function v (z,¢;&,m) € W, where W = {v: v € C% (), vy, vegy, ve € C (1)}
2)for each (z,t) € Qy, the function v (z, t; £, n) satisfies the equation M, (v (x,t;&,m)) =0,
3) it satisfies the following conditions on the characteristics £€ = x and n = t:

v (@, tz,m) = 0,0 (z,t;2,m) =wi (p;2,1), x<n<t, (5)
v(z,t6,1) =w (§a,t), x<E<H, (6)

where wy (9, x,t) and woy (€, x, t) are solutions to the following Cauchy problems, respectively,
Win ("7%513775) — w1 (stat) :07 (7>
wi (e, t)),—, =1, z<n<t, (8)

2a

wage (& 2,1) — ¢ W (& z,t) + dwa (§2,1) =0, (9)
w2 (g;xvt)lgzx :07 wae (§§xat)‘5:x = 17 z < § <t. (10)

The problems (7)—(10) are uniquely solvable. It is easy to demonstrate that the solutions to problem
(9) and (10) has the form

w1 (naxat) = (11)
Now, let’s solve the problem (9) and (10). After the substitution
1/2—«
et =( ) s, s=vag (12)

equation (9) transforms into the equation
s?2" + s + (82 — (a— 1/2)2) z=0.
The given equation is a Bessel-type equation, and its general solution has the form [33]

z (S,l‘,t) = (xat) J1/2 —a (8) +c2 (xat) Ja—1/2 (8) )

JFOO n n—+rv
where J, (z) = 20 (’T;)F((Vzﬁfl; is the Bessel function [34], and ¢; (z,t) and ¢z (x,t) are arbitrary

functions dependiﬁg on (z,t). Considering (12), we have

wy (€, 2,8) = c1 (2, 8) €2 7Ty 1y (wg) oo (1) €2,y (\/)\§> . (13)
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Substituting (13) into conditions (10), we obtain the following system with respect to ¢;(z,¢) and
co(x,t):

a—1/2

{q(x,t)JUMWAw + ea(@, ) Jam12(VAT) = 0,
VA T

(@, 1)1 /20 (VAZ) = ca(, ) Jo g1/ (VAT) = °
Solving this system, we find

2 V2 g, (\/A:C)

VA [Ja,l/g (m) J 1) —a (JA:):) + Tty (m) Ji/2—a (m)}’
22 J <\/)\x>

VA [Ja,l/g (m) T 1)2—a (m) + Jos1)o (m) T3 —a (m)]

Considering formulas [34]

e (z,t) =

co (x,t) = —

Ty (@) Ty (&) + Ty (1) Jyn () = 20T

T

we have
7.(.:604-‘1-1/2 Ja71/2 (\/)\CC)

2cos am

ot/ J1/2-a (\/)\.’E)

, ca(x,t) =— .

e (z,t) =
2 cos am

Substituting the found values of ¢; (x,t) and ca(x, t) into the equation (13), we obtain the representation
of the solution to problem (9) and (10) in the from

a+1/2
wo (§,x,t) = e <£>

2 cos (am) \ =
x oy (VAZ) Jija o (VAE) = Tij2 o (VAZ) Jacrpn (VAE)]. (14)

Using the Riemann’s function v (z,¢;£,7n), we can easily obtain the representation of the general
solution to equation (2) in triangular domain €2;. Indeed, by integrating (4) over the domain €2, where
(x,t) is an arbitrary point in 2, we have

t

UWJ)ZxMﬁ%Mtﬂvdwﬁwﬁ)—wQQ/E%W%C&OUA%téé)—AU@ﬁﬁ%%tfé)

b0 (5 6,6) (g (6,€) + g (6,€)) + 1 (€,€) (vey (2,15 6,€) — ve (2, 15€,€))] de
g2 / / €200 (2, 1:6,17) f (€.m) ded. (15)
951

This represents the solution in the triangular domain €, using the Riemann function v (z,¢; &, 7).

3. CONSTRUCTION OF THE RIEMANN’S FUNCTION

To construct the Riemann’s function, we will use the methodology from [23].
Let’s consider the following auxiliary problem.

Problem Gy. In the domain Q¢ = {(§,7) : 0 <& <[, 0 <n < h}, find a function u (x, t) satisfying
equation (2), and homogeneous boundary conditions

w(E,0)=0, 0<E<, (16)

uw(0,7) =0, wue(0,n) =0, 0<n<h. (17)
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If the Riemann’s function v (z,¢; &, n) of problem (2), (16), and (17) is known, then the solution to
this problem is represented as [35]

w(at) = //v(a:,tsg,mf(f,n) dedn (18)
Qo

Here 09y denotes the boundary of the domain Qg, and f (£, ) is a given function.

On the other hand, the Riemann function can be defined in another way. Suppose that, constructed by
some other method, formula (18) provides the solution to the problem (2), (16), (17) for any sufficiently
smooth right-hand side f(x,t). Then, due to the uniqueness of the solution to this problem, the kernel
v (x,t;€,n) will serve as the Riemann function for the problem (2), (16), and (17).

According to the work [23], to solve the problem (2), (16), and (17) we apply the Erdélyi—Kober
fractional order operator. Therefore, let’s consider some properties of this operator.

4. FRACTIONAL ORDER ERDELYI-KOBER OPERATORS

Various modifications and generalizations of classical fractional integration and differentiation oper-
ators are widely used in both theory and applications. Among these modifications are the Erdélyi—Kober
operators [36]

23:'72(774’0‘)
In,af(x) = F(a)

where a,n € R, > 0,7 > —(1/2), f(z) € L1(0,b), b > 0, and I'(«) denotes the gamma function [37].
The main properties of operator (19) can be found in reference [36]. The inverse operator to (19), when
0 < a < 1,is given by

/ (a2 — €)' f(e) e, (19)
0

~1 a2l d 2 2\ 2(nta)+l
I, o9(x) = (- o) do /(ﬂc —s%) s g(s)ds. (20)
0

For operator (19), the following theorem holds [36].

Theorem 1. Let a > 0,1 > —1/2, f(x) € C%(0,b), where b > 0, and z*'L f(x) is integrable at
zero with lim 2?1 f'(z) = 0. Then, B, oIyof(x) = I oBg f(z), where
T—

pr_ w1 d g d _ A 241d
n

dz dr  dx? r dzx
is the singular Bessel differential operator.

[t should be noted that in works [38—42], the Erdélyi—Kober transformation operator has been applied
to solve initial boundary value problems for hyperbolic equations, while in works [23, 43] it has been used
to solve initial boundary value problems for parabolic equations with coefficient singularities.

5. APPLICATION OF THE ERDELYI-KOBER OPERATOR FOR THE CONSTRUCTION
OF THE RIEMANN FUNCTION

Let’s assume that the solution to the problem (2), (16), and (17) exists. We seek this solution in the
form

9120 y

/ (2% — )70 (€,) de, (21)

u(:c,t) = If(l/?),aU(‘rat) = F(Oé)
0

where u (x,t) is the unknown function, and the upper index in the operator indicates the variable on
which this operator acts.
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Substituting (21) into boundary conditions (16), (17), and then into equation (2), using Theorem 1
and the formula for the inverse operator (20), we obtain the following problem to find the solution u (x, t)
of the equation

Uset +Upe + AU = F (.’E,t) ) (22)
subject to the homogeneous boundary conditions
U(z,00=0, 0<z<l, (23)
U(0,t)=0, U;(0,t)=0, 0<t<h, (24)
where
_ (@) -1 1 d —a 24
F(z,t) = (I—l/Q 7@) f(z,t) = Il - a)d / (.’E2 - 82) s2 f (s,t) ds. (25)
0
In this case, the solution to the problem (22)—(24) is given by
t T
Uwt) = [y [ Rt F e (26)
0 0

where R (z,t;&,n) is the Riemann kernel associated with the Erdélyi—Kober fractional operator.

Here R (z,t;&,n) is the Riemann function associated with problem (22)—(24), constructed in [42]
and defined by the formula

R(e i) = (€~ ) Ko (155, 1, 1500,02). (27)
where
0 a7 )Ca 7017 o9) = L~ (b)m(c)m(b/)n m' n' 9

With01:—2(§—$)2, 02:77—t.

This series converges when |o1|, |02 < +00 and b, ¢, b, ¢ #0,—1,—2,.... It can be expressed as

K b b/' _ = (a’)m O{n F 'b/' _ = (a)n 0-3 F b .

O(Ga , Cy a0-170-2)_n;](b)m(c)m m!l 1(a+ma aO-Q) —T;](b,)n n!l 2(a+n, ,C,Ul),

or it can be expressed through the Kampe de Feriet function [44]

. . — 100
K() (a7 b,C,b 701,02) = FO' 1

td]

a; —; -
o, w|,
B b7 ¢, b/;
where 1 F5 (a;b, ¢; z) denotes the generalized hypergeometric function, and 1F (a;b;z) denotes the
Kummer function [45].

Considering (25), the function F(&, n) is rewritten as F'(§,n) = (%F(f, 1), where

¢
Fem = g g [ (€= ) ds

0
[t is obvious that if f(s,n) € C(Qp), then F(0,7n) = 0.
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Substituting the expressions for F'(§,n) from (25) into equation (26), integrating by parts with
respect to the inner integral, and taking into account the equalities R(x,#;&, ), = 0and £(0,7) = 0,

and then changing the order of integration using the Dirichlet formula, we obtain

Ulz,t) = 1_a /dn/s “g(z,t;s,n)f(s,n)ds,

where
X

glatis) = [(€ ) Relo i de.
Proceeding further, substituting (29) into (21), we obtain

T
212a

U(fv,t)z—r( (1 — a) / 2“dS/fsndn/(:v — ) g(y, t;s,m) dy.

S

Successively changing the order of integration three times in (31), we find

x t
zmwz//m@mww@m@m
0 0

where

2:61—2@8204 o

s

Ra(xat; 87"7) =

According to (18), the function R, (x,t; s,n) represents the Riemann’s function of problem Gy.

Substituting (30) into (32), we obtain

Yy
Ra(witis) = — 205 /(:c ) 1d/ )70 Re (y, £ €, 1) de.
(6% Y 777 - F(Oé)F(l—Oé) y y fyu 7

v

Let’s compute the inner integral:

Wy t;&n) = [ (€2 —s*) “Re(y, t;€,n) dé.

m\@

Due to the equality

0

1
; = Ky 1; 1.1;6
agR(yatvgvn) 0( 190 701702>7

where 51 = — (€ — y)?, the function h (y, t; €, n) can be represented as
y

h(y7t7§777) = / (52 - 52) KO ( ; 17 ]-70-170-2) d§

S

Making the change of variables £ = y — (y — s) 1, we obtain
hiyt:&m) = (y+5) "y —s)'""

1
—a
2c - y—:s 1 ~
1-— 1-— Kol1l; ,1,1; d
X//.L ( M) < y_i_SM) 0< 191 701702) 2
0
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where 61 = —i‘(y — 5)?, Utilizing the expansion of the function Ko (a;b,¢; b, ¢;01,09) in series (28)

and considering the uniform convergence of this series for any argument values, we change the order of
integration and summation

+oo (1)m+n 5_?1 O.Qn

hiy.tE&m) =(y+s) "y —5)""" Y (1/2), (1), (1), m! n!

m,n=0

1
x [ pm(1— a<1—y_8 ) dp.
/ w1 = p) y st 1
0
From here, applying formula [36]
1

TB)T(c—b
/tb_l(l—t)c_b_l(l—xt)_“dt— OTC=0) b ay, e>b>o,
' (c)
0
we obtain
+00 (1)m+n 5{” Ugn

. o s)@ —s 11—
P = W W= 2 1) (1)) (1), mt
rem+10)rQl-ow

F 2 1;2m — 1; 34
F(2m—a—|—2) 2 l(av m+ 1;2m o+ 703)7 ( )

where F (a,b, ¢; z) is the Gaussian hypergeometric function [36], o5 = zjrz
We apply the following formula to the Gaussian hypergeometric function in expression (34)

r—1

oIy (a,b;¢;0) = (1 — ) %21y (G,C— b, " ) :
Then, (34) takes the following form

. _ —a -« = (1)m+n 5—?1 o2"
Pt ) = @0 W= T D ) (1) (1), mt

m,n=0
T'(2m+1)T (1 —a)

F 1—o;2m — 2;
F(2m—a—|—2) 2 l(aa s 2m o+ a04)7

where o4 = °, Y. Substituting the found expression for & (y,t; £, n) into (33), we obtain

gl-ayl—204 +X (1) s (=A/4)" oo™

Ra(“"’t?“):_r(a)ru—a)mnzo (1/2), (D (1), mt !

rem+1)rl-—ao [ 9 ova—1 om—ot . .
T (2m —a+2) /("” —v) =) 2Fy (01— 0;2m — a4 2504) dy. (35)

S

Let’s change the variables of the inner integral in expression (35) to y = s + (x — s) p and apply the
following formula [36]

1
/ €11 — P11 — 29) P (a, by ¢ wy€) dé
0

B(c,B) yz
= F: b ; ; .
(1_yz)p 3(p7a7187 7C+5ayz_17wy
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Then, expression (35) takes the following form
+oo (1)m+n 5_7171 O‘Qn

Ra (.’/U,t; 8,7’) = g %g” (-’/U — 5) Z (3/2)m(1)m(1)n m! n!

m,n=0

Fs(a,a,1 —a,1 —,2m + 2;05,06) ,

+oo ’ ’
where F3 (o, o/, 8, 8,7, 2,y) = > (@)ila )liﬁ)’“(ﬁ ) ‘fj ?{,l is the Horn function [36], B(c, 8) = LET(B)

k=0 (v +1 : I'(c+B)
is the beta function, 61 = —i‘(x — 5)2, o5 = %7, and o = °,.7. Using the formula [46]

z
F '1—a,1 -y
3(0&,0&, «, a777zv2z_1)

/ 1 1
= (1-2)"11 -2 R (2 (v—a—-ad +1), (Y+a—ao);y42(1 —z)),

2
and then sequentially applying formulas [36]

2 2a 1 1 /1-yV1-z\°
F(a,b,2b,:c)-<1+\/1_x) o Fy (a,a—b+2,b+2,(1+\/1_x) ),

F(a,b,c;x):(l—x)_bF (C—a,b,c; v ),

r—1
we obtain
R, (x,t;s )—(s—sc)<8>a EOO Wi 6T02nF a1l —« m—|—3'6 (36)
@ ,058,1) = X (3/2) (1) (1) m! nl ) ) 27 5 )
m,n=0 m m n
- (z—s)?
where o5 = -, " .

The function Ry, (x,t; s,n), defined by equation (36), is the Riemann’s function for problem Gy.

[t is straightforward to demonstrate that when « = 0, function (36) coincides with the Riemann’s
function for problems (22)—(24), as defined by equation (27).

Therefore, the Riemann’s function for problems (2) and (3) is determined by the formula

a +0oo ~Am n
veasen =€-a (£) 3 W -5 " r(an-ame o). @)

z) a2y 3/2)p(1)y(1), m! nl 2
where o1 = —2(5 — )%, 09 =n—t and G5 = —(x4;§)2.

Let’s demonstrate that function (35) satisfies the conditions (5) and (6).
The first condition (6) is immediately satisfied when £ = .
The value of the derivative of the function v (x, y; &, ) with respect to £ at £ = x is
400 n
n—t
ve(oyémle, =S 0

n!
n=0

Since the right-hand side of this equation represents the series expansion of €7, equality (11) follows.
The function v (z, y; £, n) when n = t, equals

. B B 5 a +oo 0_7171 ) -
By formula [35]
+o0o ym
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the function (38) can be represented as
0 (@56 )y = (€~ 2) (i) =y (01— 0,3/2:55.01)

- = (),.0
where Z9 (a,b,c;z,y) = . . it
m,n=0  'mt"

y™ is the Humbert function.

Using the notation « — 1/2 = v in(14), we obtain
wo () = — . " <5>VH [J,, (\/Ax) J, (\/)\5> 7, (\/Ax) J, (wg)

2sin (vm) \

Taking into account formulas [37]

Jy(2) = I‘(Vl—i— 1) (;)V0F1 (V—i—l,—zj) , TA+)I'(1-v)= TV

v v 2 2
wa (§,x,t) = ;V <i> [(i) ofF1 (1+V;—)\§ >0F1 (1—V;—)\I >
R e

From here, applying formula [36]

sin (7v)’

we have

. . -~ (P2)" .
OFl(aapZ)OFl(baqz):gn!(a)nF ]-_a_na_nabap )

temn= £ () [( SR

v o0 )\52/4 .’E2
( > T;) nl(1 =), (u—n,—n,1+u;§2)].

1 4
a,a—b—|—2,2a—2b—|—1;— & ),

we obtain

Using formula [46]

Fla,b,a—b+1;2) = (1— )R
| tha=(l-ve) (1- 2y

VR

we find

_ & (E)'RNof [(dos)” 1 1
w2(§’x’t)_2y(x> %n! [(14—1/) F<—V—n,2—y,1—2y,—05>

F(a,b,c;z) = £(Z§£Ei:2§(—z)GF (a,a—c-l—l,a—b—i—l;i)
IF'(¢)T(a—0) )b . W 1
+F(a)f‘(c—b)( ) F<b,b +1,b +1,Z>7

(39)
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we have
wy (&, m,t) = 2§y<i>”2‘7fj l:Al( 55) "T (1/2 —|—n)F(y—n —v=n,, =N U5>
+ Ay(—55)2T (~1/2 —n)F (; +v, ; —-v,n+ ;;65)} , (40)
where
4 — 4T (1 - 2v) 47T (14 2v)
' (14+v),T(A1+n-)T(1/2 —v) (A—-v),T(A+v+n)T(1/2 +v)’
e 4T (1 - 20) 47T (1 + 2v)
g =

(1+v),0(1/2 —v)T(~v—n) (1-v),0(1/2 +V)T (v —-n)

Hence, using the formulas T' (22) = 22\%1 L(z)T (24 3) and T'(2)T(1—2) = sinnz)> We find Ay =0
and Ay = (—1)™ 2 . Substituting the found values of A; and Ay into (40) and considering T (—% — n) =

VT
(_123/(2_)2\/ﬂ) , after some calculations we obtain

ll+é
we (&, 2,y) = — | — x| (i) =90 (1/2 +v,1/2 —v,3/2 ,55,01) . (41)

[f we denote v — 1/2 = v, then the function (41) coincides with (39). Thus, the formula

A 02
EQ (a,l—@,3/2;—4(5—37)2,—(543:?) >

= s 0 eostam [ (V) o (V2€) s (VA) g (V)]

which is not found in references, has been proved.

Let’s return to the investigation of formula (15). Applying integration by parts to this equation, we
obtain

u(z,t) = 2729 () ve (w858, t) — 272 (8, 1) v (2,81, ) + ue (v, 2) v (2,2, 7)
722 (8, 1) (vy (2, 58, t) — v (2,858, 1)) + u (2, 7) (v (2, 6 2, 2) — v (3,82, 2))
¢

+ a2 / [(20€2% Mg (€,6) +Euge (6,€) — E%ugy (€,€) — 267 ug (€,6) + A u (€,€)

xT

— 208 (£,9) v (2, 1:€,€) — (2062w (&, €) + €% (6,€)) vy (2,4, €)] dE
/ / €20 (a, t:€, ) £ (€,1) dEd. (42)

The functions ug, uy), uge, and ug, defined at n = £ are found from the initial conditions of the Cauchy
problem

w(€ ) =11 (&), ue(6,€) —uy (&€ = V20 (8),
ug (§,€) +uy (€,6) =91 (§),
uge (€,€) — 2ugy (§,€) + uny (§,€) = 243 (),
uge (§,€) + 2ugy (§,€) + uyy (§,€) =971 (€).
Thus, we obtain

"1 (6) = V242 (€)
2 J

V242 (€) + 91 (€)

u(6,6)= V2RO FVIO g9 =Y
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_ " (6) +2v2¢75 (€) + 295 (€) _ P () — 293 (6)

uge (€,€) = A o uen (6,6) = A : (43)

Considering series (37), the function v (z, ¢; £, n) can be represented as

o +0oo _
v(x,t;§,m) = (£ —x) <§> Z (@)1 — )y Z‘?Ko (1; 2 +k,1,1;01,02) .

Y7 =0 (3/2)y
The following differentiation formulas for series (28) are valid:
0 a
802K0 (a;b,c;b'501,02) = b,Ko (a+ 16,60 +1;01,09),

(0288 + (b/ — 1)) Ky (a; b, c; b/;al,ag) = (b/ — 1) Ky (a; bc;t — 1;01,02) .
02
Using these formulas, we compute the corresponding derivatives of the function v (z,¢; &, n):
v(z,tix,x) =0, vy (x,t;z,2) —v(x,tz,x) =0,
A
Un (:Ca i;t, t) -v (:Ca i;t, t) == 6 (t - ‘T)3xat7a52 (Oé, 1 —a; 5/2a 015 0-2) )

v (xatnfat) =zt (t - .Cl?) E (Oé, 1—q 3/2a 015 02) )

¢ (to‘ — at® + ozto‘*lx)

ve (z,t5t,t) = 420 )
£ ‘= (@), (1 —a), 6" 3

Substituting the defined expressions (43) and (44) into (42), we obtain the solution of problem (2) and
(3) in the form

Ot aa—lx
u(z,t) = t t x:‘— t Y1 (t) — ; (\/2¢2 (t) + 'y (t)) %Y (t —x)Eg (a1 — a;3/2;01;09)
+ é(t - x)3:c_o‘to‘¢1 (t)Zg (o, 1 — a;5/2;071;02)
t
9 )" X (), (1— ), 7 3 -
+x 2 /{(f—%) <x) kzo ](93/2)k k II;!)KO <1, 9 —|—k‘,1,1,01,02> P, (f)
EN SN (@1 —a) ok ()3 -
+ (5—:0) (:p) l;) 153/2)k k k-5l Ko (2, 9 +k‘,1,2,0’1,0‘2) (I)Q (f)}df
o [t (€ dean, (45)
951
where o1 = —2(5 —.’E)2,5'2 =¢—1t,05 = —(Z_x?Q,
61O = 0@+ @+ (-5 ) @+ (1) (Ve + v ©).
20 = "0 © + v O+ 01O,

Theorem 2. Let ; (z) € C?*79 (RT), j = 0,2, and all corresponding derivatives of the initial
functions vanish at x = 0. Then, the function u (z,t), defined by (45), is the unique solution to the
Cauchy problem (2) and (3).
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6. CONCLUSIONS
Applying the Erd’alyi—Kober transmutation operator we constructed the Riemann function of the

Cauchy problem for a pseudo-parabolic equation with singular coefficients. Based on this, we found
the exact solution to the investigated problem. Despite the advancement of modern computational
technology, constructing exact solutions for boundary value problems of partial differential equations
remains an important and relevant task. These solutions allow for a deeper understanding of the
qualitative features of described processes and phenomena, the properties of mathematical models, and
can also be used as benchmark examples for asymptotic, approximate, and numerical methods.
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