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Abstract—We consider linear bounded operators acting in Banach spaces with a basis, such
operators can be represented by an infinite matrix. We prove that for an invertible operator there
exists a sequence of invertible finite-dimensional operators so that the family of norms of their
inverses is uniformly bounded. It leads to the fact that solutions of finite-dimensional equations
converge to the solution of initial operator equation with infinite-dimensional matrix.
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1. INTRODUCTION
1.1. On Discrete Equations

Discrete equations is a very important mathematical object. This is related to computer calculations
which help us to find numerical solution if we don’t know its analytical expression. Discrete equations
can appear via difference schemes [1] or difference potentials [2], or discrete convolutions [3]. The latteris
more interesting for us because we try to develop discrete theory for pseudo-differential equations based
on ideas and methods [4, 5]. Certain realization of these ideas and methods is presented in authors’
papers [6, 8—13]. All mentioned papers are related to a solvability problem for discrete pseudo-differential
equations. Such equations are roughly speaking infinite systems of linear algebraic equations, and for
numerical solution we need to approximate these infinite systems by certain finite systems. In such
cases, they used the reduction method.

This reduction method was developed in [3] for abstract situation and for different classes of operators.
Some results were obtained in papers [14, 15] for general operators and discrete convolutions. But these
papers don’t give an answer to the question if arbitrary invertible operator admits the reduction method,
assuming the operator is presented by infinite matrix. In this paper, we will prove this assertion.

1.2. Pre-History: Digital Operators, Discrete Equations and Discrete Boundary Value Problems

Here we will describe some problem which have been considered earlier, these problems are closely
related to topic of the paper, and we will explain why we are interested in the infinite matrices and the
reduction method.

The classical pseudo-differential operator in Euclidean space R™ is defined by the formula [4]

(Au)(z) = / A, &) Sa(€)de,
Rm
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where the sign ~ over a function denotes its Fourier transform
(€)= [ ula)e*da,
RmMm

and the function A(z, £) is called a symbol of a pseudo-differential operator A.

Our main goal was describing a periodic variant of this definition and studying its certain properties
related to solvability of corresponding equations in canonical domains of an Euclidean space. This
problem is very large and in our opinion it should include the following aspects according to a lot of
physical and technical applications of such operators and related equations:

1. infinite discrete Fourier transform as a natural technique for such equations;
2. choice of appropriate discrete functional spaces;

studying solvability for infinite discrete equations;

- W

studying solvability of approximating finite discrete equations;
5. a comparison between continuous and infinite discrete equations;

6. a comparison between infinite discrete and finite discrete equations.

This is not completed list of questions for studying which we intend to consider. Some results in this
direction were obtained for simplest pseudo-differential operators (Calderon—Zygmund operators [9])
and corresponding equations. Also certain results were related to approximate solutions.

There are few variants of the theory of discrete boundary value problems (see, for example, [1, 2]), but
these theories are related especially to partial differential operators and do not use the harmonic analysis
technique. Since the classical theory of pseudo-differential operators is based on the Fourier transform
we will use the discrete Fourier transform and discrete analogue of pseudo-differential operators which
include discrete analogues of partial differential and some integral convolution operators.

Given function ug of a discrete variable £ € hZ™, h > 0, we define its discrete Fourier transform by
the series

(Faug) () = Ua(§) = > €7 Cug(¥), &€ hT™,
Tezm
where T = [—, w]™, h = h™!, and partial sums are taken over cubes

= {3 Mg = (&, @ il < N}
Qv ={Z € hZ™ : & = (¥1,--+,Tm), max [T < N}

We will remind here some definitions of functional spaces [6] and will consider discrete analogue of

the Schwartz space S(hZ™). Let us denote (2 = h=2 3 (e=#% — 1)? and introduce the following.
k=1

The space H*(hZ™) is a closure of the space S(hZ™) with respect to the norm
1/2
lualle = | [ @+ 1D a1
v m
Fourier image of the space H*(hZ™) will be denoted by H*(RT™). One can define some discrete

operators for such functions ug.

[ Zld({) is a periodic function in R with the basic cube of periods AT™, then we consider it as a
symbol. We will introduce a digital pseudo-differential operator in the following way.
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A digital pseudo-differential operator A, in a discrete domain Dy is called the operator [6]

(Aqug)(@) = )Y Aq(€)e’ T D Eqy(€)de, & € Dy,
GERTI o,

We use the class E,, « € R, [6] with the following condition
er(L+ N2 < |Aa(©)] < ea(1+ )2
and universal positive constants ¢y, co.
Let D C R™ be a domain. We will study the equation
(Aqua)(Z) = va(Z), & € Da, (1)
in the discrete domain Dy = D N hZ™ and will seek a solution uq € H*(Dy), vg € Hy “(Dg) [6—8].

Earlier some canonical domains [10—12] were considered, and some results on unique solvability of
these equations and related discrete boundary value problems were described in these papers.

As we see, the equation (1), in general, is an infinite system of linear algebraic equations. To use
computer calculations we need to approximate this system by a finite one. This is basic motive for this
paper, and we will try to justificate this fact for a general situation.

2. INFINITE MATRICES

Let X be a Banach space with standard basis e; = (0,...,0, 1 ,0,...), and we consider an infinite
system of linear algebraic equations with the matrix A = (a;;)75_;; this matrix is a representation of

linear bounded operator A in the space X:

A: X = X.

Let’s introduce the following equation in the space X

Ax =y, yeX. (2)

Let P, be a projector on a linear span of vectors e;,i = 1,...,n; this linear span will be denoted by
X,. Then, we put A4,, = P, AP, sothat 4,, : X,, — X,, and we write the truncated equation

Anxn = I'ny (3>

in the vector space X,,. Thus, the operator 4,, is represented by the matrix (a;;);';—;. Obviously, the

sequence of operators A,, strongly converges to A4, i.e.,Vx € X, lim A,x = Ax.
n—oo

We will give here one auxiliary result which will help us to obtain main theorem.

Lemma 1. /fa certainx € X, lim A,x = Ax, and there is the sequence {x,}>2; C X such that
n—oo

lim x, = x, then lim A,x, = Ax.
n—oo n—oo
Proof. Indeed, we have
145 = Aol < (1A% — Axl] + [ Anx — Aua] < [[Ax = Ax] + ]| [Ix = %,
Both summands ||Ax — A,,x|| and ||A]| - ||x — x,|| tend to zero according to assumptions of Lemma,
and the proof is completed. O
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3. MAIN RESULT

The following assertion is called usually the "reduction method".

Theorem 1. /[ the inverse bounded operator A~' : X — X exists, then the following assertions
are valid:

1) starting from a certain N,¥n > N, the operators A,, : X,, — X,, are invertible;

2) we have the estimate || A} Y| < C, with constant C non-depending on n;

3) the solution x, to the equation (3) converges to the solution x of the equation (2) under
n — 00.

Proof. We use the proof by contradiction applying the theory of finite systems of linear algebraic
equations. Namely, the Cramer’s rule asserts that the operator A,, with the matrix (a;;);",_; will be
invertible in the space X, iff det 4,, # 0.

First step. Let’s note that there are two possibilities for considered situation: either starting from a
certain N,Vn > N, the operators A,, : X,, — X, are invertible or there is a subsequence A,, of non-
invertible operators. If the first situation is valid, then we have the needed assertion. That’s why
we assume that the second situation is realized. So, we have a sequence of non-invertible operators
Ap,, k — oo. We will show that this assumption leads to a contradiction.

If operators A, are invertible, then det A,,, = 0. But then there exists such a matrix (aij)Z’;:l with

a certain non-zero minor so that all minor of bigger order are vanishing, otherwise all matrices A,,, will
be null-matrices. We will assume (without loss of generality) that this minor is related to the matrix

.
Z?]:

aii a12 C Almy
a21 a22 CcA2my
Ame , M < Ny,
Umil Gmg2 ~ Ampmy,

and det A,,, # 0. This implies that the homogeneous system A,, x,, = 0 has non-trivial solutions.
Now we will describe their structure.
Let’s denote by Y;,,, the space X,,, © X,,,, sothat X,,, = X,,, @ Y,,,, and the representation
XTLk = ka + Ymku ka E ka7 Ymk E Ymku

is unique for arbitrary x,,, € X, .
We introduce the rectangular (my, x ny)-matrix By, of the following type

almk-i-l almk+2 e alnk
a2mk+1 ank-i-Q e a?nk
Biy—
Ampme+1 Ompmp+2 °° Gmyny,

Such operator By, is uniformly bounded as an operator Yy, _,, — X, because
[ By Yy || < 1| Ay |-
Therefore, we have the following property
Xmy, = _Ar_n}CBkamk-

If we will transfer to a limit, then we will see that the operator A has infinite-dimensional kernel, thus
it is non-invertible, and we have contradiction.

Second step. According to the first step we have that starting from a certain N,Vn > N, the
operators A, : X,, — X, are invertible. Let’s assume that the sequence ||A; || is unbounded. It means
that there are sequences {x,,}>%; C X,, and {¢,,}°2,, ¢, > 0 such that

||A;1Xn|| > cnl[%nlls nli_{folocn = 0Q.
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If we put x!, = x,,/||xx|| so that ||x],|| = 1, then we can write
145 01 = en. (4)
Lety, = A !'x/ . According to (4) we have y,, — oo. Then,
Apyn =X, [|Anyall = 1.
We putyy, = ya/llynll, [lynl| = 1 and then
[ Anynll = 1/llynll = 0, n — oc.

Thus, we have the sequence {y},}>° ;, |ly,,|| = 1 such that
[Anyrll = 0, n — oo. (5)
Let’s consider A,y!, — Ay/,. This is a vector of the following type

0

0

W /
> An+1kYy
k=1

n

/
Z An+2kYL
k=1

where first n coordinates are zero. It seems That this vector tends to zero under n — oco. But there is a
counterexample, the basis {e;}}2 ;. Nevertheless, we will find a contradiction using another way.

Let’s consider the sequence of operators A,, more carefully. Obviously, according to (5), we have

inf [|[Any|| = an, lim a, =0.
Iyl1=1 n—00

Further, for an arbitrary y € X, ||y|| = 1 we have
[ Anyll = [[Ayll| < [|Any — Ay,
and then
1Ayl < | Any | + [[Any — Ay]l.
Thus,

ont llAyll= Inf [[Anyl[+[14ny = Ayl] < an + [[Any = 4]l

forally € X. Fixy € X. Given e > 0 we can find such N € N that Vn > N we have
an <e/2, ||Any — Ay|| <¢e/2

so that
inf ||Ay|| <e,
llyll=1
and we conclude
inf || Ay| = 0. (6)
llyll=1

The equality (6) implies that there is the sequence {z;}32,, ||z||x = 1 such that
lim Az, = 0.
k—o0

But the operator A is invertible, and then klim z;, = 0. The latter assertion is a contradiction.
—00
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Third step. This step is related to a convergence. We have
r=A"ly
and
Ty = A;IPny
We will denote P,y = y, and estimate x — x,,. Let’s write
T — T, = Aily - A;lyn = (Aily — Ailyn) + (Ailyn - A;lyn) .
and estimate summands separately in view of the equality
2 — vl = [| A"y — A "yl

Now we can apply Lemma with A=! and A ! instead of A and A,,, ant Theorem is proved. O

Remark. May be such a result exists in mathematical literature but the authors have no appropriate
information.

4. CONCLUSIONS

This studying is very important for our studying discrete pseudo-differential equations and related
discrete boundary value problems. As a rule such problems lead to infinite systems of linear algebraic
equations, and we need a verification for change the infinite system by finite one. Moreover, pseudo-
differential operators are defined in Fourier images, and now is not clear what approach is more effective
from computational point of view, original space or its Fourier image.
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