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FAMILY OF BESSEL OPERATOR FUNCTIONS
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Abstract. In this paper, we introduce the notion of Bessel operator functions and their generator and
examine their properties. A criterion of the uniform well-posedness of the Cauchy problem for the
Euler-Poisson-Darboux equation is obtained, and relationships of this family with a series of other
resolving operators are found.
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1. Introduction. The study of differential equations with unbounded operator coefficients that act
in a Banach space E plays an important role in the development of the theory of resolving operators
of the corresponding initial-value problems. As a result of the study of first-order evolution equations

ut) = Au(t),

semigroups of linear operators T (t) appeared, whereas the second-order equation (the abstract wave
equation)

u"(t) = Aul(t)

is related to cosine operator functions C (t). Weakening of the conditions on the resolving operators
of the Cauchy problem for abstract differential equations of the first and second orders led to the
concept of an integrated semigroup and an integrated cosine operator function. For the terminology
and bibliography, see [16, 17] and the review papers [20, 23].

Later, in the works [6, 9, 11, 12, 15], the Bessel, Struve, and Legendre operator functions were
introduced as resolving operators for the Euler-Poisson-Darboux (EPD), Bessel-Struve, and Legendre
equations, respectively.

In this paper, we present another approach to constructing a family of Bessel operator functions. Just
as in the theory of semigroups and cosine operator functions, the family of Bessel operator functions
is initially investigated independently of the differential equation with which it will ultimately be
associated. An important role in constructing the family is played by the generalized shift operator
T*, which depends on the parameter k> 0 and is defined by the equality (see [19])

T(k!2 + 1/2)

0

where I'(-) is the Euler gamma function and s,t > 0. The generalized shift operator depends on the
parameter k> 0, but, following [19], we omit this dependence in the notation.

We also indicate that in this paper we use the concept of the integral of a continuous function, but
if necessary, we can use the Bochner integral of a function with a value in a Banach space.
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2. Family of Bessel operator functions. Let k > 0 and Yk(m) : [0, ~ B(E) be an operator-
valued function acting in the space of linear bounded operators B(E).

Definition 1. A strongly continuous family of linear bounded operators Yk(t) : [0,>k) ™~ B(E)

depending on a parameter k > 0 is called a Bessel operator function (BOF) if the following conditions
are fulfilled:

(@ Yk@©) =1;
(b) Yk(t)Yk(s)= TtYk(s), s,t > O;
(c) there exist M > 1 and w > 0 such that ~Yk(H)™ < for all t > 0.

The family of BOFs is closely related to the Bessel differential operator

N A tdt
if necessary, we will indicate the variable of its action: Bk = Bkt. Below, we also use the notation
~M(t)x = (Yk(t)x)'.
Definition 2. The generator of a BOF Yk(t) is the operator A acting by the rule

Ax = t!‘lbn+ BkYk(t)x,

whose domain D (A) consists of all x G E for which the function Yk(t)x is twice differentiable at the
point t = 0.

Theorem 1. If an operator A is the generator of a BOF Yk(t), then the domafn D(A) is dense in E.
Moreover, the set of elements on which all powers of the operator A are defin2d is den®e in E.

Proof. Let V be the set of numerical functions v(t) that are smooth and finite on (0, ). Consider the
set E(V) C E of elements of the form

y N v(s)Yk(s)xds, x GE,
0

and prove that y GD(A). Taking into account the condition (b) of Definition 1 and the properties of
the operator T* and integrating by parts we obtain

Bk,tYk (t)y = v(s)BKk,tTtYk (s)xds =  v(s)Bk,sTSYk(s)xds

@
y'"~Ns)-k{"))TiY k{s)xds.
s

0
Passing to the limit ast ~ 0+, we see that y GD(A) and
T/ /v(s)\’
Ay = 1 v'{s) - k(— ) Yk{s)xds.
0 V

Now we prove that E (V) is dense in E. Indeed, in the opposite case, there exists a linear bounded
functional f GE* f = 0, such that f (E(V)) = 0. Then

I v(s)f(Yk(s)x)ds = 0, x GE,
0



and, therefore, due to the arbitrariness of v(s) GV, we conclude that f (Yk(s)x) = 0for s > 0. Tending
s N 0, we see that f(x) = 0 for any x G E and hence f = 0, a contradiction. Therefore, E(V) is
dense in E. Since E(V) C D(A), we also conclude that D(A) is dense in E. The denseness of the set
of elements on which all powers of the operator A are defined is proved similarly. O

Theorem 2. Let Yk(t) be a Bessel operator function and A be its generator. Then for any t,s > 0
antd x G D(A), the Jllowing equalities hold:

Yk(t)Yk(s)= ~k(s)Yk (t), Q)

AYk (t)x = Yk(t)Ax. 2

Proof. Equality (1) follows from the definition of the family of BOFs and the properties of the gener-
alized shift operator T*. We prove that

Bk,sYk(s)Yk(t)x = Yk(t)Bk,sYk(s)x, x GD(A). 3)

Indeed, due to Theorem 1 and the characteristic property of the generalized shift operator (see [16])

we have

h~O+ h2
~A2(K + i) WM + i.n
h™o+ h2 h”™o+ h2
= Yk(t)Bk,sYk(s)x;

thus, Eq. (3) is proved. Passing in (3) to the limit as s 0+, we obtain Eqg. (2). The theorem is
proved. O

Theorem 3. Pet Yk(t) be a Bessel operator function arvtd A be its generator. Ifx GD(A) avdt > O,
then Yk(t)x GD(A) and
AYKk (t)x = BktYk (t)x. 4)
Proof. For s > 0 the following equalities hold:
Bk,sYk(s)Yk (t)x = Bk,sTS™k(t)x = Bk,tTSYk(t)x = Bk,t*k(s)Yk (t)x = "k(s)Bk,tYk (t)x.
Passing tothe limit ass ~ 0+,we obtain the required assertions. O
3.Cauchy problem for theEuler—Poisson—bDarboux equation. Now we discuss the Cauchy

problem related to the Bessel operator function YKk(t).

Definition 3. A solution of a second-order linear differential equation with the operator coefficient A
is a function u(t), which is twice continuously differentiable for t > 0, takes values from D(A) for
t> 0, ie., u(t) GC2(R+,E) n C(R+,D(A)), and satisfies this equation.

Theorem 4. et Yk(t) be a Bessel operator funttion, A be its generator, and u0O G D(A). Then the
funttion Yk(t)uO is a solution of the Euler-Poisson-Darboux equation

Bku{t) = u”{t) + ¢ = Auf{t), t>0, (5)

and satisfies the initial conditions
u(0) = uo, u'(0) = 0. (6)



Proof. If u0 G D(A), then, due to Eq. (4) proved in Theorem 3, the function Yk(t)uO is a solution of
Eqg. (5) and, obviously, satisfies the first initial condition in (6). To verify the second condition in (6),
we rewrite Eqg. (5) in the form

(tkv'(t))" = tkAu(t). (7
Integrating (7), we obtain for the derivative of the function Yk(t)uO the representation
t
Yk(t)uo = t-k J skYKk(s)Auo ds,
0
which implies the required assertion. O

Theorem 5. If YK(t) is a Bessel operator function, then its generator A is closed.

Proof. Let xn G D(A), xn x0, and Axn y0. Then, due to Theorems 2 and 4, the following
equalities are fulfilled:

. . . * . . . _
tl_|}61+ Bk, tYk(t)xo t_l}gl nI_|m Bk, *Yk(t)x,, tﬂgl nI_|m AYk(t)x, tﬂgl Yk(t)yo = M.
Therefore, x0 G D(A) and Ax0 = y0. The theorem is proved. O

Definition 4. The Cauchy problem (5), (6) is said to be uniformly well posed if for any u0 G D (A),
there exist an operator function Yk(t) (resolving operator), which is defined on E and commutes
with A, and a number M > 1, w > 0, such that for any u0 G D(A), the function u(t) = Yk(t)uO is a
unique solution of this problem satisfying the estimates

Yk(t)] < M exp(wt), (8)
(uo < M texp(wt) yAuo Y. 9)

We denote by Gk the set of operators A for which the problem (5), (6) is uniformly well posed; note
that GO is the set of generators of the cosine operator function and C (t) = YO(t).

Note that the case of the abstract wave equation (k = 0 in (5)) was considered in detail in [2, 3, 22].
It was proved that the problem (5), (6) for k = 0 is uniformly well posed if and only if the operator A
is the generator of the cosine operator function C (t). Also, necessary and sufficient conditions for an
operator A to be a generator of the cosine operator function were stated in terms of an estimate of
the norm of the resolvent R(X) = (X1 —A)-1 of the operator A and its derivatives.

Assume that the Cauchy problem (5), (6) is uniformly weel posed, i.e., A G Gk. Introduce the
resolving operator Yk(t), which assigns the value of the solution u(t) of this problem at a moment
t > 0 to an element u0O G D(A). Due to Definition 4, this operator is linear and continuous; it can
be prolonged by continuity to a linear bounded operator defined on the whole Banach space E. We
prove below that the resolving operator Yk(t) is a Bessel operator function, i.e., satisfies the conditions
(a)-(c) of Definition 1 and the operator A is its generator.

Detailed proofs of Theorems 6-12 stated below can be found in [15].

Theorem 6. If the problem (5), (6) is uniformly well posed and Re X > w, then X2 belongs to the
regular set p(A) antl for any x G E the followin{ representation holds:

201-K2 ¥ ~
A(i-fo)2A(N2)~ = ~ i K iXOUM+AyAYK{D)xX d, (10)

0
where Kv(m) is the Matddnalt! function ( modified Bessel function) with v = (k —1)/2.

Thus, the spectrum a(A) of the operator A G Gk always lies to the left of a certain parabola.



Theorem 7. Let the problem (5), (6) be uniformly well pose and let YIk(t) be the resolving operator
for this problem. Then the operator A is the gen®rator of the CO-semigroup T (t) ant the following
representation holds:

a 2

0

The representation (11) implies that the semigroup T (t) can be prolonged to an operator function,
which is analytic in some sector. Therefore, for the search for a criterion of the uniform well-posedness
of the problem (5), (6), we can restrict ourselves by the class G of operators that are the generators
of analytic CO-semigroups T (t). Criteria of the fact A G G can be found in [23].

It was proved in [4] that if A G G, then for Re X > w, there exist the fractional power of the
resolvent R(X):

Cto

E"(J1) = j exp(-At)T(t)a; dt, xeE, a> 0.
r(a) o

In addition to Theorem 6, we also state another necessary condition of the uniform well-posedness
of the problem (5), (6).

Theorem 8. If the problem (5), (6) is uviformly well posed and Re X > w, then X2 belongs to the
resolvent set p(A) of the operator A, the fr~ctfon/al powers of the resolvent can be represented in the
form

®
1 N\ N
AlHRI2I\2 Lo S iexpann() d, (12)
0
and the following estimates hold:
. MT{k + n + | 012 13
axn VAEBIFN2(A2) - (Re -W)fc+"-2i’ Uili2,... Emﬁ

In fact, the estimates (13) are also sufficient conditions of the uniform well-posedness of the prob-
lem (5), (6).

Theorem 9. Let A G G, let the estimates (13) be fulfilled, and let Fk(X) = r(k + 1)XRI+k/2(X2).

Then the problem (5), (6) is uniformly well-posed and the resolving operator Yk(t) for this problem is
defined by the equality

( C nk+2m+2 , \
Yk(®) = nlfi\rpo e v VDT mir(Ar+ m+ 2) noan
\ m=0 ’ ’

In particular, on elements of the domain of the operator A it has the form,
a+rc
r +,1 .
Yi{uo = (é‘l];ltk) I u €D{A), a>d.
ar

Theorems 8 and 9 can be combined in the following criterion.

Theorem 10 (criterion of uniform well-posedness). et an o”™erator A be the gen®rator of an analytic
CO0-semigroup. The problem (5), (6) is uniformly well posed if an only if for some constants M > 1
antl w > 0, the number X2 such that Re X > w belongs to the resolvent set of the operator A antl the
frattion/al powers of the resolvent of the operator A satisfies the estimates (13).



Theorem 11. Letthe Cavthy problem (5), (6) be uniformly well posedant letYIk(t) be the resolving
operatdr of this problem. Then Vk(t) satisfies the contlitions (a)-(c) of Definition 1 and, therefore,
n (t) is a BOF, i.e., YK(t) = Yk(t).

Thus, if in the study of the Cauchy problem (5), (6) we restrict ourselves to closed operators A with
dense domains, then the class of equations for which this problem is uniformly well posed coincides
with the class of equations for which the operator A is the generator of the BOF Yk(t), and the BOF
itself is the resolving operator Yk(t) = YKk(t) for the problem considered. Examples of BOFs and the
corresponding generators are given in [15].

The family of BOFs Yk(t) depends on the parameter k > 0. The specified dependence is involved
in the following formula for the shift by this parameter.

Theorem 12. Let0 < m < k avd A G Gm be the generator of a BOF Ym(t). Then A GGk D Gm
antl, moreover, the correspon®ing BOF Yk(t) h”s the form

0
In particular, if A G GO C Gk is the generator of the cosine operator function C (t), then
1

moreover (see [7]),
lim Yk(t)x = C(t)x, x GE,
k—0

uniformly with respect to t G [0,t0], tO > O.

Earlier (see [14, 21]), Eq. (15) was used for constructing BOFs interpreted as resolving operators for
differential equations considered in these works. Further generalization of the parameter shift formula
can be found [13].

Equality (14) implies the following formulas for the derivatives of the BOFs:

YI(t)uo = ~» N Y k+2{t)Auo, = ~"~"Auo, uoeD{A).

Concluding this section, we note that the case of perturbation of an operator A G Gk by a bounded
operator was studied in [5], and if A GGk and B G Gm, m < k, then the question of whether the
operator A + B belongs to a certain correctness class was considered in [8].

4. Conclusion. In this section, we discuss the relationships of the BOF Yk(t) with a number of
other resolving operators.
For k < 0 and A G G2-k, the operator function
tl- k

defines a solution of the Euler-Poisson-Darboux equation (5) satisfying the conditions

u(0) = 0, tliri+tku'(t) = ui. (16)

For this reason, it is called the Bessel operator function with negative index. It was proved in [12] that
the set G2-k is the well-posedness class of the weighted problem (5), (16) and the function Zk(t)ul,
ul GD(A), is the unique solution of it.
Note that for k < 0, the Cauchy problem for the Euler-Poisson-Darboux equation (5) with the
conditions
u@ =0, u'(0) = ui



is not well posed due to loss of uniqueness (see [1]).
In [11], the Struve operator function Lk(t), k > 0, was introduced. It related to the BOF Yk(t) by

the formula
t

0

where 2F1(a,b; ¢; z) in the Gauss hypergeometric function.
Ifk > 0, A GGk, and uO,ul G D(A), then the function u(t) = Yk(t)uO+ Lk(t)ul is a unique solution
of the Bessel-Struve equation

u"(t) + ™ {u\t) - u\0)) = Au{t), t>0, a7)

satisfying the conditions
u(0) = uo, u'(0)= ul. (18)
Note that the presence of the load u'(0) specified at t = 0 in Eq. (17) changes the formulation of
the initial-value problem for k > 0. Instead of the well-posed weighted problem for the Euler-Poisson-
Darboux equation (5) with the condition (16), one should consider the ordinary Cauchy problem with
condition (18) for the Bessel-Struve equation (17).
Next, we indicate the relationship between the BOF Yk(t) and the resolving operator of the Cauchy
problem for the Legendre equation
k 2
u'{t) + kcothtu'{t)+ - j uf{t) = Auft), t>0 k>0 (29)
2

Thedifferential operator in the left-hand side of Eq. (19) appears inthe solution of theLaplace
equationin the coordinates of an elongated ellipsoid of revolution. The well-posedstatement of initial
conditions for the abstract Legendre equation (19) and for the Euler-Poisson-Darboux equation (5)
requires the following initial conditions at the point t = O:

u(@ = uo, u'(0) =0 (20)

(see [9)]).

It was proved in [9] that the set of operators A such that the problem (19), (20) is uniformly well
posed coincides with the set Gk. Formulas that relate the resolving operator of this problem and the
BOF Yk(t) can also be found in [9].

Finally, we recall the relationship between the BOF Yk(t) and the integrated cosine operator function
found in [10]. Let k = 2a > 0 and let an operator A be the generator of a times integrated cosine
operator function Ca(t), u0 GD(A). Then the problem (5), (6) is uniformly weel posed, i.e., A GGk
and the corresponding BOF can be represented in the form

| \
2ar(a + 1/2)
YK (t)uO = Ca(t)u0 N Y Pa-I(r)Ca (tT)uO dr
o
0
where Pv(t) is the spherical Legendre function (see [18]).
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