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FIRST-ORDER CO VARIAN T DIFFERENTIAL OPERATORS

Yu. P. Virchenko and A. V. Subbotin UDC 517.956

Abstract. An internal description of the class of all nonlinear differential operators of the first order 
on the space of collections consisting of continuously differentiable vector and scalar fields on R3 is 
given. Operators of this class are invariant with respect to translations of R3 and are transformed by 
the covariant way under rotations of R3.
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1. In trodu ction . In theoretical physics, when solving problems that are formulated in terms of 
partial differential equations, the key issue is the problem of constructing adequate evolutionary equa­
tions based on physically justified provisions. The solution of such problems is ultimately based on 
the description of classes of equations that satisfy the stated physical conditions. With an internal 
description of each of these classes, physicists get the opportunity to choose an appropriate equation 
for solving specific problems by setting up experiments and comparing the results obtained with the 
predictions obtained as a result of solving mathematical problems that model the physical situation. 
This is how physical problems were solved and mathematical physics related to their solution devel­
oped. Along this path, the following equations appeared in mathematical physics: the heat conduction 
equation, the system of equations of hydrodynamics of Newtonian fluids, the system of Maxwell’s 
equations, etc., which currently seem to be sufficiently justified from a physical point of view.

The present paper is devoted to the problem of constructing suitable evolutionary differential equa­
tions intended to describe the dynamics of condensed matter in terms of fields on R3. Specifically, the 
paper proposes a description of a certain class of suitable evolutionary partial differential equations 
of the first order with respect to spatial coordinates. These are the equations of mathematical physics 
in the construction of which the physical mechanisms of energy dissipation are neglected. In a situa­
tion where the medium is not subject to external influences, both stationary and nonstationary, the 
coefficients of such equations do not depend explicitly on either time or spatial variables. In addition, 
such equations have the property of independence of their form from the specific coordinate system in 
which the physical fields are described. Mathematically, this is expressed as their covariance property 
under the action of transformations of the group O3. We will call such equations isotropic.

The requirement of covariance leads to the fact that fields on R 3 must be transformed under the ac­
tion of transformations of the group O3 according to the representations of this group (see, e.g., [10]), 
and, similarly, the coefficients of the differential operators defining the equation must be also trans­
formed according to the representations of this group. These requirements impose quite significant 
restrictions on the general form of evolutionary differential equations.

The problem of creating a general method for constructing such equations has been the subject of 
many works in mathematical physics (see, e.g., [1, 2, 4-6, 8 , 9, 15-20]). The overwhelming majority 
of them are based on modifications of the Lagrange or Hamilton formalisms that are traditional in 
theoretical physics. However, apparently, such approaches are not adequate for constructing evolution 
equations for describing condensed media with internal degrees of freedom. For this reason, the question 
arises of a more general approach to constructing equations of nonequilibrium thermodynamics. In 
this regard, in this paper we propose a solution to the problem of describing a class of any systems
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of first-order dynamic equations in spatial coordinates that are isotropic in the above sense for vector 
and scalar fields on R3.

2. Covariant system s o f  equations. Consider a linear manifold of tuples Y(x,  t) =  {Ya(x, t); a =  
of R-valued functions on R3, i.e., functions Y : R3 ^  RN. Moreover, we assume that functions 

in these tuples depend on the parameter t G R+, whose physical meaning is time.
Next, we assume that the functions Ya(x,  t), a =  1 , . . . ,N ,  are differentiable with respect to x  G R3 

and t G R + . This means that the manifold considered is a linear topological space [C\ ,ioc(R3)]N with a 
countably normed topology. Within this space, it is possible to study solutions of first-order differential 
equations satisfied by elements Y (x , t) of this space. Our goal is to describe the variety of all admissible 
systems of evolution equations on the space [Ci l̂oc(R3)]N that have the form

<Y(x,t) =  (L [Y])(x,t) (2.1)

and satisfy the covariance condition stated above. Here the dot means differentiation with respect 
to t and L : [C1 ,loc(R3)]N ^  [Ci, loc(R3)]N is a differential operator whose order with respect to the 
components of the vector x  G R 3 is equal to 1; in the general case, this operator is nonlinear; it is 
defined by the formula

(L[Y])(x,t) =  A k  (Y)VfcY +  H(Y^ (x ,t). (2.2)
Here and below, V k, к =  1,2,3, is the gradient operator in R3 and A k(Y), к =  1,2,3, is the triple of 
matrix-valued functions of Y G RN taking values in R N x RN. They are independent of x  G R3 and t 
and for each fixed Y G RN and к =  1,2,3 the matrix A k(Y) acts as follows:

VkY(x , t )  =  (vVkYa(x ,t); a =  1 , . . . , ^ -

The tuple H(Y) =  {Ha(Y); a =  1 , . . . , N )  consists of continuous functions on RN that do not depend 
explicitly on either x  G R3 or t. In addition, here and below we adopt the algebraic convention of 
summation over doubly repeated vector indices. In this case, summation is performed over к =  1,2,3. 
The linear manifold of all such operators is denoted by K1. Note also that the term systems of evolution 
equations used above only indicates that these systems have the form (2.1), and it does not have any 
physical meaning.

We assume that the linear space of tuples Y is transformed according to a reducible representation 
of the group O3 or its subgroup O3,+ of continuous rotations of the space R3 (see, e.g., [10]). In 
this paper, we consider the case where the space R N of tuples Y is represented as the direct sum of 
linear spaces, which are transformed according to an irreducible vector representation with respect to 
continuous rotations R3 (in particular, a pseudovector representation) and a one-dimensional space of
scalars, which is considered as a space transformed according to the trivial representation. Within this
decomposition, each tuple Y can be represented as a pair Y  =  (W, Z), where the tuple W =  {Ya; a =  
1 ,. . .  ,3n) consists only of components of vector representations; their number is equal to n, so that 
W is then the tuple ( W (a); a =  1 , . . . , n )  whose components are vectors (or pseudovectors). The tuple

Z =  { Z (a); a =  1 ,. . . ,r >  =  (Ya; a =  3n +  1 ,. . . ,N > , Z (a) =  Ya_2„ ,

consists of r =  N  — 3n scalars.
The components of tuples Y (x , t) of functions are split so that their values ??are consistent with the 

splitting of the sets Y G RN specified above. As a result, they are represented in the form Y (x ,t) =  
(W(x, t ) ,  Z(x, t ) ) .

Within such splitting of the tuple Y, Eq. (2.1) with an operator L[Y] of the form (2.2) can be written 
as the following system of two equations

VV(x,t) =  (Ak")(W, Z) VkW +  AkW")(W, Z)VkZ +  F(W, Z ))(x ,t ),

^(x, t )  =  (Akzw)(W,  Z) VkW +  Akz)(W, Z)VkZ +  G(W, Z ))(x ,t ) , '



where we use the decomposition H(Y) =  (F(W, Z), G(W, Z)) corresponding to the decomposition of the 
space R ^ . According to this decomposition, the values of the matrix-valued functions A k (Y) are also 
split into the blocks of sized n x n, n x r, r x r, r x n, respectively:

 ̂A<w>(Y) A<”z >(Y)\

H izw>(Y) A<z' ( Y ) j

4(w)(Y) A(wz>̂ Y )
Ak ( Y ) =  A L )('Y' A; (zV(Y)  ̂ (2.4)

Since each component of the tuple V kW (®,t), on which the matrices , к =  1,2,3, act,
is a vector in R 3, each element (Л^“'))а,ь, a,b =  1 , . . . , n ,  of this matrix is a (3 x 3)-matrix,
((AkW'))a,b)ji =  , j , l  =  1,2,3. For the same reason, each element of the matrices and

can be represented as a three-dimensional vector. Therefore, for any к =  1,2,3, each element
of the matrix (Л^“^̂ )а,ь, a =  1 , . . . , n ,  b =  n +  1 , . . . ,n  +  r, and each element of the matrix (AkZw'))a,b, 
a =  n +  1 , . . . , r ,  b =  1 , . . . , n ,  is also a vector. We introduce the notation

HA : " Z)a.b ) j ^  Tjf ', j  =  1,2,3; ((A izw>)a,b), ^  Т'̂ а'” , l =  1,2,3,

for the corresponding values of a and b. Finally, for any fixed к =  1,2,3, the matrix element of 
(Akw))a,b =  Т(а’ь ,̂ a,b =  n +  1 , . . . ,n  +  r, can be represented by numbers from R (here we omit the 
indication of the dependence of the matrix elements on the tuples W and Z. In terms of these matrix 
elements, restoring the dependence on W andZ, we rewrite the system of equation (2.3) in the form

/  n n+r \
]v( a)(x, t )  T(a;b) (W, Z)Vfcw (b) ^  Tjia’b)(W, Z)VfcZ(b) +  F(a)(W,  z H  (x, t) ,

1 b=n+ 1 (2 5)/  n n+r \ ( . )
^ (a)(x , t )  ^  ^ ' ria ’b̂ (W, Z )V kw (b) ^  Tt ’b̂ (W, Z)VkZ (b) +  G (a)(W, z H  (x, t ) ,

Vb=l b=n+l /
respectively, for a =  1 , . . . , n  and a =  n +  1 , . . . , n  +  r. In the first equation corresponding to the 
a =  1 , . . . , n ,  we use the component-wise notation of three-dimensional vectors for the values of the 
vector fields W (a)(x , t )  =  { w ( a), j  =  1,2,3).

To introduce the notion of covariance of the system (2.5), we additionally split the components of 
the tuple of vector W into two types according to their transformation properties: the components 
W (a) with the indices a =  1 , . . . , p  are transformed as vectors under transformations of the group O3, 
whereas the components with the indices a =  p +  1 , . . . , p  +  q =  n are transformed as vectors only un­
der continuous rotations of the space R 3 and remain unchanged under discrete transformations of the 
group O3, i.e., they are pseudovectors. According to this, we split the components of the vector fields 
from the tuple W (x ,t) in such a way that the values of the fields W (a)(x ,t ), a =  1 , . . . , p ,  are trans­
formed as vectors, whereas the values of the fields W (a)(x ,t), a =  p +  1 , . . . , p  +  q, are transformed as 
pseudovectors.

D efin ition  2.1. A tensor-valued function Tj1...jl (W, Z) with values in the space of tensors (pseudoten­
sors) of rank l G N of the space R3 is said to be covariant1 under transformations of the group O3 
(or O3,+) if for any orthogonal matrix Q of this group, the following relation holds:

Qjiki . . .  QjikiTki...k,(W, Z) =  Tji,„j  ̂(QW,  Z). (2.6)
If a function takes pseudotensor values, then for any matrix Q that represents a total reflection of the 
space R3, the following relation holds:

Qjiki . . .  Qjik,Tki...k, (W, Z) =  ( - 1 ) l- 1Tji,„ji(QW , Z). (2.7)

^In the monographs [3, 7], covariant functions are called concomitants. Regarding the terminology of tensor analysis 
used in this paper, see, e.g., [11]. We do not make a distinction between covariant and contravariant tensors.



If l =  0, then such a function is said to be scalar (respectively, pseudoscalar).

D efin ition  2.2. A system of equations (2.5) is said to be covariant under transformations of the
F̂(a) (W Z) T'̂ a’b)group O3 if for any tuples W and Z, the coefficients of the system F(a) (W, Z), T(a’b), T (l’b)(W, Z),

Tka’b') (W, Z), and T( kaf') (W, Z) are covariant functions with l =  1,2,3, respectively, and

(1) Tjkaib') (W, Z) are third-rank tensors with respect to the indices j ,  к, and l if a,b =  1 , . . . , p  and 
a,b =  p +  1 ,. . . , p  +  q and third-rank pseudotensors if a =  1 , . . . , p  and b =  p +  1 , . . . , p  +  q, or 
a =  p +  1 , . . . ,p  +  q and b =  1 , . . . , p ;

(2) ^j ‘a.’b̂ (W, Z) are second-order tensors with respect to the indices j  and к if a =  1 , . . . , p  and second- 
order pseudotensors if a =  p +  1 , . . . ,n  and b =  n +  1 , . . . ,n  +  r;

(3) 'T"ka’b') (W, Z), a =  n +  1 , . . . ,n  +  r, are second-order tensors with respect to к and l if b =  1 , . . . , p  
and second-order pseudotensor if b =  p +  1 , . . . ,n ;

(4) are vectors with components к =  1,2,3 for a,b =  n +  1 , . . . , n  +  r;
(5) Fjaa are vectors with components j  =  1,2,3 for a =  1 , . . . , p  and pseudovectors for a =  p + 1 , . . . ,n ;
(6) G(a), a =  n +  1 , . . . , n  +  r, are scalar functions.

As was said above, we will describe below the linear manifold of operators of the form (2.2) that 
are covariant under transformations of the group O3. The above definition implies that the solution of 
such a problem is reduced to describing the linear manifolds of covariant functions that represent the 
coefficients of the system (2.5), i.e., the linear manifolds of continuous (pseudo)tensor-valued functions 
Tjaib)(W, Z), J(̂ l ’b)(W, Z), and Jk̂a’b) (W, Z) and the vector-valued functions T(a’b) (W, Z).

3. Covariant tensor-valued functions. In this section, we propose an approach to describing any
Ti{a’bcovariant tensor-valued functions on R3 and, in particular, the tensor-valued functions T (‘a’ib̂ (W, Z),

T (l’b)(W, Z), and Tj('a’b)(W, Z) and the vector-valued functions T(a’b)(W, Z) and F(a)(W,  Z). For sim­
plicity, we restrict ourselves to the case where these functions are represented by polynomials in the 
components of the vectors of the tuples W. In this case, we are not interested in the nature of the 
dependence of these functions on the components of the set Z.

D efin ition  3.1. A covariant (pseudo)tensor-valued function Tj1...jl (W, Z) of rank l is said to be poly­
nomial on Rn if it is defined by the formula

D
Tj,...j,(W ,Z ) ^  5 ;  ) ) . (3 .1 )

d=o {ai ’...’ad)eid

Now we introduce invariant tensors (pseudotensors) on R3.

D efin ition  3.2. A tensor (pseudotensor) of rank m G N in the space R3 is said to be
invariant under transformations of the group O3 (or O3,+) if for any orthogonal matrix from this 
group we have

Qj,k, . ..Qjmkm ) =  ). (3 .2 )

Lem m a 3.1. L̂et Tj1:. (W, Z) be a covariant polynomial (pseudo)tensor-valued function of rank l. 
Then its coefficients in the formula (3.1) are invariant (pseudo) tensors for each fixed Z.

Proof. Using the orthogonal property of the matrix Q, from (3.1) we obtain:



D
Q. , j , . . .  й г, j,Tj,...j,(W . Z) ^  ] T  Qii j i . . .  Qi,j,A j^::, ;a;d).k,  (Z)wka-> ... wka‘ >

d=o {ai,...,ad)ein
D

^  E  Qiljl . . . Q i j (Q>.k. . (Q ,, k d (Z)wma‘ ’ . . . WHd'
d=o (al,...,ad)ein 

D
^  E  Q iiji. . . Q‘ .j .Q .,k , . . . Q .„k4Â a , (Z )(Q „ m .w ,<a; ' ) . . . (Qsdmdwmad>).

d=0 {ai,...,ad)ein 
On the other hand,

D
Tii..i , (QW, Z) ^  ^  A ;̂a ,̂i  (Z )(Q „ m4wma; > )... (Q ^ m ,wmafy) .

d=0 (ai, . . . ,ad)ein

Substituting these decomposition in (2.6) and comparing the right- and left-hand sides taking into ac­
count the arbitrariness of the vectors (pseudovectors) W (a), a =  1 , . . . , n ,  that constitute the tuple W, 
we have

Q iij i . . .  Qi,j,Q. ik i . . .  Q.dkd Aji.-kad'.d  (Z) =  A!a‘.:i;a !,d  (Z). □
Due to Lemma 3.1, to solve the problem of description of covariant functions, it is necessary to 

examine the general structure of invariant tensors. The set of all invariant tensors in R 3 is described 
by the following assertion.

T h eorem  3.1 (see, e.g., [10, p. 198]). Each tensor A j1:...:jn of even rank n invariant under transfor­
mations of the group O3 and, in particular, under transformations of the group O3:+, belongs to the 
linear span of the tensors 5jki jk2 . . .  5jk _ i jkn.

Each tensor A j1:., :jn o f odd rank n invariant under tran ŝformation ŝ of the group O3+  belonĝs to the 
lin̂ ear span of the tensors ejki jk2 jk3 5jk4̂ jk5 . . .  Sjk̂ i jkn. Here e jki is the Levi-Civita symbol (totally skew- 
symmetric pseudotensor of rank 3), where {к1, . . . ,  kn) are permutations of the set In =  { 1 , . . . , n } .  
There are n̂o pseudotensor of even rank an̂d tensors of odd rank that are invari ânt under transforma­
tions of the complete group O3.

We describe bases in each linear spans mentioned above. Let n be an even natural number. We 
denote by c each of the tuples {кг,ki+ 1}, i G { 1 , 3 , . . . , n  — 1 }, consisting of nonintersecting pair of 
indices kj G In, j  =  1 , . . . , n ,  which are called pairwise partitions of In. Denote by C(In) the family of 
all pairwise partitions of the set In. Based on Theorem 3.1, we can prove the following assertion.

T h eorem  3.2. The collection of tensors of the form

^ j+ ' j . ( c )=  П  ^jpjq. c € C(I„).
{P:q}ec

is a basis in the linear man îfold of even-rank tensor that are invariant under the group O3.
The connection of pseudo1;ensors of the form

A j - l j .  (c; ll ,l2, l3) =  П  c € C(In\{l l , l2, l3} ) ,  { l l , l 2, l3}C I n ,
{v,q}^c

where ll , l2, l3 are selected in ascending order, is a basis in the linear manifold of o^^-rank pseudoten­
sors that are invariant under the group O3:+ , so that eaĉh (pseudo)tensor A ji:...:j .  invariant under the 
group O3:+ can be represented in the form

Aj ,  j .  =  E  ^'+ ’ (c)Aj+ ’ . . j . ( c )+  E  E  >̂ - ' (c)A5-’ j.(c ;ll• l2. l■з). (3.3)
ceC(I„) {li:l2:l3}Cl„ t^€{I.\{li :l2,1з})



where the coefficients A(+) (c) = 0  if n is odd and X( ) (c) = 0  if n is even.

Proof. Due to Theorem 3.1, we must prove separately, the linear independence of all tensors A  
for even n and the linear independence of all pseudotensors A (_ ̂ jn for odd n.

(+)

Consider the case of even rank n. We apply induction over n/2. Assume that the tensors Aj+  ̂
are linearly independent. Assume that there exists a collection of coefficients A(c), c G C(In), such that

E  ^(c)Aj+ ''j.. ( c ) = 0 .
cec(in)

For each pair { s 1, s2} С In, we extract in this equality the sum

Д («1’«2)
n 2 ^  A(c, { s i,S 2}  ̂ 5jk’ji

ce€(in\{si’S2}) {k’i]ec
and write the relation of the linear independence as follows:

^  . n (si’s2) +]̂s13s2 Dn_2 + E E  П ĵ.jm
{ki’k2}ei„\{si’S2} cec(i„\{si’S2’ki’k2}) {I’mjec

=  0.X Sjsi jki ̂ jk2 js2 4 c ^ { { ^1,к1}, { s 2 ,к2^  +  Sjsi jk2 5jki js2 Ч  c ^ { { Sl, k1}, { S2 ,к2 } })

We perform the convolution in the left-hand side of this equality with respect to the indices j si and j s2:

. (si’s2̂  E  E  . . .  ^  .3D(si’ 3D^  2 . jki jk2+  E  E
{ki’k2}ei„\{si’s2} cec(i„\{si’s2’ki’k2}) {i’m}ec

x ^A(c U { { s 1 , k1 }, {s 2 , к2} } )  +  A(c и { { s 1 , к1 }, {s 2, к2} } ^  =  0. 

Next, we change the order of summation and rewrite the second term as follows:

E П .jljm E
c€C(in\{si’s2}) {l’m}£c {ki’k2}£in\{si’s2}:{ki’k2}£c

X ^  (c \ { { к 1 ,к2 } } )  U { {Sl ,kl } ,  { s 2 ,к2 } ^  +  ^  (c \ { { к 1 ,к 2} } )  U { {Sl ,kl } ,  {S2 ,k2 } ^ )  .

Due to the inductive hypothesis on the linear independence of the collection of all tensors А . :̂  ’. п_2 , 
equating to zero the coefficients of tensors in this relation, we obtain the following system of linear 
equations for (n — 1)!! coefficients A(c), c G C(In):

(3 ■ 1 +  R)A] (c'; s) =  3A(c'; s) ^  ^  ( a(c'; kl) |k2=s +  +A(c'; k2) |ki=J  =  0. (3.4)
{ki’k2}d n\{1’s}:

{ki’k2}Ec'

Here the coefficients A(c'; s) =  A(c' U { { 1 ,s } } )  are marked by (n — 3)!! partitions c' G C(In \ {1 ,s })  
and s =  2, . .  . ,n.  Therefore, the system consists of (n — 3)!!(n — 1) equations; the number of these 
equations coincides with the number of unknown coefficients A(c), c G C(In).

The system of equations (3.4) is represented as the equality to zero of the image of the transformation 
by the operator (3 ■ 1 +  R) of a given set of coefficients {A(c'; s )}, which acts in the space R (n_ 1)!! of 
tuples {A(c'; s); c' G C(In \ {1 ,s } ) ,s  =  2 , . . . , n } .  Naturally, this operator consists of two terms. The 
first term is the multiplication of a set of coefficients by 3. The matrix elements of the second term R 
are nonzero if and only if the tuple c' does not contain the pair { 1 ,s } ; in this case the matrix element 
is equal to 1. Therefore, the sum of all matrix elements in a fixed column of the matrix of the operator 
3 ■ 1 +  R is equal to (n +  1), i.e., is independent of the row of the matrix. Then, if nonzero components 
of the set {A(c'); c' G C(In \ {1 ,s } ) }  are only the components containing the pair {1 ,s }  with fixed



s G { 2 , . . . , n }  in the partition c', then this set is transformed by the operator 1 +  R into the set 
{A (c'; s )} with the same property. In this case, all these new nonzero coefficients are equal to

E  A(c'; s).
c'ec(in\{l’s})

This means that the operator (1  +  R)/(n — 1) is idempotent, (1 +  R)2 =  1 +  R and hence its eigenvalues 
are 0 and/or 1. Therefore, det(3 ■ 1 +  R) =  0. Then Eq. (3.4) has only trivial solution A(c'; s) =  0. 

The proof for the case of odd n is similar and we omit it. □

4. C oefficients o f  covariant differential operators. In this section, we formulate the main 
results of the work. We present a description of the general tensor structure of the coefficients of 
first-order covariant differential operators.

For fixed c G C(Il+d), consider the convolutions w k ': 1 . . .

((+) (c)W  (ai ) W (ad), ( ) ki . . .  kd

( W (ap), W (aq))

-̂-(:d) with the tensor Aj;1;)__jik....k.d(c):

A-j1’...jlk1...kd (

П jvjq
{P’q}et:.
{P’Q} îl

П
{P’q}et:. 

{P’q}^il+d\il

П
{P’q}et:. 

p^il,q îl+d\il

w  (aq Л .jP J ' (4.1)

and the tensor A (-)j i ’...jlki...kd(c):

A (- ) (
-j i ’...jlki...kd((c)wka1) ...W k(: d) =  eiii2i3(W )( 3p3q

П

П
’q}i 
h\{l

( W (ap) , W (aq))

{P’q} ĉ: 
{P’q}Cil\{l2 ’l2’l3}

П w (aq) . 
jp J (4.2)

{P’q} Ĉ:.
{P’q}Cil+d\(ilU{li’l2’ls})

{P’q} Ĉ:.
Peil\{ii’i2’is}’ 

qeil+d\(il U{li’l2’ls})
In the latter case, there exist for possibilities, depending on the number of elements s in the intersection 
E(l l , l 2 , l3) =  (Ii+d \ Ii) n {l l ,l2 ,l3 } , so that
(1) eii’i2’i3(W) =  £jl1 jl2jl3 for s = 0;
(2) eii’i2’i3(W) =  jl2k3 Wkia3̂3) for s =  1 and l3 G E(ll, l2,l3);

(3) eiii2i 3 (W) =  ej^ k̂ 2k3 Wia 2̂ )  for s =  2 with the set {l2,l3} С E (ll,l2,l3);

(4) eiii2i3(W) =  ek,̂ k2 k3 Wkli1 ̂ W â 2̂ Ŵ â^̂3) for s =  3 with {ll,l2 ,l3 } =  E (l l , l2,l3).

rp (a ’ ' T

Now we apply the formulas obtained to the calculation of the tensor-valued functions Tka’b') , Tj': ’b') ,

kl , and Tj(k:ib). We represent T^ ^  by the decomposition (3.1) with l =  1 for a,b =  n +  1 , . . . , n  +  r,n(a,b)

D
A (a’b;ai ’...’ad)(Z )w (:i ) . . .  W (ad)

ki kd (4.3)Tka’b)(w , Z) ^ ^  E  - k, i..^,
d=0 {ai’...’ad)eii

where the coefficients are invariant tensors defined by the formula (3.3) and the coefficients
A(±) 
: ’b;ai’...’ad(c, Z) are functions of the tuple Z. Therefore, we have

A (a’b;ai’...’ad),
kki kd (Z ) ^  E  A:+b):i....:d(c- Z)Ak:k;’...kdi c ) . d is o dd;

cec(id+i)
(4.4)

(a’b;ai’...’ad) 
A kki’...’kd (Z) = E E

{li’l2’ls}Cid+1 ce<t(id+i\{li ’l2’l3})
Aa,b;ai’...’ad (c, Z)Akk!...kd (c; l1,l2, l3), d is even. (4.5)

X



Transforming the sums in (4.3) by the formulas (4.1) and (4.2), we arrive at the expressions

T jf:b)(W, Z ) ^ Y ,  wk(C)T+a:b;c)(W, Z) ^  ^  [W (a') , W  (b')]k T-a,b;a' b ) (W,  Z), (4.6)
c=l a' :b'=l

where we used the notation for the vector product of a pair vectors in R3. In the formula (4.6), the 
coefficients T+a’b’c') (W, Z) and T -a’b’a ’b ') (W , Z) are functions depending on a tuple of scalars Z and a
tuple of invariants2 consisting of a tuple of vectors W. We present their explicit polynomial dependence 
on the vectors W (a), a =  1 , . . . , n .  The function T+a’b'c')(W, Z) has the form

T (a:b;c).
D d

+ ( w - Z) ^ ^  E  E ĉa,
d=0 (ai :...:ad)eli .= l

E  â^̂ !ai:...:ad (c, Z^  (W  (ap), W  (a
LceC(Id+i): 

{0,.}Gc
{p:q}^c;
{P:q} Îd

+  ( w (a,i ) \w (a,2) W (a,3)
{li:l2:l3}CId

(- )
^ X !/ ^a:b;ai:...:ad

ceC(Id+i\{li:l2:l3 }):
d (c, Z  ̂ [ ]  ( W (ap) , W (aq

{p,q}^c;
{P:q}eId\{li:l2:l3}

(4.7)

{0:.}ec
where the zero label is assigned to the index к in the original expression and the notation for the scalar 
and mixed products of vectors in R3 are used. Since a,b =  n +  1 , . . . , n  +  r, this function must be scalar 
for c =  1,. .  . , p  and pseudoscalar for c =  p +  1 , . . . , p  +  q. The latter fact can only take place in the 
case where the tuple of arguments of this function contains pseudoscalars. For this it is necessary that 
n >  1, for n =  2 the tuple W consists of a vector W (l) and a pseudovector W (2), whereas for n >  3, 
the tuple W satisfies the condition p =  0, i.e., contains at least one vector. The function is defined by 
the formula

T{a:b-,a':b')
D

(W . Z) ^  ^  E  E  â„  a- Sâ b'
d even’ (ai:...:ad)eIdi {l2,l3}CId

X(- )X/ у a:b;ai:...:ad
ceC(Id+i\{l2 :1з}):

{0:S} ĉ

d (c, Z) Y l  (W  (ap) , W  (aq (4.8)
{P:q}ec; 

{p,q}eId\{l2 :l3}
it can be scalar or pseudoscalar.

Obviously, for the vector-valued function F(a (̂W, Z), a =  1 , . . . , n ,  we have the formula

F(a (̂W, Z) ^  ^  w (b̂ F (a;c (̂W, Z) ^  ^  [W (b), W (c)]kF - 'b:C')(W, Z ) ,(a;b:C),
b=l b,c=l

(4.9)

which is similar to (4.6); the coefficients F+ ’̂b̂ , F-a 'b’:c' have the same properties with respect to total 
reflections from the group O3. Their explicit expressions are similar to (4.7)-(4.8).

Formulas for the tensor-valued functions Tjk(W,  Z), 'Tkl(W, Z), and Tjkl(W,  Z) are similar to (4.3). 
They can be obtained by the same method based on the substitution in the formulas

D
T(a-b)(W ,Z ) ^  ] T  A<:kk*iax :ad)(Z)wka‘ ) ...w < a d), (4.10)

d=0 (ai :...:ad)&I.

2Here and below, we do not explicitly specify the set of invariants, i.e., we do not discuss the question of the nature 
of the dependence of scalar functions on the elements of the whole rational basis (see, e.g., [13]).

)



ik^-b)(W ,Z ) ^  ] T  Ak k ^ii:r ad)(Z )w âi ) . . .wkd  .
d=0 (ai :...:ad)eIi 
D

T 'k b)iW, Z) ^  ] T  A jk b a i ja )( Z ) w â‘ ) . . .  w (a').
d=0 (ai :...:ad)eId

(ad) (4.11)

(4.12)

We present their final form, omitting explicit expressions for the coefficients of the decomposition 
in terms of the elements of the basis of the corresponding tensor representation. These formulas are 
obtained by substituting into (4.10), (4.11), (4.12) the expressions for the coefficients Aj'k:k?’a.’.k....:ad)(Z),

kd’ib̂ îkd ’ad') (Z), and Aj'klbka.i.’kd:ad) (Z), which are similar to (4.4) and (4.5), with their subsequent trans­
formation based on (4.1) and (4.2). As a result, we obtain the following formulas:

n n
T(k:-b)(W, Z) =  SjkS+biW, Z) ^  w (a''w ( ' )sa°b';a,:b,(W, Z) +  Sjk^  wmc)S -^̂ c(W, Z)

a' .b'=l c=l

+  E  [w <̂c)£k„ ,w ,fa')w ,jb')Sa“blc(W, Z) +  wk( '̂ejp,wpa')wqb')S■a "̂C(W. Z)]; (4.13)
a':b'.c=l

'r (a’b)(W ,Z ) = SklS+b(W,Z) ^  ^  w ia )w (b)sa°:0;a':b' ( w , z ) + Skl̂ wmc)s - b;c(W, z )
a'.b'=l c=l

n
^ E  \wl(C'elpqWPa')W^b Ŝ;;’ll^ W . Z) +  w ĉ'stpqwP;a')wqb ).Sa‘ь°C(W. Z^  ; (4.14)

a' .b':c=l

c=l
т(a;ь)(w . Z) ^  6jkW (^̂ ua;i ( w .  Z) +  Sjlw^ uOl cfiw, Z) +  Sklw ĉ)ua;b),c(w , z)

^  ^  w j a ŵ k b'w lc Û^ b/ ^'(W - Z) +  S jklU -(W , z )
a':b'.c'=l

+ EC [SjkSlp,wpa)w b̂' )ua”b la ':b '(w ,z )+ SjlSkpqwp^ '̂̂ wqb-)ua°baa',^( w ,z)
a' .b'=l

+  SklStp,w^a')wi^' )ua°;aa'b. (W, Z) +  w <̂a')Sklm,w<r )ualbla':b'(w, Z) 

+  w (a'sljmwVb' )ua’ba '.b' (W. Z) +  w [ a')Sjkmwm:')uall3a'.^ (W, Z)
n

^  E  lw i a‘ ’ wkb‘ ’ slp,wpa2)w (b2̂ ua2‘ai.bi.a,.^  (W. z)
ai , bi,a2,b2 = l

+  w j a' 'w l ’̂ i 'skpqwp‘‘2)w ^ )ua22ai , b i , a , ( W.  Z) 

+  w iai 'w!(bi'ejp,wp;’'2)wq;b2'u '^ ^ ^ ^ a,:b, (W. Z) . (4.15)

Now we analyze the formulas obtained. The coefficients T^,’b̂ are tensors for a =  1 , . . . , p  and pseu­
dotensors for a =  p +  1 , . . . , n ,  where b =  n +  1 , . . . , n  +  r. Similarly, the coefficients 'Г , , ’ are tensors 
for b =  1,..  . , p  and pseudotensors for b =  p +  1, . . . , n ,  where a =  n +  1 , . . . , n  +  r. Moreover, the coef­
ficients T (‘a’lb̂ are tensors for a,b =  1 , . . . , p  and a,b =  p +  1 , . . . , n  and pseudotensors for a =  1 , . . . , p



and b =  p +  1 , . . . , n  or for a =  p +  1 , . . . , n  and b =  1, . . . , p .  In this connection, restrictions on the 
choice of scalar (pseudoscalar) coefficients (4.13)-(4.15) may arise. Such restrictions do not arise if 
n >  3, since for such number of vectors (pseudovectors), there are pseudoscalar invariants of the group 
O3’+ . Restrictions arise precisely in the most important cases from the point of view of applications 
in physics: n =  1 and n =  2.

If n =  1,2 and we consider vector fields, then the conditions mentioned will be fulfilled if S_: ’b’c') =  0 
in the tensor Tjk:’b') and, moreover, s0a’b’c) =  S (a’b’c) =  0 for n =  1. The same condition appears for the 

tensor 'Tka’b)- S?_a’b’c) =  0 and, moreover, S?0l’b’c) =  S?(0’b’c) =  0 for n =  1. The coefficients of the tensors 
Tjk:ib') for n =  1,2 must satisfy the conditions U_b =  0 and =  0 for p =  0,1,2 and q =  1,2,3.

If n =  1,2 and we consider pseudovector fields, then the conditions mentioned will be fulfilled if 
Tjk:’b') =  0 and 'Tka’b') =  0. The coefficients of the tensor Tjkllb') for n =  1,2 must satisfy the conditions
U .̂P-q  =  0 for p =  0,1,2 and q =  1,2,3, since the group O3 has no pseudoscalar invariants.

Finally, we consider the case n =  2, where W (1) is a vector field and W (2) is a pseudovector field. 
In this case, Tjk’b̂ and 'Tka’1') are tensors and T (2’b) and T'k:’‘2') are pseudotensors for a,b =  3 , . . . ,  2 +  r; 
Tjk:la') , a =  1,2, are tensors, whereas Tjk’2) and Tjkl2) are pseudotensors. Then the coefficients of Tjk’b̂ 
and 'Tk:’1"' do not involve terms that are identically equal to zero. The coefficients of Tjkbb and 'Tk:’2"' 

must satisfy the condition S+’b =  S>+2  =  0. For the tensors T (‘:ia ,̂ a =  1,2, the condition U_a =  0 must 
be fulfilled, whereas the tensors T (1f^ and may contain all terms involved in (4.13) and (4.15).

R em ark. The results presented in this paper give a general form of the first-order covariant differential 
operator L[̂ ] without imposing conditions on operators of this class that guarantee the hyperbolicity 
of systems of equations (2.5).

5. C onclusion . The formulas (4.6), (4.9), and (4.13)-(4.15) solve the problem of listing all possible 
covariant first-order differential operators for vector and scalar fields on R3. They provide a method for 
constructing physically adequate dissipative-free evolution equations, since scalar and vector fields are 
the main types of fields used in theoretical physics. The significance of the resulting description is that, 
on their basis, it is possible to compose translationally invariant and covariant differential operators in 
the form of sums of elementary differential operators with coefficients represented by some functions of 
field invariants, excluding from the presented list operators that do not satisfy the stated conditions. 
Although tensor fields are used to a much lesser extent in describing the dynamics of condensed media, 
it would be desirable to conduct a similar study for them. However, it is ore important to describe 
covariant second-order differential operators, which are more realistic from the point of view of physical 
applications, since they allow for dissipative processes to be taken into account. Such studies have been 
carried out in special cases, the results of which are presented in [12, 14].
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