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In the Sobolev—Slobodetsky space, we study the solvability of a model elliptic pseudodif-
ferential equation in a multi-dimenional domain with cut. Using a special factorization
of the elliptic symbol, we find a general solution to the equation in the domain outside.
This solution involves an arbitrary function which can be found by reducing with the help
of the Dirichlet conditions to solving a system of one-dimensional linear equations. We
study the behavior of these equations in the case where the angle of the wedge tends to
zero and the wedge is transformed to an (m—1)-dimensional half-space. It is shown that
the unique solvability of the obtained integral equation is equivalent to the solvability of
the Dirichlet problem in a multi-dimensional domain with cut-off (m — 1)-dimensional
half-space. Bibliography: 6 titles.

1 Introduction

In this paper, we develop the factorization method [1] to study the solvability of elliptic pseu-
dodifferential equations in a multi-dimensional domain with cut in the model situation where
the cone in the multi-dimensional space is degenerated to a cone of less dimension. We study
whether it is possible to pass to the limit for solutions to the Dirichlet problem for elliptic pseu-
dodifferential equation in a multi-dimensional edge of codimension 2. Some other problems with
integral conditions were studied in [2]—[4].

A pseudodifferential operator A in the domain C' C R™ with symbol A(§) is defined by
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n)@) = [ [ A@uineayie, s ec.
C R™
where A(§) satisfies the condition

a <A+ €)™ <, EER™, c1,00>0, (1.1)

where the real number « is the order of the operator A.

This operator is considered in the Sobolev—Slobodetsky space H*(R™) equipped with the
norm

Jull2 = [ (@) P+l ae,
Rm
where u denotes the Fourier-image of u

€)= [ ety
Rm
We recall [1, 5] that the space H*(C') consists of functions of the space H*(R™) with support
in C. The H*(C)-norm is induced by the H*(R™)-norm. We denote by S(R™) the Schwarz
space of infinitely differentiable functions rapidly decreasing at infinity, S’(R™) is the space of
generalized functions over S(R™), and S’(C) is the space of generalized functions in S’(R™) with

support in C. The space H(C) consists of generalized functions of the space S’(C) admitting
an extension to the entire space H*(R™). The H{(C)-norm is defined by

I£1IS = inf [1££]]s,

where the infimum is taken over all possible extensions of ¢f.

We need the notion of the conjugate 5’ of a convex cone C' and a radial tubular domain 7'(C')
over the cone C. By definition,

C= {r e R™: (z,y) > O0Vy € C},

where (z,y) denotes the inner product of z and y, and T(C) is a subset of C™ of the form
T(C)=R"+iC.

Definition 1.1. For an operator A the wave factorization of the symbol A(§) with respect
to a convex cone C' is defined by

A() = Ax(9)A=(9),

where A (§) and A_ (&) factors satisfying the following conditions:

(1) Ax(§),A—(&) are defined for all £ € R™ except, possibly, for points on the boundary
CU(-0),

(2) Az, (§)A=(§) admit an analytic extension to a radial tubular domain 7'(C*),T(—C*)
respectively and satisfy the estimates

e1 < JA(E+im)|(1+ €] + 1) ™= < e,
cs < |AL(E—in) |1+ €]+ 7)™ > <es V7 eC,

where ¢1, ¢, c3, ¢4 > 0 and the real number & is the index of the wave factorization.

27



Here, we consider model pseudodifferential operator with symbol independent of the spatial
variable and the equation with such an operator will be studied in a canonical domain, i.e., in
a certain cone.

We study the following pseudodifferential equation:
(Au)(z) = g(z), x € R™\ W (1.2)

where W¢ = C¢ x R™2, 09 = {z € R}z = (z1,22), 22 > a|z1|,a > 0} , g is an arbitrary
function in Hy~*(R™\ W) and A(¢) admits the wave factorization the wave factorization with
respect to —W¢ with index @ such that &e —s =1+ 6, 0| < 1/2. Combining the methods and
results of [1, 2], we can assert that its general solution u(£) in the Sobolev-Slobodetskii space
H*(R™) \ W¢ has the form

(&1 + aka, &) + (& — a52,§’>>

() = AZ'(¢) <Q(£)(I — Gr2)Q N (E)(AZ ) () + 5

-1
AL / §1+a§2— / 3 —afg— : (1.3)

where I is the identity operator, £ € R™, ¢ € R™~2, g is an extension of g on H*~*(R™), Q(¢)
is an arbitrary polynomial the first order in the variables £, & satisfying the condition (1.1)
with @ = 1, ¢g is an arbitrary function in H 5_38+%(Rm_1) and the integral operator G, , is
given by

/ . U("717772;§/)d771d772
G, _ou(f) = lim —.
m—2 (g) 750 i (51 _ 771)2 _ a2(§2 — N9 + ZT)2
R

Remark 1.1. Since we study the external problem for W, we use the operator I — G, _,
instead of G/, _,

To determine uniquely the unknown function ¢y, we use the Dirichlet boundary condition
Ul —azy=0 = g1(ax1 + 2, 2"), Ulz, tazy=0 = g2(az1 — x2,7"), (1.4)

2 = (23,74, ...T), 91,92 € HS_%(Rm_l).

2 Homogeneous Equation

We first consider the homogeneous equation with zero right-hand side g in (1.2):
(Au)(z) =0, € R™\ W, (2.1)

Making the change of variables y; = &1 + aa, yo = &1 — a&s, we introduce the one-dimensional
singular integral operator with parameter

[e.o]

So)w &) =vop. 2 [ U0y

—00
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Then we write (1.3) in the form

ﬁ(yhy27£l) _ a;l(y17y27€’)<50(yla§ ) ZSEO(ylaé )) + 50(3/27§ ) _2550(y27§ ))

where

~ ~(Y1+Y2 Yy1—Y2
U ! — ( ) b )7
(ylay%g) U 2 %2, g

/ Y1+Y2 Y1 — Y2
a#(yhvaé):A#( 92 ) %2, 7€/)'

Further, we introduce two additional operators (I is the identity operator)
1 1
P=—-(I+S), Q@Q==-(I-29).
2 2
Then the formula for solutions takes the form
ﬁ(ylv Y2, 5') = a’;l(yla Y2, 5,)(P50(y17 g') + QEO(:'JQ, 5,))
Denoting Pcy = 50 and Qcy = .50, we have
Uyr,y2,€) = aZ (1,92, €) (5’0(1/1,5') + 50(1/2,5')) (2.2)

Taking into account the conditions (1.4) and their Fourier transforms, integrating Equation (2.2)
with respect to y; and y2, we obtain the following system of linear integral equations:

/ K1(y1,92,€ )Coly1, € Ydyr + Do(y2, &)

= G1(y2,€)Colyr,€) + / Ka(y1,92,€ ) Do(y2, € )dya+ = Ga(y1,€), (2.3)

where

/

Kl(y17y2a§ ) = a;l(ylayZag/)a(;l(y27£/)a K2(y17y27£/) = a;l(yhyQag/)gal(ylagl)a

Gi(y2,€) = G1(y2, € )ag H(y2,€ ), Ga(y1,€) = Galyr, € )by (1, €),

db(y27€/): /a;él(ylayQ)é-/)dyla a)(ylvgl): /a¢1(y17y27€/)dy2-

Theorem 2.1. We assume that the symbol A(§) the operator A admits the wave factorization
with respect to =W with index @ such that @ —s = 146, |6| < 1/2. Then the Dirichlet
problem (2.1),(1.4) is equivalent to the system of linear integral equations (2.3) with the unknown

2 /)7&07 &)(ylagl) 7&0

functions Cy, Dy € H~*T2(R™1) under the condition ay(ya, &

29



2.1. Limit case a — co. We consider the system of integral equations (2.3) and determine
its structure as a — oo; this corresponds to the case where W¢{ is degenerated to a half-space.
Since ap(y2, §/) depends on a, assume that the limit

lim a;l(y17y27£/) = Q[(ylayQaél) (24)

a—r0o0
exists and one can pass to the limit under the integral sign.
Remark 2.1. In fact, we have
- ' (Y1t Y2 Y1 — Y
afl(ylvaaf):A7£1< 92 ) 2 )§/>7

so that our assumption means that the function 2A(y1, y2,&’) is symmetric with respect to y1, yo;
it depends on y; + yo.

We begin with the functions ag(y2, fl),go(yl, £) as a — oo

ao(ya, &) = /a;ﬁl(ylay%f/)d?/l — /Ql(ylay%‘f,)dyl = Ao, €),
~ N 7 _1 / 7 y I /
bo(y1,€ ) = / ay (y1,92,€ )dy2 — / A(y1,y2,€)dy2 = Bo(y1,€ ).

Taking into account the above remarks, it is easy to see that Avo(y, ¢ = By (y,€). Similarly,
we check the characteristics K1 (yq, yg,gl) and Ko (y1,y2, fl):

’ N i —~—1 ’
Kl(yhy?vg) :a;l(y17y27§)a0 1(y27§) —>Q((y17927§/)140 (y27€)7 a — 090,

)~

! — -1 ’ —~—1 ’
Koy, 92,6 ) = aZ (y1,92,€ b0 (y2,€) — Ay1,42,6)Bo  (y1,€), a — oo

The kernels K; and K» converge to a common symmetric kernel, say, K (y1, y2, f/).

Finally, the last limit is connected with the boundary function; namely,
G1(y2,€) = G1(y2, € )ag " (¥2,€) — G (w2, €) Ay (42,€) = 1 (y2,€), @ — o0,

Ga(y1,€) = G2y, € )by (y1,€) — Go(y1, € ) By (y1,€) = ba(y1, &), a — o0

Then the system (2.3) take the following form as a — oo:

/ K (y1,12,& )Colyr, € dyr + Do(y2, &)

=w%ﬁm%ﬁ+/m%%&m@fmp%@fy (2.5)

Exchanging the variables y; and ys in the second equation and taking into account that the
kernel is symmetric, we can write

50(y2,€/)+/K(yhyzaﬁl)ﬁo(yl,i/)dyl=1Z2(y2,§/)-
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Further, adding with the first equation, we obtain the single equation

e}

(50(y2,§l)+50(yz,§/))+/K(y1>y2,§,)(5o(yh§/)+l~70(y1,§/))dy1Z%(y2»§/)+%(y27€,)-

—0o0

However, éo(yg,ﬁl) + Eg(yg,fl) = %(y2,€ ) because P + Q = I, and, finally, we can represent
the equation as follows:

oy, ) + / K(y,m,&)e(r,€)dr = U(y,&), W(y,&) =v1(y, ) +a(y,€)  (2.6)

Theorem 2.2. We assume that the symbol A(§) of the operator A admits the wave factor-
ization with respect to —W§ with index @ such that @ —s =1+, |0] < 1/2, for all sufficiently

large a and satisfies (2.4), 91,92 € Hsfé(]RT_l). Then the boundary value problem (2.1), (1.4)

is equivalent to the linear integral equation (2.6) with unknown function ¢y € H 5_‘5+%(Rm*1).

2.2. Dirichlet condition. Here, we consider the Dirichlet problem in the domain R™ with
cut along Dg of the form Dy = {x € R™|x = (x1, %2, ..., %Tm),x1 = 0,22 > 0}. We consider the
equation with the Dirichlet boundary condition

(Au)(z) =0, x€R™\ Do, ulp,=¢, (2.7)

with a given function ¢ € HS_%(]RTA).
We introduce into the consideration the wedge W for sufficiently large a, then we take an
extension ® of ¢ on H*(W¢{) and study Equation (2.1) in W¢ with the Dirichlet data

u|:):17a:r2:0 = (I)(aml + 22, x/)au|x1+a:tg:0 = (I)(axl - x27x,)7 S R™2

where it is assumed that a — oo.

Using the above constructions, we obtain instead of (2.6) the following equation:

co(y,€) +_4 K(y,7,€)e(r,& )dys = % (2.8)
where .
K(y,nfsdz%, )= [ Awrar

Corollary 2.1. Assume that the symbol A(§) admits the wave factorization with respect
to =W with index @ such that @ —s = 1+ 6, |0] < 1/2, for all sufficiently large a (2.4)

holds, p(x) € HS_%(DO). Then the unique solvability of the boundary value problem (2.7) is
equivalent to the unique solvability of the linear integral equation (2.8) with unknown function
o € I’_js—ze—‘r%(Rmfl)'
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3 Inhomogeneous Equation

In this section, we consider the inhomogeneous case of a nonzero right-hand side of g €
H5=*(R™ \ W), In other words, we consider the equation

(Au)(z) = g(z), ze€R™\W} (3.1)

According to (1.3),

/

AZHEOQEOU = Grn)Q HO(AZM)(E) = F(8).

Then we can write (1.3) as

u(§) = F(&) + A;l(g)(&)(fl +a2,§) 7;50(51 —ao, § ))
-1 7 o 50(7775) 0 77 f
+AL(E) | vep ar - / - : (3.2)

Using the above change of variables y;, y2 and operators P, (), we can write

Coly1,€) + Do(y2,€)
ax(y1,y2,€) (3:3)

Uy, y2,€) = Fy1, 92,6 ) +

where

Yr+y2 Yy1— Y2 €/>

f(yl,yQ,ﬁl):F( 5 o9q

Here, we used the notation introduced above.

Now, we first integrate (3.3) with respect to y; and then with respect to y2. Using (1.4) in
the Fourier images, we find the system of linear integral equations

/Kf(ylvyz,f/)dy1+/Kl(yl,yzaﬁl)éo(yhﬁl)dyl+50(y2,€/)

= Gil )Colon )+ [ Kslnu e+ [ Kalor,10,€)Dolyes € e = Galon. ),
(3.4)
where
Er(y1,9,€) = aZ (91,92, €)ag (12,€), - Ko(yr,2,€) = a2 (1,2, €)bg (01, €),
Ki(y1,12.€) = a5 (92, F 1,92, €), - K3 (y1,2,€) = bg (42,6 f (.92, €),
Gr(y2,€) = q1(y2. € )ag ' (2,€),  Ga(y1,€) = Gy, € )by " (y1, €).

Theorem 3.1. Let the symbol A(§) admit the wave factorization with respect to —W$ with

index @ such that @ —s = 1+, |§| < 3, If ao(y2, &) # 0, bo(y1,€) # 0, then the Dirichlet
problem (3 1), (1 4) is equzvalent to the system of linear integral equations (3.4) with unknown

functions Co, Dy € H*~ S 2 (Rm-1).
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Remark 3.1. Each of these equations can be written with a single unknown function, but
then we obtain double integrals.

3.1. Limit case a — oo. In this subsection, we modify the system of linear integral equations
(3.4) in the case of essentially large values a as a — oco. This corresponds to the case where W¢
is degenerated to an m — 1-dimensional half-space.

In accordance with the aforesaid, we need to study an additional term connected with the
right-hand side. Since there is the operator G/ we consider this term. Making the change of
variables

m—2

t1 = + ang, y1 =& + ala,
to = n1 — ana, y2 = &1 — ala,
we find

;o a u(n1,m2, € )dnidny
Gm—2u(§) = ?}—%/ (51 ) _a2(§2 —772+i7)2

a 1 a(bgtz bt ¢y dty

= lim — _ 2a
0272 | 2a (y1 — t1 — aitT)(y2 — to +i7)
R2
o1 u(tgte, ift & dtdt 1 / (bt it ¢ dty
= lim— : =
70472 [ (t1 —y1 + ait)(te —y2 —iT)  (2i7)? (t1 — 21)(ta — 22)
R2 R2

1/~ ’ ~ / ~ ’ ~ ’
= Z <U(y17y27§ ) - SlU(y17y27§ ) + SQU(y17y27£ ) + 5182U(y17y27§ )) )

where z1 = y1 — aiT, 20 = yo + aiT, T — 0,

t1 4+ 12 tl —i—tg fl)

ﬁ(tlat%gl) - ( 2 )

and S1, Sy are two one-dimensional singular integral operators with respect to the variables t1,
to defined by

i 7 fj(tla 9275/)

S1U(y1,y2.€ ) = v.p. — dt1,
m — U
~ : LT Ol ta €
SoU (y1,y2,€ ) = v.p. — / Ul ta8) gy
g/ to — o

Here, we used formulas from [6] for the limit values of the bisingular integrals.

Further, we have

. ’ + . 1 ~ ’ ~ ’
lim (G, 2U)<y1 yQ, y1 75) = alin;oZ(U(yl’yQ’é ) —S1U 1, 92,€)

a—00 2

~ / ~ ! . 1 y1+y2 yl !
+52U(y17y27§)+SISQU(y1)y27£))all{gozl( ( 2 ’g)

o ~(1tY2 1Y /) ~(y1+y2 Y1 — Y2 /) SS~<y1+y2 Y1 — Y2 /)>
Sl”( 5 0 %) PR T T ) ES (T Tk
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:i< (y1+y2 06) <y1+y2 05) (y1+y2 0£>+51825<y142ry2,07§/)>

It is easy to see that

Sui (™ ;yz,o,g’) = Sy ( i 20.¢)

2
and
_ , 1 7 1 7 1 ~t1+t270, !
515’2u<y1+y2,0,§>:—,v.p./ —,V.p./ U f)dtg dty
2 i i li—y1 ta—y2
[t t / _/t t /
= st(M 20,6 ) =M 0.€).
2 2
Consequently,
. (it Y iy o ] Y1+ Y2 Y1+ Y2
alinéo(Gm”“)( 2 2a ’5)_4< ( 05) ( 05))
1 _ry1+y2
_2“< 05)

According to the aforesaid, we need to correct the limit values K and K3 in (3.4). We recall
that these are two terms in (3.4)

—+00 “+oo

/ a5 (42 € ) w2, € )i, / B (g2, € ) Flyn,s s € ).

—0o0 —00

Th—2, we need to determine the limit of f(yl, y2,&),
under the assumption that the limit passage under the integral sign is allowed. We recall

Taking into account the calculations with G’

Pl €)= F (P52 0226 ) RO = A(OQOU - G )@ OUZ )0

As above, we denote

_ ' (it Y2 Y1 Y
azl(ylayQag ) :A1< 2 ) 2 7£,>

and assume that the limit
lim G;I(y17y2a£ ) = %(y17y275/) (36)

a—0o0

exists, and it is possible to pass to the limit under the integral sign and the function B (y1, y2, &)
is symmetric with respect to the variables y1, y2, it depends on y; + yo.

We simplify F'(§) as follows:

/

F(§) = A7 (9)lg(8) — AZ ((O)(Q(E)GrmaQ@ ™ (§)(AZ g) (9).

We write in the variable y1, ya:

GIL%f(ylayQ-fl) = (yl 2o 5) (y1 50 €>
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Y1+ Y2

1 ~
- iﬂ(ylay27£/)%(y17y27€/)g( 2

0.€)

at least for ¢ in the Schwarz space S(R™). However,

_ . (Y1t Y2 Y1~ Y
a l(ylayQagl) = alig.lo A:I( 2 ) 24 35/)

— At (?/1 + Y2

2,0.6') = 2y, 12,€)By1,12,€),

so that we have

. n_ L1ty N ~ (Y1 +y2 /
alglolo f(yl)yQ-g) - §A 2 7075 g 2 7076 ’

and, in this case,

% 1~ _ =+ N~ + /
K1(Z/17?Jzaf/) = §A01(y27§,)*’4 1(%5035 )g(yl y2,07£ )a

. . (N tye N\ tY2
KZ(y17y27§/):iBol(yhg,)A 1<T7O7§>g( 7076)7

We denote by K*(y1,y2,&’) their common value.
Then the system (3.4) takes the following form as a — oc:

/ K* (g1, 92, € )dys + / Ky, 2, )Coly1, € )dyr + Doy, €) = 1 (yn, €),
- - (3.7)

a(/)(ylyfl)'f‘/K*(y17y2a§/)dy2+/K(ylay%fl)ﬁ/ﬂ(y%fl)diw:{/;2(9175/)'

In the second equation, we exchange the variables and take into account the symmetry of kernels.
Then

a\a(y%gl) + / K*(y17 Y2, fl)dyl + / K(ylv Y2, él)b\?)(yhgl)dyl = JQ(y% fl)
Adding the last equation with the first one, we obtain the equation

<c§<y2,f’>+ﬁo<yz,g’>>+2/K*(yl,y2,5’>dy1+/K(yl,y2,§’><6*6<y1,5’>+170<y1,s’>>dy1

= Jl(y27£,) + 7;2(9275/)

However, /Cv'o(yg, )+ bvo(yQ, €)= éo(y2,&). Finally, the last equation can be written as

Gy, €) + 2 / K* (g, € )dr + / Ky 7, €Yo, € )dr = Uy, €) (3.8)
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Theorem 3.2. We assume that the symbol A(§) admits the wave factorization with respect
to =W with index @ such that @ —s =140, |[§] < % for all sufficiently large a the conditions

(2.4) and (3.6) hold, g1,92 € Hsfé(]RT_l). Then the boundary value problem (3.1),(1.4) is
equivalent to the integral Equation (3.8) with unknown ¢y € HS_‘EJF%(Rm*l).

3.2. Dirichlet condition on cut. We consider the Dirichlet problem in R™ with cut
DoDy = {z € R™|z = (z1,22, ..., Tm),x1 = 0,22 > 0}, which can be written as follows:

(Au)(z) = f(z), = €R™\ Do, wulp, =0, (3.9)

where 0 € H s_%(RTA). The function © is chosen as an extension of 6 to W¢ in such a way
that © € H*(W¢) for sufficiently large a. The study of the solvability of Equation (3.1) with
boundary condition

U2y —aze=0 = Oazy + $2,$,), Uz, +aze—0 = Oazy — acg,ac/), z € R™ 2, (3.10)

leads to the conclusion that we obtain the equation below instead of Equation (3.8)

~ ’ 7 ’ 7 N ’ 9 s '
cO<y,£>+2/K*<T,y,s>dT+/K<T,y,5>co<n5>d7=%, (3.11)
oo o o\Y,

where K (7,y,¢), K*(1,y,£ ) are as above.

Corollary 3.1. If the assumptions of Theorem 3.2 hold and 0 € H5 3 (Dy), then the unique
solvability the problem (3.9) is equivalent to the unique solvability of the linear integral equation
(3.11) in the space Hs_”e“‘%(Rm_l).
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