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Abstract. The aim of this work is to study sufficient conditions for the asymptotic stability of the
stationary solution of the initial-boundary value problem for a system of nonlinear partial differen-
tial equations describing the growth and spread of the HIV/AIDS epidemic. The above-mentioned
model takes into account not only the factors taken into account by classical models, but also includes
migration processes.

Keywords: system of nonlinear partial differential equations, initial-boundary value problem, station-
ary solution, mathematical modeling, spread model of the HIV/AIDS epidemic, migration processes.

1. Introduction. Description of the Result

Let Q C R? be a bounded domain with piecewise smooth boundary. Consider the initial-boundary
value problem

oS Pl
o) = = cB <51 - m+I> ST — ¢BbJS — uS + hAS, (1.1)
or Byl
=B (51 - 1> ST+ cBbJS — (1 + ki)I + 8.7 + 051, (1.2)
88;{ =kl —(u+ko+0)J+93AJ, x=(r1,22) €Q, ¢>0, (1.3)
oS
<N15 +m 87) o By,
ol
I =B
(Hz -1-77287) . 2,
oJ
<M3J+77387> o 3, t=20 (1.4)
S lt=0= S0, I |t=0=1Io, J |t=0=1Jo, z€Q, (1.5)

where A = 92 /92? + 8% /dx3 is the Laplace operator in R?, 7 is the unit exterior normal vector to the
boundary 99 of the domain €2, in the boundary condition (1.4) we assume that p2 +n2 > 0, .1, = 0,
k=123

We use model (1.1)—(1.3) in [30], to which we added the condition of territorial spread (diffusion).
In this regard, we use the notations, terms, and descriptions presented in [30]. The (1.1)—(1.3) model
is the result of several stages of modification of the classical Kermack—McKendrick model of epidemic
spread [12] (see [4, 30, 35, 37]).

The functions and parameters included into system (1.1)—(1.5) have the following meaning:

S = S(x1,x2,t) is the number of susceptible individuals in a given population;

I = I(x1,x2,t) is the number of asymptomatic carriers of infection;

J = J(x1,z2,t) is the size of the symptomatic group;

k is the total population;
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1 is the mortality rate of the population;

c is the frequency of contacts;

[ is the probability of transmission of a disease through contact with an infectious disease in the
asymptomatic stage;

b is the probability of disease transmission through contact with an infectious disease in the symp-
tomatic stage;

k1 is the rate of transition from the asymptomatic stage to the symptomatic one;

ko is the rate of transition from the symptomatic state to AIDS;

¢ is the speed of treatment from the symptomatic stage to the asymptomatic one;

d is the AIDS mortality rate;

m > 0 is the half-saturation constant reflecting the effect of media coverage on contact transmission;

[ is the frequency of contacts before media notification with 51 > s > 0.

The term [21/(m + I) estimates the effect of reducing the contact rate when infected individuals
are informed through the media. The function I/(m + I) takes into account the disease saturation or
psychological effects [5, 30]. The author of paper [30] says that the main reason we include the media
effect in step I is that it extends to infected individuals without symptoms. Therefore, the media
should warn these people about the possibility of infection and raise their awareness.

Human immunodeficiency virus (HIV) is a chronic, infectious, contact-transmitted, slowly progres-
sive disease characterized by damage to the immune system and the development of acquired immun-
odeficiency syndrome (AIDS). The number of infected people in most countries is growing every year.
Estimates of the prevalence of HIV worldwide have been given by the World Health Organization
(WHO) and the United Nations Programme on HIV/AIDS (UNAIDS) since the late 1980s [39, 40].
The first AIDS cases were registered in 1981, and since then it has become one of the most devastating
diseases that humanity has ever faced. According to UNAIDS, the number of people who have died
from AIDS-related diseases is 36 million.

Although the factors responsible for the spread of HIV are recognized, the lack of health services
and the reluctance of the population to take preventive measures make it very difficult to combat this
disease. Another serious problem is that in many countries people do not even suspect that they have
HIV [22].

Mathematical modeling has long been used to study the spread of many serious diseases: HIV/AIDS,
tuberculosis, malaria, and many others. Mathematical models can provide a deep understanding
of how patients respond to infectious agents and can predict the dynamics of infection spread in
the population. Thus, studying the dynamic characteristics represented by these models can play a
significant role in understanding infectious diseases. In this regard, many mathematical models have
been formulated and investigated to understand the long-term dynamic behavior of HIV, as well as
to predict the incidence of HIV/AIDS [1-4, 9, 10, 15, 17, 18, 21, 23, 24, 31, 32, 36].

Our contribution to the modification of the model under consideration is the addition of “diffusion”
terms obtained by the action of the operator ¥,A to the functions S, I, J, xk = 1,2, 3, in order to take
into account migration processes, which, as we believe, obey the Fourier law.

Similar modifications of models are given in works devoted to mathematical models describing not
only the growth but also the spread of various types of populations. In particular, the problems of
ecosystem stability are considered in [34]. The model of tumor cell growth and spread is described
in [38].

In this paper we study the diffusion model, namely the sufficient conditions under which the Lya-
punov stability of its stationary solution implies its asymptotic stability (“stability relative to small
deviations” in the terms of systems theory). In [34] it is shown that adding diffusion terms can change
the stability of the stationary solution for both better and worse.
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Let H be the diameter of Q). Next, we let

App = —cf <ﬁl - m’Bj [> I—cBbJ —pu— j;g, (1.6)

Apy = cBALS (ciﬂj”})i R (L.7)
A33=—M—k2—5—;_9132, (1.8)
Am:Am:;<ﬂﬁms+$ﬁﬁi+wm1—ffﬁ+ww>, (1.9)
A%:Anzyww+5+h) (1.10)

A = Agy = —;cﬁbS. (1.11)

Proposition. Let w(z) = (wi(z1,z2), we(x1,x2), w3(x1,x2)) be a regular stationary solution of the
system (1.1)—(1.3) satisfying the boundary conditions (1.4). If for S = wy, I =wy, J = ws the
quadratic form

3 3
Q('lUl,'lUg,U)g;Zl,ZQ,Zg) - ZZ A,“ZKZL (112)
k=1 1=1

is negatively defined, then the stationary solution w is asymptotically stable at small deviations (i.e.,
from Lyapunov stability there follows asymptotic stability).

2. Materials and Methods

The research methods used to prove the main result in this paper were used earlier in [6, 8, 19, 25,
27-29]. In [26] the research methodology has been adjusted due to the fact that the equation contains
the Bessel operator (see [11, 13, 16, 33| in that regard).

Consider also the initial-boundary value problem (see also [27, 28])

85;5 = YsAus + Fs(u), == (x1,...,2,) €EQCR", >0, (2.1)
Oug
LslUs + Ms > = By(z), (2.2)
< ov €N
ug(z,0) =ud(z), s=1,...,m, (2.3)

where 2 is the domain bounded by piecewise smooth boundary I' = 990, v = 7 is the unit exterior
normal vector 9, u = (uy(x,t),...,um(z,t)), 95 = 0, Bs(x) € C(9Q), ud(x) € C(Q), s =1,...,m,
Q=QU9oQ, A is the Laplace operator given by formula

n
0%v

Av = )
v 83:?

j=1

Of course, we must require the compatibility conditions of the initial and boundary data to be met.
However, in the context of this article, we will deviate from this issue. We will assume that all
conditions for the existence of classical (regular) solutions to the problem under consideration are
met, and, in addition, all initial functions have the necessary properties that allow us to perform all
the operations that we perform below.

If

¥9s=0, s=1,...,m, (2.4)
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then we obtain a lumped-parameter model without diffusion terms. In this case, the variables
Z1,...,Z, are included in Egs. (2.1) as parameters and the derivatives with respect to these vari-
ables are not contained in Eqgs. (2.1). If

> 92>0, (2.5)
s=1

then we obtain a system with distributed parameters.
Let w = (w1(x),...,wy(z)) be the stationary solution of problem (2.1)—(2.3), i.e., the solution of
the problem

YsAws + Fs(w) =0, x€Q, (2.6)
ow
<,usws—|-773 5 8) = By(x), s=1,...,m. (2.7)
V' /) lzean
Let functions Fg(u), s = 1,...,m, be differentiable at w. Then, for sufficiently small deviations z; =
zs(x1, ..., xp,t) = us —ws, s =1,...,m, we have
m m
Fy(u) = Fy(w+2) = Fo(w) + Y bz + Y €kl2) 2, (2.8)
k=1 k=1
where
OF;(w) )
bsk, = 02 lli%esk(z) =0, s,k=1,...,m.
Substituting the representation us = ws + 2 into (2.1) with (2.8), we obtain:
8253 m m
5 = VsAws + Fs(w) + 95Az5 + Z bspzr + Z esk(2) 2k, s=1,...,m. (2.9)
k=1 k=1
Since w is the stationary solution, from (2.9) we obtain:
82 m m
8; =¥, Azs + ; bz + ; esk(2) 2z, s=1,...,m. (2.10)

We multiply each sth equation of system (2.1) by z; and integrate the resulting equality over €.
Taking into account (2.8), we obtain:

10 ) = =
zat/zsdx:ﬁs/zsAzsd:E+/Zb5kzszkdac—l—/Zesk(z)zszkd:ﬁ, s=1,...,m. (2.11)
Q Q o k=1 o k=1

We can discard the third term on the right-hand side of (2.11), since it does not affect the sign of the
resulting sum when the deviations of z are small. Next, we apply Green’s formula (see [7]) to the first
term on the right-hand side of (2.11). As a result, we obtain:

1 s T
2; / Zg dr = _195/ ‘VZSF dx +198/ Zs aai dr +/ Z bsk 25 zpdr, s=1,...,m, (2’12)
Q 0 a0 o k=1

where dI' is an element of the boundary 0€, i.e., the second term on the right-hand side of (2.12)
is a line integral of the first kind over 09 (for n = 2), or a surface integral of the first kind over 052
(for n > 3), or the sum of the endpoints of the interval Q (for n = 1). When ps = 0 or 75 = 0, the
integrand in the integral over 02 equals to zero due to the boundary condition (2.2). From the same
boundary condition, where usns > 0, we obtain:

0z
ov

Hes
— _ Zs

o0 Ns

o0
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Therefore, equality (2.12) can be rewritten as

1 m
288t/z§dm:—198/\Vz5\2dm—z95/asz§df+/zbskzszkda:, s=1,...,m, (2.13)
Q 90 Q k=1

Q

where

Hs
O0s = >
Ns

for psns > 0, or o5 = 0, for usns = 0. Summing (2.13) in s, we obtain:

28t/ |Z|2d$— /|st|2da:— /Jsz dr +/ZZ Ok 25 21 d, (2.14)

s=1 k=1

where
@sk = (bsk + bks)/2

The sign of the left-hand side of (2.14) is considered as an indicator of the stability of the trivial
solution. Therefore, it is important to find the ratio of terms on the right-hand side that leads to the
negativeness of this expression. In the parentheses on the right-hand side, both the first term and the
second term are not greater than zero. Next, we need to take into account the sign of the last term
on the right-hand side. If the quadratic form

Z Oy 2125 dr (2.15)

s=1 k=1

is negatively defined, then the left-hand side of (2.14) will be negative and the stationary solution will
be asymptotically stable.

In the case of a lumped parameter model (a system of ordinary differential equations), i.e., if
conditions (2.4) are satisfied, the negativeness of the quadratic form (2.15) is also a necessary condition
for the trivial solution to be stable.

Consider a diffusion model with distributed parameters. In this case, we can weaken the sufficient
condition for asymptotic stability of the stationary solution. For this purpose, we use the Steklov—
Poincaré—Friedrichs inequality (see [14, 20])

/|vzs|2dx > ;2 /zfda:,
0

Q

where H is the diameter of €. Hence,

2815/ |z |2 dz < ZHQ/Z da:—Zz? / Hs 2df+/zz Ok 212 dT. (2.16)

s=1 k=1

Finally, we can say that a sufficient condition for the stability of a stationary solution is the negativity
of the quadratic form

f:f: Ask ZkZs, (2.17)

s=1 k=1
where
Ay = Oy — Oy /H2. (2.18)
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3. Proof of the Main Result

Now, to prove the main result, we set m =3, n =2 in (2.1):

up = S(x1,xe,t), ug=I(x1,29,t), wusz=J(x1,x9,1), (3.1)
Fy=F(S,1,J)=up— <’Bl_mﬂj-ll> ST —¢BbJS — S, (3.2)

F, =F(S,1,J) = (,81 - nff[) ST+ cpbJS — (n+ ki)l (3.3)

F3 =F5(8,1,J) = kil — (pp+ ka +9)J. (3.4)

The partial derivatives of F have the form
S
(o 2 o
o —eams— R i,
861;2 = cfbS + 6;
%1:;3 =0, 881;3 =k, 881;3 = —(u+ky+9).

Substituting the partial derivatives into (2.18), we obtain representations (1.6)—(1.11) for coefficients
A, which concludes the proof.

4. Results and Discussion

Note that if the domain diameter is small enough and w,, = const > 0, then the quadratic form (1.12)
is negatively defined, so the constant stationary solution is obviously stable in a small domain. It should
also be noted that any stationary (constant) solution of system (1.1)—(1.3) without migrations (i.e.,
when ¥ = 99 = ¥3 = 0, and we are dealing with an ODE system) is a stationary solution of this
system (PDE) with migrations (i.e., when 92 493 +93 > 0), of course, with the appropriate boundary
conditions. At the same time, it may turn out that this constant solution is not asymptotically
stable in the model without migration, but is asymptotically stable in a small domain if migration
processes are taken into account. This can be demonstrated with a simple example. The constant
point (stationary state) (k,0,0) is a solution of system (1.1)—(1.3) for any set of diffusion coefficients.
In the case of ¥ = 99 = 13 = 0, this solution is asymptotically stable as

(kl + 5)2
4(kg + 1)

and only under this condition. If 92 + 9% + 9¥2 > 0, then the solution (k,0,0) with sufficiently small
H will be asymptotically stable without this condition.

p<ki—
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