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Abstract—The problem of describing the class of non-negative densities v of finite measure distri-
butions on R+, which have the property of strong unimodality according to I.A. Ibragimov, is solved.
It is based on the study of the properties of integral transformation corresponding to the convolution
of distributions. The approach to unimodality investigation based on the Volterra integral equation of
first kind with a difference kernel is proposed. It allows to describe the class of all such densities. For
this, it is used the smooth parametrization by means of λ ∈ (0,∞) connected with the set D(R+) of
nonnegative unimodal densities f on R+ satisfying the equation. This makes it possible to select the
entire class of all unimodal densities those that have the property of strong unimodality. It is based
on the requirement that solutions to the equation have no some bifurcations in the parameter λ.
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1. INTRODUCTION

We will study unimodal distribution functions F of measures on R+. This means that the functions
F are nonnegative, do not decrease monotonously when the argument x ∈ R is changed, they tend to 1
when x → ∞ and to 0 when x → −∞. Without limiting generality, in the future, we will assume that the
functions F are continuous on the right. In applications, as a rule, absolutely continuous distributions
are used, which have densities f corresponding to each of them. In this case, those of them are of
particular importance, in which the density has a single maximum point, which we will later call a vertex
one. The presence of more than one maximum point means, from the point of view of applications, that
along with the “natural” stochastic mechanism that forms the probability distribution of corresponding
random variable, there is some additional “physical” mechanism that leads to the appearance of several
maximum points of the distribution density. Such a situation is realized, for example, in models of
statistical mechanics when describing so-called phase transitions [1].

Distributions with a single vertex point are called the unimodal ones. Generally speaking, from
the viewpoint of applications, the presence of additional regular mechanisms which form the probability
distribution is indicated not only by its loss of the unimodality, but also by the distortion of its shape in
the presence of a single vertex point, for example, by the appearance of additional inflection points in the
density. In the absence of such distortions, namely, in the presence of only two such inflection points,
they say about the property of so-called exact unimodality [2–4]. However, in this paper we will be
interested only in the phenomenon of preserving the distribution F unimodality. The existence of such
a position turns out to be important in various problems of statistical mathematical physics (see, for
example, [5–7]).
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Establishing the unimodality presence in a fixed distribution function F , which is represented by
an explicit analytical formula, of course, reduces to the standard mathematical analysis problem. Of
interest, however, are the problems of establishing unimodality for classes of distribution functions such
as those determined by the needs of applications in mathematical modeling. To such problems relate
those of which are connected with sums of independent random variables or with extremes of samples
of such random variables. In this paper, we study the first of these types of problems in the case when
the measure F is concentrated on R+ and the entire class of such measures is formed by means of a
Wolterra integral transformation with defference kernel. In the next section, we give the general concept
of unimodality of a one-dimensional distribution, as well as the concept of strong unimodality introduced
by I.A. Ibragimov. In the following sections, we give some examples of problems related to establishing
the unimodality property for classes of distributions and develop a method for investigating the presence
of the strong unimodality property of distributions with continuously differentiable densities.

2. UNIMODAL DISTRIBUTIONS

Since the maximum distribution density can be achieved not at a solitary vertex point, but at each
point of a certain interval of its constancy, when studying unimodality of distributions, a more general
definition of unimodality is used, allowing for such a possibility. Moreover, such a definition is suitable
for the broadest interpretation of distribution function, which is not based on the assumption that it has
a density f , but is given in terms of the distribution function F (see, for example, [8–10, 13]).

Definition 1. A distribution function F is called the unimodal one, if there exists a point a ∈ R

for which it is convex at x ∈ (−∞, a) and concave at x ∈ [a,∞).
Since the set of points a satisfying the condition pointed out in the given definition may consist of

more than one point, we will further operate with the concept of the set Σ of all such vertex points
having the specified property. It is obvious that the set Σ of vertex points of a unimodal distribution
consists either of a single point or is the segment Σ ⊂ R of finite length. It is also clear that at any vertex
point a ∈ Σ of a unimodal distribution F , the last is continuous in the intervals (a,∞) and (−∞, a).
In the case when the vertex point is not unique, then the function F is continuous. Moreover, the
unimodal distribution function F has the right D+F (x) derivative and the left D−F (x) one in each
point of intervals (a,∞) and (−∞, a). They are finite with the exception may be of a single point a
which is the unique vertex point of the function F in this case. For Dini’s derivatives the inequalities
D+F (x) ≥ D−F (x) for x < a and D+F (x) ≤ D−F (x) for x > a are valid.

If the set Σ of vertex points of the unimodal distributionF is one-point, Σ = {a}, then the distribution
F may have a gap of first kind at the point a. In this case the right and left derivatives may be finite and
infinite at this point.

Described properties of unimodal distributions allow to state that they are absolutely continuous
except for, may be, the vertex point a, corresponding to each of them, in the case when such a point is
unique and there is a gap of the function in it. At the same time the absolutely continuous component Fc

of the distribution F has the derivative at all points in R except for no more than a countable set of theirs
where the right and left Dini derivatives do not coincide, D+F (x) �= D−F (x).

The following concept and the statement connected with it are very important from theoretical point
of view.

Definition 2. The sequence 〈F (n);n ∈ N〉 of distribution functions is weakly converges when
n → ∞ to the distribution F , if it pointwise converges to this distribution at all continuity points
of this function.

From the above-pointed out properties of unimodal distribution and from the Definition 2 it follows
that the sequence 〈F (n);n ∈ N〉 of unimodal distribution functions weakly converges to the distribution
F , if it pointwise converges to the function F at all points except for, may be, the vertex point a of the
distribution and, in the case, it is unique.

Thus, the following statement takes place (see, for example, [10]).

Theorem 1. Let 〈F (n);n ∈ N〉 be a sequence of unimodal distributions, which weakly converges
to the distribution function F . Then, F is the unimodal distribution. At the same time, the
sequence 〈F (n);n ∈ N〉 point wise converges to F at all points except for, may be, the vertex point
a of the distribution F , if it is unique and there is a gap of the function F in it.
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Corollary 1. Let 〈Σn;n ∈ N〉 be the sequence of segments of vertex points and each of them
corresponds to the unimodal distribution function, which is the component of the sequence
〈F (n);n ∈ N〉 and this sequence weakly converges to the distribution function F , when n → ∞.
Then, the set Σ∞ of limit points of all sequences 〈a(n);n ∈ N〉 of vertex points a(n) ∈ Σn, n ∈ N of
the distribution functions F (n) coincides with the set Σ of vertex points of the distribution F .

The following property of unimodal distributions is very important.
Theorem 2. If F (x), x ∈ R is a unimodal distribution, then F (λx− c), x ∈ R is also the

unimodal distribution for any c ∈ R, λ ∈ (0,∞).
Proof. If a is a vertex point of the distribution F (x), x ∈ R, then (a+ c)/λ is the vertex point of the

distribution F (λx− c), since F (λx− c) is convex for x < (a+ c)/λ and is concave for x > (a+ c)/λ.
�

3. STRONGLY UNIMODAL DISTRIBUTION

In this paper, we are interested in conservation of the unimodality property of a distribution F after its
convolution with other unimodal distribution V . From this viewpoint, it is very important the concept of
the strong unimodality of distributions introduced by I.A. Ibragimov.

Definition 3. A distribution function V is named the strongly unimodal one, if it is unimodal
and its convolution

G(x) = (V ∗ F )(x) ≡
∫

R

V (x− y)dF (y) (1)

with any unimodal distribution F is also unimodal distribution function where the integral is
understood by the Stieltjes sense.

The normal distribution V with the density

v(x) =
ν√
2π

exp
(
− ν2(x− x0)

2

2

)

is the example of strongly unimodal distribution for any x0 ∈ R, ν > 0 [13].
It is correct the following statement which is analogous to Theorem 2.
Theorem 3. If V is a strongly unimodal distribution, then V (λx− c) is also the strongly

unimodal one for any c ∈ R, λ ∈ (0,∞).
Proof. Since V (x) is unimodal, then V (λx− c) is also unimodal for x ∈ R. Therefore, for any

unimodal distribution F (y) we may regard the distribution F ((y + c)/λ) which is unimodal, according
to Theorem 2. The distribution

G(x) =

∫

R

V (x− y)dF ((y + c)λ) =

∫

R

V (x− c− λy)dF (y)

is unimodal for it. Therefore, according to the same theorem, the distribution

G(λx) =

∫

R

V (λ(x− y)− c)dF (y)

is also unimodal. Since F is an arbitrary unimodal distribution, then it follows the statement of theorem.
�

In the paper of Ibragimov [13], by means of rather subtle construction, it is found the necessary
and sufficient conditions of strong unimodality of distribution functions on R being very convenient in
applications.

Theorem 4. For strong unimodality of a unimodal distribution function V , it is necessary and
sufficient that V should be absulutely continuous, and the function ln V ′(x) be concave on the set
{x ∈ R : (D+V (x)) · (D−V (x)) �= 0}.

It is obvious that convolution of a pair of strongly unimodal distributions is strongly unimodal
distribution and, based on Definition 3 and Theorem 1, the following statement is valid.
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Theorem 5. The limit distribution function V , in the sense of weak convergence, of the
sequence 〈V (n);n ∈ N〉 of strongly unimodal distribution functions is the strongly unimodal
distribution.

Proof. Since the components V (n), n ∈ N of the sequence 〈V (n);n ∈ N〉 are strongly unimodal
distribution functions, then, for any unimodal distribution F , the sequence 〈V (n) ∗ F ;n ∈ N〉 consists of
unimodal distribution functions. Further, since the sequence 〈V (n);n ∈ N〉 converges in the weak sense
to the distribution V , then the sequence 〈V (n) ∗ F ;n ∈ N〉 also converges in weak sense to unimodal
distribution function V ∗ F ,

lim
n→∞

∫

R

F (x− y)dV (n)(y) =

∫

R

F (x− y)dV (y)

where the transition to the limit under the integral sign has been justified by second Helly theorem (see,
for example, [10]). �

It is obvious, if distributions V, F and G have corresponding densities v, f, and g on R, then the
formula (1) is written down in the form of the integral transformation

g(x) =

∫

R

v(x− y)f(y)dy, (2)

which one may consider as an integral Fredholm equation of first kind for the function f at given densities
g and v. Its solution is formally obtained on the base of the Fourier transformation. It may be fulfilled
due to g and v belong to the space L1(R). But the production of those Fourier transformations is not
necessarily a positively defined function, that is, it is not necessarily density. Due to this reason, the
specific class of problems arises (it is so-called the decomposition problems, see, for example, [10]),
connected with the description of classes of densities g and v, for which such positively defined solutions
exist.

We introduce the designation D(R) for the set of unimodal distribution on R, and also S(R) for the
set of strongly unimodal distributions on R.

4. STRONGLY UNIMODAL DISTRIBUTIONS ON R+

This paper is dedicated to the study of measures distributions on R+, that is, to distribution
functions F , which is equal identically to zero when x ∈ (−∞, 0). Therefore, according to analogy with
Definition 1, we give the following

Definition 4. A distribution function V on R, which is equal identically to zero for x < 0, is
named strongly unimodal one on R+ = [0,∞), if it is unimodal and its convolution

G(x) = (V ∗ F )(x) =

x∫

−0

V (x− y)dF (y) (3)

with any unimodal distribution function F on R+, which is equal identically to zero for x < 0, is
also the unimodal distribution function on R+.

In the pointed out formula the integration is understood according to Stieltjes, the low integration
limit implies that the distribution F may have the gap in the point y = 0 and its contribution should be
taken into account when integration is done. In the case when the distribution F has such a jump, its
vertex point is equal to zero and it is represented by a concave function on (0,∞).

In the case when the distributions V, F, and G are absolutely continuous, the formula (3) is
represented in the form

g(x) =

x∫

0

v(x− y)f(y)dy, (4)

which one may consider as an integral Volterra equation of first kind for an integrable function f at
fixed densities g and v. However, as above, its solution, which is formally obtained on the base of the
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Laplace transformation being fulfilled, since g and v belong to the space L1(R+), is not necessarily
is a positively defined function, that is, it is not necessarily the density. Consequently, it arises the
question about description of classes of densities g and v, for which such positively defined solutions
exist. Further, everywhere, if unless otherwise specified, we will consider that densities f are continuous
and continuously differentiable on intervals, which are internal parts of their supports Int supp f . In the
same case, we will say simply that they are continuously differentiable.

Lemma 1. Let fj be densities of unimodal distributions Fj on R+, which are continuously
differentiable. Let, further, Σj , j ∈ {1, 2} be the segments of their vertex points. Then, the vertex
points b of the density g of the distribution G = F1 ∗ F2 satisfy the condition b > max{c : c ∈
Σ1 ∪ Σ2}.

Proof. We write down the expression for the density g,

g(x) =

x∫

0

f1(x− y)f2(y)dy =

x∫

0

f1(y)f2(x− y)dy.

Due to continuous differentiability of densities fj , j ∈ {1, 2}, we have

g′(x) =

x∫

0

f ′
1(x− y)f2(y)dy + f1(0)f2(x),

g′(x) =

x∫

0

f1(y)f
′
2(x− y)dy + f1(x)f2(0),

where the infinite value for f1(0) is possible in the first formula and, in this case, the vertex point of the
density f1 is located in x = 0, and in the second formula the infinite value for f2(0) is possible when
x = 0 is the vertex point of the density f2.

By replacing the integration variable y ⇒ x− y in the given formulas,

g′(x) =

x∫

0

f ′
1(y)f2(x− y)dy + f1(0)f2(x),

g′(x) =

x∫

0

f1(x− y)f ′
2(y)dy + f1(x)f2(0),

we find that the integral in the first formula is positive for x ≤ maxΣ1, and in the second formula, the
integral is positive for x < maxΣ2. Therefore, g′(x) > 0, due to non-negativity of second summands in
both formulas. �

The simplest and, along with that, very important from the theoretical point of view example of
strongly unimodal distribution, concentrated on the semiaxis [0,∞), is the exponential distribution.

Theorem 6. The distribution functions, which are defined be the formula V (x) = 1− exp(−ρx)
for x ≥ 0, ρ > 0, are strongly unimodal.

Proof. Let the distribution F have a unimodal density f with a vertex point a and this density is con-
tinuously differentiable. Then, using the density v(x) = ρ exp(−ρx), x ≥ 0 of exponential distribution,
the density g of its convolution with the distribution F , on the basis of (3), is written down in the form

g(x) =

x∫

0

v(x− y)f(y)dy = ρe−ρx

x∫

0

eρyf(y)dy. (5)
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The density g is continuously differentiable, due to continuity of the function v′ and the density f .
Differentiating on x both sides of the equality, we find

g′(x) + ρg(x) = ρf(x). (6)

Since g′(b) = 0 should be take place at the vertex point b of the distribution G and, due to continuous
differentiability of the densities f and g, according to (6), there exists the second derivative g′′ of the
density g. Then, using the equality, which is obtained after second differentiation, and also the fact
that, according to Lemma 1, the equation g′(x) = 0 may have the solution only at points x from the
interval (a,∞) in which the density f is decreased, f ′(b) < 0, we find that in such a point it is valid
g′′(b) = ρf ′(b) < 0. Therefore, the density g may have only maximum points as its extreme points.
Consequently, such a maximum vertex point is unique.

In order to go to general case, we notice that the functions

Fγ(x) = γ

x∫

0

e−γ(x−y)F (y)dy, ρ > 0 (7)

for any distribution function F on R+ are absolutely continuous distributions, since Fγ(x) ≥ 0, Fγ(0) =
0, and the limit when x → ∞, according to the l’Hôpital rule, is equal

lim
x→∞

Fγ(x) = γ lim
x→∞

∫ x

0
eγyF (y)dy

eγx
= lim

x→∞
F (x) = 1.

Differentiating Fγ(x),

F ′
γ(x) = γ

⎛
⎝F (x)− γ

x∫

0

e−γ(x−y)F (y)dy

⎞
⎠ ,

and after that using the theorem about the average value of integral for the estimate of second summand,
due to positivity of the weight function e−γ(x−y), we find

F ′
γ(x) = γ

(
F (x)− (1− e−γx)F (y(x))

)
,

where y(x) is a midpoint in the segment [0, x]. Due to monotonous non-decreasing of the distribution
F , it is valid F (x) ≥ F (y(x)). From where it follows that Fγ(x) monotonously increases.

Having applied again the transformation (7) to the distributions Fγ , we obtain the collection of
distributions 〈γ

∫ x
0 e−γ(x−y)Fγ(y)dy; γ > 0〉, linearly ordered according to increasing of the parameter γ,

in which all distribution functions have continuously differentiable densities. Consequently, application
the transformation (5) to their densities gives the unimodal distribution densities, according to above-
proved fact. It remains now to go to the limit γ → ∞ and after that to use Theorem 1. �

Corollary 2. The distributions Vn, n ∈ N with densities vn(x) = dVn/dx = ρn+1xn exp(−ρx),
ρ > 0 are strongly unimodal.

Proof. The proof follows by means of application of the statement about that the convolution of a
pair of strongly unimodal distributions is the strongly unimodal distribution, and after that one may to
apply the induction on n ∈ N, in which the distribution V1 = V is strongly unimodal. �

5. THE CONDITION OF STRONG UNIMODALITY

We introduce the designations D(R+) for the class of unimodal distributions and S(R+) for the class
of strongly unimodal distributions on R+. According to the definition of classes D(R+) and D(R), the
inclusion D(R+) ⊂ D(R) takes place.
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Let V ∈ S(R) and this distribution is equal identically to zero for x < 0. Then, according to the
definition of distributions belonging to S(R), a convolution V with any distribution from D(R+) is the
unimodal distribution. Consequently, V ∈ S(R+). Otherwise, if V ∈ S(R+), then the statement that
V ∈ S(R) not necessarily should be correct, since for validity of such an inclusion, it is necessary to
do verification of conservation of the unimodality property of convolutions V ∗ F for more wider class
D(R) of distributions F . In this case it may be realized the situation, when a necessary condition of
affiliation of the distribution V to the class S(R+) is weaker than the statement in Theorem 4. Certainly,
the sufficient condition of affiliation of the distribution V , which is equal to zero identically for x < 0, to
the set S(R) is sufficient for its affiliation to the set S(R+). Due to this reason it occurs the problem of
description of the functional class S(R+) of distributions on R+. In this paper we solve this problem in
the case, when the distribution V has the density v, which is twice continuously differentiable on R+.

Let the distributions V ∈ S(R+) and F ∈ D(R+) have the unimodal densities v and f , correspon-
dingly. At that, the set of vertex-points of the density v consists of one point x0. Consider the density
g, obtained by means of the convolution (4). A vertex-point (one of points at the segment of its vertex-
points) of the density f we denote by a. Further, we are needed the following fact for the analysis of the
convolution (4).

Lemma 2. Let a density f be finite and has the support supp f , which is contained in [0, A],
A > 0, and the density v is absolutely continuous and unimodal. Then, the density g defined by
(4) is continually differentiable and its stationary points contained in [0, A+ x0) where x0 is the
right extreme point of the segment Σ of vertex-points of the density v.

Proof. It is necessary to prove the fact of location of stationary points in [0, A + x0), which are
the solutions of the equation g′(x) = 0 connected with the density g. Since supp f ⊂ [0, A], then the
derivative of the density g for x > A, according to (4), is defined by the formula

g′(x) =

x∫

0

v′(x− y)f(y)dy.

Consider the solution of the equation
x∫

0

v′(x− y)f(y)dy = 0.

Since v′(x− y) ≥ 0 for x− y ≤ x0, then the integration segment [0, A] should be such that the set
{y ∈ [0, A] : x− y > x0} is non-empty. It is possible only in the case when x− x0 ∈ [0, A], that is,
x < A+ x0. �

Further, we analyze the case when the density v is twice continuously differentiable. We will prove
the following statement which is the main result of our paper.

Theorem 7. Let a distribution V on R+ have the twice continuously differentiable on (0,∞)
monotonously non-increasing density v. Further, let limx→+0 v(x) = limx→+0 v

′(x) = 0 and in
those points which are contained in Int supp v do not simultaneously vanish the derivatives v′

and v′′. Then, if v ∈ D(R+), it is fulfilled v ∈ S(R+).

Proof. We divide our proof into several items.
I. We introduce the parameter λ > 0. Let us associate a density fλ with each unimodal density f , the

values of which are determined by the formula fλ(x) = λf(λx) at each point x ∈ (0,∞). According to
Theorem 3, it is unimodal. Let a be the vertex point of the density f . Then a/λ is the vertex point of the
density fλ. To establish a strong unimodality of the density v, it is necessary to prove the unimodality of
any density g, obtained according to the formula (4). Analysis of unimodality of this density is equivalent
to unimodality analysis of anything of densities gλ, λ > 0, where each of them is defined by the formula

gλ(x) =

x∫

0

v(x− y)fλ(y)dy. (8)

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 46 No. 7 2025



STRONGLY UNIMODAL DISTRIBUTIONS 3473

Therefore, it is sufficient to establish the unimodality of the density gλ at least for a value λ > 0. For this,
by replacing the integration variable λy ⇒ y in the integral (8), we find that it is necessary and sufficient
to establish those conditions for the density v, for which the density defined by the transformation

gλ(x) =

λx∫

0

v(x− y/λ)f(y)dy, x ∈ (0,∞) (9)

is unimodal. It means that for such conditions, it is necessary and sufficient to prove the existence of the
unique point b ∈ (0,∞), where the following conditions

g′λ(b) = 0, g
(2k)
λ (b) < 0 (10)

take place for a value k ∈ N such that g(j)(b) = 0, j = 1÷ 2k − 1.
We notice that under suppositions relative to the density v in the formulation of theorem, gλ(0) = 0,

that is, the point x = 0 does not the vertex one.
Differentiating on x the density (9) with account the condition v(0) = v′(0) = 0 and the continuity of

the density f , we find

g′λ(x) =

λx∫

0

v′(x− y/λ)f(y)dy, x ∈ (0,∞). (11)

II. Let the density f be continuously differentiable. In this case, due to twice continuous differentia-
bility of the density v, continuous second derivative of the density gλ,

g′′λ(x) =

λx∫

0

v′′(x− y/λ)f(y)dy, x ∈ (0,∞) (12)

is defined.
The solution b of the equation (10) is an implicit function b(λ) on the parameter λ ≥ 0. This function

is defined by the equation (10) as the continuously differentiable one for sufficiently large values. On the
basis of the theorem of implicit function b(λ) existence, its derivative db(λ)/dλ is defined by the equation
g′λ(b(λ)) = 0, after calculation of full derivative on λ of its right side.

Using the expression (11), we find

g′′∞(b(λ))
db(λ)

dλ
+

(∂g′λ(x)
∂s

)
x=b(λ)

= 0. (13)

Since as in the case of the existence of unique function b(λ), it should be defined at a sufficiently large
value λ such the point b(λ) = b is a vertex point for the density gλ, then, according to theorem of implicit
function, it is necessary and sufficient for this that the conditions g′′λ(b) �= 0 and

(∂g′λ(x)
∂λ

)
x=b

�= 0 (14)

should be fulfilled in this point. On he basis of (11) we find that

∂g′λ(x)

∂λ
=

1

λ2

λx∫

0

v′′(x− y/λ)f(y)dy, x ∈ (0,∞). (15)

Going over the limit λ → ∞ in (11), (12), and (15), we find that the following equalities

g′∞(x) = v′(x), g′′∞(x) = v′′(x) (16)

and asymptotic formula

∂g′λ(x)

∂λ
= Mv′′(x)(1 + o(1)), λ → ∞, (17)
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with M =
∫∞
0 yf(y)dy take place for any x in bounded segment on [0,∞).

III. We put that the differentiable function f is finite and it has the support supp f ⊂ [0, A]. Then,
according to Lemma 2, for the application of formulas (15) and (16) for the density gλ, it is sufficient
to choose values x in the segment [0, A+ x0] where x0 is the unique vertex point of the density v.
Consequently, at first, from the equality in (10) it follows that g′∞(b(∞)) = v′(b(∞)) = 0 and, therefore,
b(∞) = x0, and from the inequality at k = 1 we conclude that g′′∞(b(∞)) = v′′(b(∞)) < 0 due to the
condition of theorem. From here it follows that the points b(λ) exist with needed properties for all
sufficiently large values λ. In these points, the condition (13) is fulfilled and the point b(λ) is unique
for each such a value λ. In this case, we have limλ→∞ b(λ) = x0. Thus, the statement of theorem has
been proved in the case of finiteness and continuous differentiability of the density f .

It remains to extend this statement to arbitrary unimodal distributions F on R+, that is, for such of
them which have not necessarily finite and continuously differentiable densities f .

IV. Let us fix a small value δ > 0. Further, let f be a continuously differentiable unimodal density
on R+. Define an unboundedly increasing sequence 〈An ∈ (0,∞);n ∈ N〉 such that the density f does
not increase for x ∈ (A1,∞). On the base of the sequence 〈An ∈ (0,∞);n ∈ N〉 and the density f , we
define the sequence 〈fn;n ∈ N〉 of finite, continuously differentiable densities. Let fn(x) = Znf(x) for
x ∈ [0, An], and we put that fn(x) = αnx

2 + βnx+ γn for x ∈ [An, An + δ], where coefficients αn, βn, γn
are chosen such that the densities fn were continuous at points An and An + δ and also they should have
continuous derivatives at An, n ∈ N. Namely, fn(An) = αnA

2
n + βnAn + γn, f ′

n(An) = 2αnAn + βn,
αn(An + δ)2 + βn(An + δ) + γn = 0. It is possible, since, in this case,

αn = −δ−2Zn(f(An) + δf ′(An)), βn = βn = Znf
′(An)− 2αnAn,

γn = Znf(An)− αnA
2
n − βnAn,

where Zn are defined on the basis of the condition Zn

∫
R+

fn(x)dx = 1. It is obvious that the densities
fn defined by this way are non-negative and unimodal. Since f(An) → 0 when n → ∞, then Zn → 1 at
such limit transition. Therefore, it is fulfilled fn(x) → f(x) at each point x ∈ R+.

For each of the constructed densities fn, it is valid the statement proved in the previous item, that is,
the densities gn defined by convolutions gn(x) =

∫ x
0 v(x− y)fn(y)dy are strongly unimodal under the

same conditions of theorem relative to the density v. Since the density v is continuous and bounded,
and the integrals

∫∞
An

fn(y)dy tend to zero when n → ∞, then we may go to the limit under the sign of
integral. Therefore, it is valid

gn(x) =

∞∫

0

v(x− y)fn(y)dy → g(x) =

∞∫

0

v(x− y)f(y)dy,

and we obtain, according to Theorem 1, that g is the density of unimodal distribution.
V. Let F be an arbitrary unimodal distribution on [0,∞]. Since the distribution Vρ with the density

v(x, ρ) = ρ2xe−ρx is strongly unimodal on R+, then the function f(x, ρ) =
∫
R+

v(x− y, ρ)dF (y) is
the density of unimodal distribution Vρ ∗ F . It is continuous and continuously differentiable with the
derivative f ′(x, ρ) =

∫
R+

v′(x− y, ρ)dF (y). For the distribution with such a density, according items I–
IV, it is correct the statement of theorem. Then, for any strongly unimodal distribution with the density
v, satisfying conditions of theorem, the distribution V ∗ Vρ ∗ F = Vρ ∗ V ∗ F is unimodal. But each
of distributions Vρ ∗ V is strongly unimodal, since, according to the definition of strong unimodality,
convolution of strongly unimodal distributions is the strongly unimodal one. It remains to notice that
limρ→∞

∫ x
0 v(x− y, ρ)v(y)dy tends to v(x) when ρ → ∞, and to apply Theorem 5. �

6. CONCLUSIONS

The paper proposes an approach to the study of the integral transformation, which relates the
probability distributions of non-negative random variables in the case when one of them is the sum of two
statistically independent ones. In this case, such a transformation generates a Volterra integral equation
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of first kind. This approach is applied to study the properties of strongly unimodal distributions on R+,
that is, they retain the unimodal property when they are composed with other unimodal distributions.
From the point of view of application to probability theory, the study of strongly unimodal distributions
has fundamental interest. It is connected with the fact that, on the one hand, unimodal distributions
describe random variables such that the formation of their probability distribution, as a rule, is not
influenced by extraneous non-random factors, and, on the other hand, if a random variable is the
sum of random variables with unimodal distributions, then one can expect that its distribution is also
unimodal. In this regard, a general mathematical problem arises of studying those situations where the
above considerations are correct. In particular, it is of interest to answer the simple question of what
analytical properties a unimodal distribution must have in order for its convolution with itself to have
the unimodality property. In this case, the resulting distribution describes the sum of two equivalent,
statistically independent random variables. This and similar problems turn out to be quite difficult
problems of mathematical analysis. In this connection, we can mention the problem of unimodality
of the so-called stable distributions and the related more general problem of unimodality of the self-
decomposable distributions introduced by A.N. Kolmogorov (see, for example, [11, 12]). The relevance
of solving such problems is also related to the fact that similar problems arise in problems of statistical
radiophysics (see, for example, [14]), when distributions of measure are determined by characteristic
functions.

Since integral transformations (2) (or transformation (3)) contain a kernel that depends on the
difference of arguments, it seems natural to approach to their study using of the Fourier transform
(the Laplace transform), that is, to solve problems associated with this transformation in terms of
characteristic functions [10]. However, this approach faces serious analytical difficulties due to the
complex relationship between the characteristic functions and the corresponding distributions. There-
fore, establishing the property of strong unimodality of distribution based on the study of the analytical
properties of the integral transformation used in [13] seems more promising to us.

As for the specific result obtained in the work, it is, of course, still insufficient from the point of view of a
complete answer to the question posed in the work about the description of the class of strongly unimodal
distributions onR+. Further progress towards a complete solution to the problem involves extending the
description of this class to distributions of V that do not have twice continuously differentiable densities.
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