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Abstract—For a positively charged particle, the repulsive continuous potentials of three adjacent [111] string
in a silicon crystal create a shallow potential well with the symmetry of an equilateral triangle, which is
described by the  group. The quantum motion of a particle in such a well is of interest in the context of
quantum chaos phenomena. A previously developed numerical procedure for determining energy levels and
wave functions of stationary states, which takes into account the symmetry of this problem, is applied to inves-
tigate the transverse motion of channeled positrons with energies of 5, 6, and 20 GeV. A classification of sta-
tionary states in transverse motion is proposed based on the theory of group representations. The wave func-
tions of stationary states in an axially symmetric potential well are also determined, and the modification of
these functions under the influence of a perturbation with equilateral triangle symmetry is demonstrated. In
the upper region of the triangular potential well, classical motion is chaotic for the vast majority of initial con-
ditions. The structure of the obtained wave functions in this region exhibits characteristic features predicted
by the theory of quantum chaos.
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quantum chaos
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INTRODUCTION
A fast charged particle moving through a crystal at

a small angle relative to the direction of a densely
packed atomic string can become confined within a
potential well formed by one or a number of such
strings, undergoing finite motion in the transverse
plane, which is a phenomenon known as axial chan-
neling [1–4]. In this case, the particle’s motion can be
accurately described using the continuous potential
approximation, where the atomic-string potential is
averaged along its axis [5]. Within this potential field,
the longitudinal component of the particle’s momen-
tum  is conserved, which reduces the problem of
particle motion to a two-dimensional problem in the
transverse plane.

It is well established (e.g., [1]) that quantum effects
can manifest during the channeling of fast particles in
crystals. A series of previous studies [6–10] investi-
gated these effects in the case of electron channeling
along the [110] direction of a silicon crystal, while in
[11–14], the developed approach was extended to the
channeling of both electrons and positrons along the
[100] direction of a silicon crystal. The latter case is
particularly interesting because the phase space of
channeled particles contains regions of both regular

and chaotic dynamics. The symmetry of the potential
in which transverse motion occurs in these two cases
corresponds to the  and  symmetry groups, rep-
resenting rectangular and square symmetry, respec-
tively [15]. These studies confirmed the predictions of
quantum chaos theory [16–19] regarding both the sta-
tistical properties of energy-level distributions and the
nature of individual quantum states when the motion
of a channeled particle exhibits chaotic behavior in the
classical limit. Of particular interest, however, is the
case of particle motion in a potential field with equilat-
eral triangular symmetry, which corresponds to the 
symmetry group. We note that this symmetry charac-
terizes the Hénon–Heiles model potential, which was
examined in one of the pioneering studies on dynam-
ical chaos [20]. Furthermore, one of the seminal
investigations of chaos-assisted tunneling [21] was also
conducted for a potential exhibiting triangular sym-
metry.

In the present study, the numerical method from
[22] is used to determine the energy level sets of trans-
verse motion and the corresponding wave functions of
stationary states for positrons channeled along the
[111] direction of a silicon crystal. In this case, the
repulsive potentials of neighboring atomic strings cre-
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ate a shallow potential well exhibiting  symmetry.
The study discusses the qualitative characteristics of
the obtained wave functions and classifies them
according to irreducible representations of the 
group. Additionally, the relationship between these
wave functions and those of a particle in a two-dimen-
sional axially symmetric potential well is examined.
The parameters of the latter are chosen to ensure the
same average semiclassical energy level density as that
of the considered well in a silicon crystal.

SIMULATION PROCEDURE

The motion of a relativistic particle in a crystal at a
small angle to a densely packed crystallographic axis
can be described as two-dimensional motion in the
transverse plane (relative to this axis) under the influ-
ence of continuous potentials averaged along the
atomic strings normal to this plane while conserving
the longitudinal component of the particle’s momen-
tum . In the (111) plane of a silicon crystal, such
atomic strings form a hexagonal lattice with a primitive
cell side length given by  Å, where az
is the lattice period of silicon. For a positron, the con-
tinuous potential of an atomic string is repulsive, and
a shallow potential well forms near the center of a tri-
angle whose vertices correspond to the three nearest
atomic strings (Fig. 1). Within this well, a positron can
undergo finite motion in the transverse plane, a phe-
nomenon known as axial channeling. The positron’s
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potential energy, taking into account the contributions
of these three atomic strings, is described by the fol-
lowing sum:

(1)

where the constant is selected such that the potential is
zero at the center of the triangle. The continuous
potential of a single atomic string is approximated by
the following equation [1]:

(2)

where for the [111] string of the silicon crystal, U0 =
58.8 eV, α = 0.37, β = 2.0, and R = 0.194 Å (Thomas–
Fermi radius). The transverse motion states of the
positron are described by the Hamiltonian

(3)

in which the quantity E∥/c2 plays the role of the parti-
cle’s mass, and E∥ = (m2c4 + c2)1/2 is the energy of
longitudinal motion [1].

The determination of eigenfunctions and eigenval-
ues of the Hamiltonian (3) with potential (1) is only
possible numerically. The approach presented is based
on the so-called spectral method for finding the eigen-
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Fig. 1. Potential energy (1) of a positron moving near the [111] direction of a silicon crystal.
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values and eigenfunctions of the Hamiltonian [23]
(the details of which, as concerns the channeling prob-
lem, are described in [6–9, 24, 25]). This method
involves numerical simulation of the time evolution of
a wave packet, which is described by the time-depen-
dent Schrödinger equation. A specific feature of the
numerical solution of the quantum-mechanical prob-
lem with potential (1) is the need to define the wave
function on a hexagonal discrete grid. It was shown in
[22] that using a square grid leads to the emergence of
nonphysical artifacts. A procedure that takes into
account the symmetry of the problem, which uses a
hexagonal grid, was described there, and the absence
of artifacts was demonstrated. This procedure is
employed in the present work.

To investigate the spectrum of the Hamiltonian (3), its
eigenstates must be classified according to the symme-
try properties of potential (1). Since potential (1)
exhibits the symmetry of an equilateral triangle, all
available transverse motion states can be classified
according to irreducible representations of the 
group (or its isomorphic group D3) [15], based on the
type of symmetry of the wave function. The group ele-
ments include the identity transformation I, rotations
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v

about angles of 2π/3 and 4π/3, denoted R and R2,
reflection in the “vertical” plane P, and the combina-
tions PR and PR2. This group has two one-dimen-
sional irreducible representations, denoted A1 and A2,
which correspond to nondegenerate energy levels, and
one two-dimensional representation, denoted E,
which corresponds to doubly degenerate energy levels.
The function that remains invariant under all transfor-
mations forms the basis for the one-dimensional irre-
ducible representation A1. An initial wave packet that
satisfies this requirement can be easily constructed
from the results of applying all the group operators to
a nonsymmetric Gaussian wave packet ψ0, with the
operators being summed with equal weights:

(4)

The function that changes sign upon reflection,

(5)

forms the basis for the representation A2.
Since the complete set of eigenfunctions of a real

Hamiltonian can always be selected to be real (e.g.,
[19]), it is convenient to select two linearly indepen-

( )ψ = ψ + ψ + ψ + ψ + ψ + ψ1 2 2
0 0 0 0 0 0.A R R P PR PR

( )ψ = ψ + ψ + ψ − ψ − ψ − ψ2 2 2
0 0 0 0 0 0,A R R P PR PR

Fig. 2. Graphs of the eigenfunctions of the discrete spectrum of the transverse motion of positrons with the energy E∥ = 6 GeV in
a potential well (1), with lines marking the classical boundaries of motion U(x, y) = E⊥. The energy levels of the transverse motion
of positrons are also shown, with a horizontal dashed line marking the height of the saddle point of the potential (1) U = 0.3278 eV.
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dent wave packets containing only doubly degenerate
states as linear combinations of the form

(6)

(7)

The first of these functions remains invariant upon
reflection P, while the second changes sign. Under
rotation operations, the graphs of these functions
rotate by the corresponding angle. At first glance, this
behavior corresponds to a reducible representation of

( )ψ = ψ − ψ − ψ
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the group; however, from functions (6) and (7), one
can construct a basis for the two-dimensional irreduc-
ible representation E by considering them as the real
and imaginary parts of complex basis functions.
Indeed, the functions

transform into each other under reflections, and
acquire a phase factor under rotations.

RESULTS AND DISCUSSION
In the study, the wave functions of stationary states

of transverse motion in a potential well (1) for posi-
trons with energies E∥ = 5, 6, and 20 GeV were calcu-

( ) ( ) ( ) ( ) ( ) ( )ψ = ψ + ψ ψ = ψ − ψ1 2,R I R IE E E E E Ei i

Fig. 3. Comparison of the wave functions of states with E⊥ = 0.1487 eV in a potential well (1) and wave functions of states with
E⊥ = 0.14822 eV in a potential well (8), with lines marking the classical boundaries of motion U(x, y) = E⊥. The irregularity of the
black and white regions far from the center of the potential well is due to uncertainties in numerical simulation.
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lated numerically. From quasi-classical arguments
(e.g., [1]), it follows that the number of bound states in
the well increases with increasing E∥. It turns out that
for an energy of 5 GeV, bound states of the symmetry
type A2 are still absent, while at an energy of 6 GeV, the
first such state appears near the upper edge of the
potential well (its depth is 0.3278 eV). Such behavior is
not surprising, since the symmetry of the wave func-
tions of this type suggests the presence of at least three
nodal lines in the azimuthal direction, which corre-
sponds to a relatively high average kinetic energy of the
state. The graphs of all the wave functions for the
bound stationary states at E∥ = 6 GeV are shown in
Fig. 2, along with the energy level diagram for the
transverse motion E⊥.

It is interesting to compare the wave functions of
stationary states in the potential well (1) with similar
wave functions in an axially symmetric potential well.
For this comparison, a potential well in the form of a
power function was taken,

(8)

where the coefficients γ and δ were selected such that
the phase space available for motion with an energy
less than or equal to the given value E⊥ was adjusted
accordingly, i.e.,

(9)

( ) δ= γ = +2 2, , ,U x y r r x y

( ) ⊥≤

 

, , ,x y

x y
H x y p p E

dxdydp dp

Fig. 4. Same as Fig. 3, for states with E⊥ = 0.22318 eV in a potential well (1) and for states with E⊥ = 0.21943 eV in a potential well
(8).
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(where H(x, y, px, py) is the classical Hamiltonian of
the system) was the same for both potentials (1) and (8).
For positrons with the energy E∥ = 6 GeV, this selec-
tion of coefficients resulted in γ = 3.1807 and δ = 1.85,
provided that the distance to the axis of the potential
well is expressed in Angstroms in Eq. (8), and the
potential energy is given in electron volts.

In the field of an axially symmetric potential, along
with the transverse energy E⊥, the projection of the
particle’s orbital angular momentum m onto the axis
of the potential well is reatined. The presence of these
two integrals of motion makes the two-dimensional
system integrable. Stationary states in this case are
characterized by two quantum numbers: the radial
quantum number nr (corresponding to the number of
zeros of the radial part of the wave function, excluding
the zeros at r = 0 and r → ∞) and the orbital quantum

number m (for example, problem 4.7 in [26], as well as
[7–9]). States with m = 0 are nondegenerate, while
states with m ≠ 0 are doubly degenerate with respect to
the sign of m (i.e., with respect to the direction of the
projection of the particle’s orbital angular momentum
onto the axis of the potential well). In the latter case, a
pair of wave functions corresponding to such a doubly
degenerate energy level is conveniently chosen to be
purely real in the form of

(10)

The values of these quantum numbers for a specific
state can be determined by counting the nodal lines on
the wave-function graph. For convenience in this
counting, regions where the function takes positive
values are shaded white, and regions with negative val-
ues are shaded black, as shown in Figs. 3–6. The right
columns of these figures provide examples of wave

( ) ( )ρ φ ρ φ, ,sin ,   cos .
r rn m n mr m r m

Fig. 5. Same as Fig. 3, for states with E⊥ = 0.28313 eV in a potential well (1) and for states with E⊥ = 0.28792 eV in a potential well (8).
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functions of the form (10) for stationary states in the
potential well (8).

Group theory predicts (e.g. , [27]) that the pertur-
bation of the field of an axially symmetric potential
with  symmetry (as in the case of potential (1))
leads to elimination of the degeneracy of states with |m|
being a multiple of three, while the degeneracy is
retained in other cases. Comparison of the wave func-
tions of potential (1) with those of the axially symmet-
ric potential (8) illustrates this conclusion: the pair of
degenerate states with nr = 0, |m| = 1 under the influ-
ence of perturbation transforms into a pair of similarly
degenerate lowest states, corresponding to the sym-
metry type E (Fig. 3), the pair of states with nr = 0,
|m| = 2 transforms into a second pair of E-type states
(Fig. 4), and the pair of states with nr = 1, |m| = 1 trans-

3C
v

forms into a third pair of E-type states (Fig. 5). In con-
trast, the pair of states with nr = 0, |m| = 3 splits under
the action of the perturbation into two nondegenerate
states: the third A1-type state and the first (and only for
E∥ = 6 GeV) A2-type state (Fig. 6).

The nodal lines of the wave functions in Figs. 3–6
allow us to trace the relationship between the states in
the potentials (8) and (1). Additionally, the character of
the nodal lines in the wave functions of the potential (1)
reveals a significant difference from the integrable
potential (8). As shown by the study using Poincaré
sections [2, 28], in the upper part of potential (1), the
second integral of motion is absent for the overwhelm-
ing majority of initial conditions, which makes the
equation of motion in potential (1) nonintegrable
(unlike the axially symmetric potential (8)), and the

Fig. 6. Same as Fig. 3, for states with E⊥ = 0.29588 eV and E⊥ = 0.30032 eV in a potential well (1) and for states with E⊥ =
0.28972 eV in a potential well (8).
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motion itself chaotic. One manifestation of dynamical
chaos in quantum mechanics is the specific pattern of
nodal lines of the wave function: in the regular (inte-
grable) case, these lines intersect, forming a chess-
board-like pattern, while in the nonintegrable (cha-
otic) case, they avoid intersections [8, 9, 17, 19].
Examples of this avoidance are visible in the top-left
graphs of Figs. 4–6.

Indeed, this feature, along with other characteristic
aspects of quantum chaos, is most prominent in the
quasi-classical region of parameter values, where the
density of energy levels is high and many nodes and

antinodes of the wave function fit within the potential
well. Figure 7 presents an example of the wave func-
tion of a stationary state of a positron with the energy
E∥ = 20 GeV in the upper part of the potential well (1).
As expected for a chaotic, nonintegrable system, we
observe the typical absence of intersections of the
nodal lines, which is a hallmark of chaotic quantum
behavior.

CONCLUSIONS
In this work, positron channeling near the [111]

direction of a silicon crystal with energies of 5, 6, and
20 GeV has been considered. Using a previously devel-
oped algorithm, all energy levels of the transverse
motion and their corresponding eigenfunctions have
been numerically calculated. Graphs of all wave func-
tions for positrons with an energy of 6 GeV are pre-
sented in this work, while complete sets of wave-func-
tion graphs for the 5 and 20 GeV cases are also pub-
lished in [29].

The wave functions found have been classified
according to the irreducible representations of the
group . This group describes the symmetry of the
potential well in which the transverse motion of chan-
neling positrons occurs. The work demonstrates how a
perturbation, which possesses the symmetry of an
equilateral triangle, leads to differences between these
wave functions and the wave functions in an axially
symmetric potential well. In the upper part of the
potential well, where the classical motion of the parti-
cle is nonintegrable for the majority of initial condi-
tions, qualitative features appear in the structure of the
wave functions, distinguishing them from the wave
functions of integrable systems. Such differences are
most noticeable for positrons with an energy of
20 GeV, as the increased density of energy levels makes
the quasi-classical approximation valid, in which
quantum chaos effects are manifested.
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