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Abstract—A dynamic theory of coherent X-ray radiation generated by a beam of relativistic electrons in a
composite target “amorphous layer-vacuum-periodic layered medium” has been developed. A periodic lay-
ered medium consists of three different layers arranged periodically, with the layers located at an arbitrary
angle to the target surface. Coherent X-ray radiation exits through the rear surface of the target; that is, radi-
ation in the periodic layered medium occurs in the Laue scattering geometry. Within the framework of the
two-wave approximation of the dynamic theory of diffraction, expressions describing the spectral-angular
densities of parametric X-ray radiation (PXR) in the periodic layered medium and diffracted transition radi-
ation (DTR) are obtained and studied.
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INTRODUCTION
Traditionally, the radiation of a relativistic particle

in a periodic layered medium was considered resonant
transition radiation (RTR) [1]. Since the intensity of
transition radiation when crossing one plate is low, it
was proposed to increase it using media consisting of
many plates [2] and artificial periodic media [3]. Fur-
ther experimental and theoretical studies of RTR are
presented in [4–9]. Moreover, experimental works [8,
9], in which RTR spectra were measured with high
accuracy, completely confirmed the theoretical calcu-
lations.

The radiation of a relativistic electron crossing a
target made of a periodic layered medium was first
considered in [10] within the framework of the
dynamic theory of X-ray diffraction in a periodic lay-
ered medium. Coherent X-ray radiation (CXR)
include parametric X-ray radiation (PXR) and dif-
fracted transition radiation (DTR). PXR arises as a
result of diffraction of pseudo-photons of the Cou-
lomb field of a relativistic electron by layers of a peri-
odic medium, similar to PXR in a single crystal on
atomic planes [11–15], and DTR arises as a result of
diffraction by target layers of transition radiation gen-
erated near the front surface of the target, similar to
how DTR is generated in a single crystal [16, 17]. The
CXR of a relativistic electron in a periodic layered
medium for the general case of asymmetric ref lection
of the electron field relative to the target surface in the
Laue scattering geometry was first examined in [18];

in the Bragg scattering geometry, in [19]. In [18, 19]
the possibility of increasing the intensity of PXR and
DTR was shown due to the manifestation of dynamic
diffraction effects in a periodic layered medium. It
should be noted that layered structures are also inter-
esting from the point of view of generating soft X-ray
radiation, which is currently being actively studied by
many scientific groups [20–25]. In all the works cited
above, coherent X-ray radiation of relativistic elec-
trons in a periodic layered medium was considered in
the case of two different layers per period. In [26]
coherent X-ray radiation from a relativistic electron
crossing a periodic layered medium with three differ-
ent layers in a period in the Bragg scattering geometry
was considered for the first time. The possibility of a
significant increase in the intensity of PXR and DTR
in a three-layer structure compared to a two-layer
structure is shown. Modern technologies make it pos-
sible to produce periodic layered atomic structures
with layer thicknesses of about 2 nm, although the
structure itself can have a thickness of 1–5 μm. In such
structures, X-ray radiation will have a short extinction
length, many times shorter than the photoabsorption
length. This fact indicates the possibility of manifesta-
tion of dynamic diffraction effects in coherent X-ray
radiation of relativistic electrons, well known for sin-
gle-crystal media. The manifestation of dynamic dif-
fraction effects in coherent X-ray radiation of relativ-
istic electrons in a three-layer structure was consid-
ered in [27].
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Fig. 1. Geometry of relativistic electron radiation in a composite structure.
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This paper addresses coherent X-ray radiation of
relativistic electrons crossing a composite target
“amorphous layer-amorphous layer-periodic layered
medium.” Coherent X-ray radiation in a periodic lay-
ered medium with three layers in the period is exam-
ined in the Laue scattering geometry, when the radia-
tion escapes through the rear boundary of the target.
Expressions describing the amplitudes of PXR and
DTR from such a structure are obtained. Next, we
consider the case where the second layer is a vacuum
(air). Expressions describing the spectral-angular den-
sities of PXR and DTR and their interference were
derived and investigated.

GEOMETRY OF THE RADIATION PROCESS 
IN COMPOSITE TARGET

Let us consider coherent X-ray radiation (CXR) of
relativistic electrons crossing a three-layer composite
structure consisting of two amorphous layers and a
layer of periodic layered medium with three layers per
period (Fig. 1). Amorphous layers have corresponding
layer thicknesses  and  and dielectric susceptibilities

 and  The third layer consists of periodically
arranged layers with thicknesses   and  and
dielectric susceptibilities   and  respectively.
The period of the layered structure is .
The reflective layers of the periodic layered structure
are located at a certain angle  to the target surface
(Fig. 1), which corresponds to the case of asymmetric

reflection of the radiation field; at an angle of  to

a special case of symmetric reflection. Coherent X-ray
emission from a relativistic electron in a periodic lay-
ered medium and X-ray scattering occurs in the Laue
scattering geometry; that is, the X-rays emerge
through the rear boundary and the target and propa-
gate in the Bragg scattering direction.
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Angular variables ψ, θ, and  are introduced in
expressions for the velocity of a relativistic electron 
and unit vectors  and 

(1)

where  is the unit vector in the direction of the pho-
ton momentum emitted near the direction of the elec-
tron velocity vector; it determines the directions of
PXR radiation along the velocity of the relativistic
electron (PXRV) and transition radiation (TR);  is
the unit vector in the direction of Bragg scattering; it
determines the direction of the emitted PXR and DTR
photons;  is the radiation angle measured from the
axis of the radiation detector ;  is the angle of devia-
tion of the electron in question in the beam, measured
from the axis of the electron beam ; θ0 is the angle
between the direction of propagation of the incident pho-

ton and the axis e1; and  is the Lorentz fac-
tor of the electron. Angular variables are considered the
sum of components parallel and perpendicular to the
plane of the drawing   and

. Vector  is similar to the reciprocal lat-
tice vector in a crystal; it is perpendicular to the target

layers and its length is equal to 

DYNAMIC SCATTERING OF CXR
IN PERIODIC LAYERED MEDIUM

Let us consider the scattering of X-ray radiation in
a periodic layered medium within the framework of
the dynamic theory of diffraction. Let us write the
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COHERENT X-RAY RADIATION OF RELATIVISTIC ELECTRONS 1003
equation for the Fourier transform of the electric field
strength  which follows from the system of Max-
well’s equations

(2)

The Fourier transform of the electric field strength
and the current density of the emitting electron have
the following form:

 and

.

 is the average dielectric susceptibility of a
periodic layered medium, χg and  are Fourier coef-
ficients of the expansion of the dielectric susceptibility
in vectors g: and  =

 where  and

 ( ). Average dielectric suscepti-

bility  in the periodic structure under consideration has

the form  Coefficient χg for

the layered structure under consideration takes the form

(3)

The electromagnetic field emitted by a relativistic
electron in the X-ray frequency range is practically
transverse, which means that the Fourier transforms of
the electric field strengths of the incident radiation

 and diffracted radiation  in a periodic lay-
ered medium can be represented in the form:

(4)

where vectors and are perpendicular to the

vector  and vectors and are perpendicular to

the vector . Vectors and  lie in the
plane of vectors  and  (π-polarization), and vectors

 and  are perpendicular to it (σ-polarization).
Polarization vectors have the form:

Substituting expressions (4) into Eq. (2), we obtain a
system of equations:

(5)

In (5) the following notations were introduced

The dispersion equation of free X-ray waves, fol-
lowing from (5), has the form:

(6)

We will look for a solution to Eq. (6) in the form
 and , where 

and are dynamic additions to the lengths of wave

vectors, related by the equation 

where   

 and  are angles between the wave vectors of the
incident and diffracted waves  and

 and the normal vector to the surface of the

plate N, and  is the Bragg resonance
detuning. In the X-ray region of radiation frequencies,
the quantities and are significantly less than the
frequency of emitted photons  and the following
inequalities  and  are satisfied.
In this case, the dynamic additions to the lengths of
the wave vectors take the form:

(7)

(8)

In expressions (7) and (8) we introduced the fol-
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(9)

where  and  is a spectral function that
changes rapidly with changing radiation frequency 

in the vicinity of the Bragg frequency  and  is the
extinction length of X-ray waves in the considered
periodic layered medium with three layers per period.
In order not to specify the materials of the layers and

their thickness, the extinction length  and dynamic

scattering parameters  and  of X-ray radia-
tion in the periodic structure under consideration with
three layers per period are presented as functions of
variables, which are the ratios of the layer thicknesses

 and  as well as the ratio of the real parts of the

dielectric susceptibilities of the layer substances

 and . To perform calculations and

analyze the dependence of the spectral-angular char-
acteristics of radiation on the parameters of the layers,
it will be sufficient to specify the period of the layered
structure  and the real part of the dielectric suscepti-

bility of the second layer. The obtained parameters
of dynamic scattering are as follows:

(10)

(11)
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where we introduced the following notations:
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(13)

Let us consider the physical meaning of the param-
eters in (11), which determine the process of propaga-
tion of X-ray radiation in a periodic layered medium.

 and  are spectral functions that change
rapidly with changing radiation frequency  in the
vicinity of the Bragg frequency . Parameter ,
which characterizes the reflection of electromagnetic
waves from the layered structure of the target, can take
values from the interval . The value of

parameter  shows the degree of interference of
X-ray waves reflected from different layers over the
period of the target under consideration. If ,
then interference is most constructive, and when

interference is most destructive. Parameter

 determines the degree of photoabsorption of X-ray
radiation in a layered medium. Photoabsorption of
radiation in the target layers is determined by the rela-
tions   and  The lower the value of the param-

eter  the smaller the photoabsorption of X-ray
radiation. This parameter can be represented as the

ratio  of X-ray extinction lengths  in a

layered medium to the average length of its photoab-

sorption 

The value of parameter  determines the loca-
tion in a layered medium of the antinodes of a standing
wave, which is formed as a result of the interference of
incident and diffracted waves. Parameter  takes val-

ues from the interval  If the maxima of the
antinodes lie on a layer with a higher electron density,
then the value of the parameter  is closer to zero. If
the antinode maxima lie on a layer with a lower electron
density (less photoabsorption of X-ray radiation), then
the value of the parameter  is closer to one.

Parameter  determines the asymmetry of the
reflection of the electron field and X-ray radiation rel-
ative to the target surface. At fixed  parameter 
determines the angle between the target surface and
the reflective layers . In the case of symmetrical
reflection of the electron field and X-ray waves relative
to target surface when the reflective layers and the tar-
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get surface are perpendicular , the asymmetry

parameter is equal to one 

AMPLITUDE OF COHERENT RADIATION 
IN COMPOSITE STRUCTURE

The solution of the first Eq. (5) for the electric
Coulomb field strength of an electron in a vacuum
( ) in front of the target looks like

(14)

Since the lengths of the wave vectors of the incident
and diffracted photons in a periodic layered medium are
equal to  and  for
further analysis we will consider  to be a variable,
according to which we will further integrate when apply-
ing boundary conditions. In this case, expression (14)
takes the form:

(15)

where

(16)

In amorphous media, the field consists of the Cou-
lomb field of the electron and the field of emitted free
photons of transition radiation with intensities 
and 
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where

In the third layer consisting of a periodic layered
medium, the electromagnetic field consists of the Cou-
lomb field of a relativistic electron and the fields of two
free X-ray waves propagating in the periodic structure.
For the incident and diffracted waves, we can write the
Fourier transform of the electric field strength:

(19)

(20)

The radiated field in the vacuum behind the target
in the direction of Bragg scattering will have the fol-

lowing form: 

To determine the amplitude of the radiation field
 we will use the boundary conditions on the four

boundaries of the three-layer target under consider-
ation

(21)
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tudes of the diffracted transition radiation and para-
metric X-ray radiation

(22)

(23)

(24)

where 
Since PXR is generated only in the third layer, its

amplitude (24) does not depend on the characteristics of
amorphous media and on the thicknesses of the first two
layers; however, the interference of PXR and DTR signifi-
cantly depends on the characteristics of the first two layers.

We will consider a special case when the second
layer is a vacuum ( ). In this case, expression
(23) takes the following form:

(25)

In expression (25), which describes the diffracted
transition radiation in the direction of Bragg scatter-
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ing, the first term in square brackets corresponds to
the transition radiation generated in the amorphous
layer and the second corresponds to the PI generated
on the input surface in the third layer of the periodic
layered medium. The explicit separation of these terms
makes it possible to study the interference of these
transition radiations.

SPECTRAL-ANGULAR DENSITIES 
OF DTR AND PXR

Let us consider coherent X-ray radiation in the case
of the absence of photoabsorption of X-ray radiation by
the medium. Let us substitute the amplitude (25) into
the well-known expression for the spectral-angular
density of X-ray radiation

(26)

we obtain an expression describing the spectral-angular
density of DTR in the considered three-layer target:
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(32)

Functions  and  describe the spectral-angu-
lar densities of DTR corresponding to the waves of
transition radiation generated in the amorphous layer
and at the front boundary of the periodic medium
layer, respectively, and the function  describes the
interference of these waves.

Constructive interference of transition radiation
from different boundaries of the first amorphous layer
can significantly increase the spectral-angular density
of DTR; its condition following from (28) is the ratio

(33)

Additionally, the spectral-angular density of DTR
can be increased due to constructive interference of tran-
sition radiation waves from the amorphous layer and the
front boundary of the crystalline layer, the condition for
which following from (2.11d) has the form:

(34)

It can be shown that when  interference

term  may exceed the contribution of each TR to
the total DTR output. In the special case when  = 
from (27) under conditions (21) and (22) we arrive at
the expression

(35)

that is, under the conditions under consideration, the
DTR from the three-layer structure under consider-
ation is 9 times higher than the DTR from one plate of
a periodic layered medium.

Using (24) and (25), we obtain an expression
describing the interference of the DTR and PXR radi-
ation mechanisms.
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Fig. 2. Spectral-angular density of DTR at a fixed observa-
tion angle under conditions of constructive interference
(33) and (34). Viewing angle:  mrad and 

Designations: (1)  (2)  (3)  and (4) .
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where  and  interference spectral functions
describing, respectively, the interference of PXR and
DTR from the amorphous layer and the interference
of PXR and DTR from the front boundary of the layer
from the layered structure.

The obtained expressions (27), (32), and (36)
describing the spectral-angular densities of DTR and
PXR and their interference are the main result of this
chapter. These expressions take into account all possi-
ble interference effects, as well as effects associated
with the asymmetry of reflection (parameter ε). These
expressions can be used to analyze the spectral-angu-
lar characteristics of the radiation of a relativistic elec-
tron in the three-layer structure under consideration
depending on the parameters of the layers included in
the target and the energy of the emitting electrons.

NUMERICAL CALCULATIONS
Using the expressions obtained in this work for the

spectral-angular densities of PXR and DTR and their
interference, we will carry out numerical calculations
for an example. Let us assume that a relativistic elec-
tron with the Lorentz factor  intersects the
structure of amorphous layer-vacuum-periodic lay-
ered medium. The layered structure consists of peri-
odically arranged layers of silicon Si, carbon C, and
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tungsten W with thicknesses of respectively
 where  nm. Thickness of the

layered structure is  Let us set the angle
between the axis of the beam of relativistic electrons
and the reflective layers (Bragg angle) θB = 2.25°,
while the Bragg frequency is ωB = 8 keV. In this case, we
will consider an electron moving along the beam axis,
then we will assume  For the radiation fre-
quency under consideration, the real part of the dielectric
susceptibility of silicon, carbon, and tungsten have the
values   and

 Let us choose tungsten W as the
thickness of the first layer  and air layer
thickness is  These thicknesses are calcu-
lated in such a way that, at the Bragg frequency under
consideration, conditions (33) and (34) of the con-
structive interference of transition radiation from the
first and second boundaries of the first tungsten layer
and the interference of TR from the first layer and TR
from the front boundary of the third layer are satisfied.
We will choose the angle between the target surface
and the reflective layers  The asymmetry
parameter in this case is  We will perform cal-
culations for σ-polarized waves (s = 1).

Figure 2 shows curves constructed using formu-
las (27)–(31) describing the contribution of TR from
the first amorphous layer  and the contribution of
the TR generated at the front boundary of the third
layer of a periodic layered medium , as well as their

= = =1 2 3 /3,l l l T = 2T
= μ2 m.L

⊥ψ = ψ =� 0.

−χ = − × 5
Si
' 1.53 10 , −χ = − × 5

C
' 2.25 10 ,

−χ = − × 5
W
' 9.6 10 .

= μ2.1 ma
= μ2.7 m.b

δ = π/6.
ε = 1.15.
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Fig. 3. Spectral-angular densities of PXR and DTR and
their interference. Viewing angle:  mrad and .

Designations: (1)  (2)  and

(3)

10

5

0

–5
–4 –2 0 2 4

η(1)(ω)

1

2

3

ω
d3N(1)

dωdθ┴dθ||

⊥θ = 7 θ =� 0

⊥
ω

ω θ θ�

3 (1)
PXR ;

d N
d d d ⊥

ω
ω θ θ�

3 (1)
DTR ;

d N
d d d

⊥
ω

ω θ θ�

3 (1)
INT .

d N
d d d

Fig. 4. Contribution to the spectral-angular density of

DTR transition radiation from the first layer  and the

front boundary of the third layer  and their interference

 Designations: (1)  (2)  and (3) 

6

4

2

0

–2
–4 –2 0 2 4

η(1)(ω)

1

2

3

ω
d3N(1)

DTR

dωdθ┴dθ||

(s)
1F

(s)
2F

(s)
INT.F (1)

1 ;F (1)
2 ;F (1)

INT.F
interference , to the total spectral-angular density
of DTR. The curves are plotted at a fixed viewing
angle.  mrad and  corresponding to the

(1)
INTF

⊥θ = 2 θ =� 0
JOURNAL OF SURFACE INVESTIGATION: X-RAY, SYNCHRO
maximum angular density of DTR. From Fig. 2 it fol-
lows that in the conditions under consideration the
main contribution to the total DTR is given by the
transition radiation from the first layer and inter-

ference  It should be noted that if there were only
one third layer of the periodic layered medium, then the
spectral-angular density of DTR would be curve .
Thus, the structure under consideration can increase
the spectral-angular density of DTR many times,
which will make it possible to obtain intense beams of
X-ray radiation even at low energies of relativistic elec-
trons.

We will also provide an example of calculations of
the spectral-angular density of PXR, DTR and their
interference. Figure 3 shows curves constructed using
formulas (27), (32), and (36), describing the spectral-
angular densities of PXR and DTR and their interfer-
ence at a fixed observation angle  mrad and

 which corresponds to the maximum angular
density of PXR. Figure 4 shows the contributions of
transition radiations and their interference for the
transition radiation curve shown in Fig. 3.

CONCLUSIONS

The paper develops a theory of coherent X-ray
radiation of relativistic electrons in a composite struc-
ture consisting of two amorphous layers and a layer of
a periodic layered medium. Within the framework of
the two-wave approximation of the dynamic theory of
X-ray diffraction in a periodic layered medium,
expressions are obtained that describe the amplitude
of the Fourier transform of the electric field of radia-
tion, which is presented as the sum of PXR and DTR
amplitudes. Next, we consider the case where the sec-
ond layer is a vacuum. Expressions are obtained that
describe the spectral-angular densities of diffracted
transition radiation and parametric X-ray radiation
and their interference.

It is shown that the contribution to the total DTR
is formed from transition radiation generated in the
amorphous layer and at the front boundary of the peri-
odic layered structure, which under certain conditions
can interfere both constructively and destructively.
The transition radiation is then reflected in the layered
medium in the direction of Bragg scattering, forming
DTR. Thus, it is possible to increase or decrease the
contribution of DTR to the total coherent X-ray radi-
ation due to constructive or destructive interference of
transition radiation.

The possibility of a significant increase in the spec-
tral-angular density of DTR due to the total contribu-
tion of transition radiation waves from the amorphous
layer and the front boundary of the periodic layered
structure and their constructive interference is shown.
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INT.F
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The possibility of the existence of interference
between PXR and DTR in the considered three-layer
structure is demonstrated.
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