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Abstract—Thermophoretic motion of a spherical evaporating droplet in a viscous binary gas medium
at arbitrary relative temperature differences in its vicinity is theoretically described in a quasistationary
approximation at low Reynolds and Peclet numbers. A system of gas-dynamic equations is solved,
including a velocity-linearized system of Navier—Stokes equations, as well as heat and mass transfer
equations. The properties of a gaseous medium are described with account for the power-law depen-
dence of the transfer (viscosity, diffusion, and thermal conductivity) and density coefficients on tem-
perature. The resulting numerical estimates suggest that the dependences of the thermophoretic force
and the velocity of the droplet on the average temperature of its surface are nonlinear.
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INTRODUCTION

In gaseous media with nonuniform temperature distribution, there is an ordered motion of airborne
particles due to the action of molecular interaction forces. The motion of airborne particles in a gaseous
medium because of the presence of a temperature gradient therein is known as thermophoresis [1—3].
If the key mechanism of thermophoresis is thermal sliding, then it is a fair statement that the action
of a thermophoretic force causes the particles to move from a higher-temperature region to a lower-tem-
perature region.

Thermophoresis causes great interest due to the fact that this phenomenon has a significant effect on
the process of particle sedimentation in heat and mass exchangers and can be used (1) in fine cleaning of
small volumes of gases, collecting aerosol samples and applying special coatings of a given thickness, as
well as (2) in the design of experimental devices in which it is necessary to ensure and regulate the directed
motion of aerosol particles.

Moreover, the particles involved in thermophoresis may have a variety of characteristics: their surface
can have various shapes (spherical, cylindrical, spheroidal, etc.); their form can be solid and liquid; their
composition can be heterogeneous; also, these particles can possess anisotropy of thermophysical prop-
erties and have a phase transition on their surface.

Despite the fact that thermophoresis was discovered at the beginning of the 20th century [1], interest
in this phenomenon is constantly growing and new fields of its application are emerging [4—8].

The description of the thermophoresis process is a complex mathematical problem. This is due to the
fact that this particle motion in gases is described by a nonlinear system of gas-dynamic equations.
In addition, the particle motion is affected by processes occurring both on the surface (during direct inter-
action of the molecules of the gaseous medium with the particle surface) and in the volume due to hetero-
geneity of the hydrodynamic, temperature, and concentration fields.

In previously published works, the theory of thermophoresis of evaporating droplets was mainly based
on small relative temperature differences in their vicinity (see, e.g., [2—4]). If T denotes the average sur-
face temperature of an evaporating droplet and 7., denotes the temperature at a long distance from it, then
the following inequality is obtained: (7;¢ — 7..)/T., < 1. When this condition is fulfilled, the molecular
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transfer coefficients (viscosity, thermal conductivity, and diffusion) can be considered as constant, which
significantly simplifies the solution to the system of gas-dynamic equations describing thermophoresis.

In the present paper, the theory of thermophoresis of an evaporating droplet is based on arbitrary rel-
ative temperature differences in its vicinity. There are a few works that consider the case (7;3 — 7..)/T., > 1.
In this case, it is necessary to account for the dependence of the transfer coefficients on temperature; here
the gaseous medium is called nonisothermal (gravity-induced motion of heated large solid particles [9],
as well as photo-, thermo-, and diffusiophoresis of heated large solid particles [10—12]). As shown in [9—
12], heating the surface of solid particles has a significant effect on their motion.

1. PROBLEM STATEMENT. KEY EQUATIONS AND BOUNDARY CONDITOINS

Let a constant small temperature gradient V 7 that is directed along the polar axis z = r cos 6 be main-
tained in an unlimited stationary binary gas mixture using external sources.

Thermophoresis is described in a spherical coordinate system (7,0, ) associated with the center of
mass of the evaporating droplet. With this choice of the position of the origin, the droplet can be consid-
ered as motionless, while the center of gravity of the external environment moves relative to the particle
with velocity U,, in the direction opposite to the direction of its actual motion with the velocity U,,, = -U.,
(U, is the thermophoresis velocity). The distributions of velocities, pressures, relative concentrations, and
temperatures are axially symmetric relative to the Oz axis.

It is assumed that the average distance between the droplets is significantly greater than the droplet
diameter. Due to this, the mutual diffusion-hydrodynamic and thermal effect of the droplets can be
neglected. The particle is considered to be heated, i.e., the condition (7,3 —7.)/T.,, =1 is satisfied.
The reason that the particle surface becomes heated up, for example, can be the presence of internal heat
sources with density ¢;. Heating leads to the fact that the average temperature of the droplet surface differs
significantly from the temperature of the gaseous medium at a long distance from it. With this problem
formulation, the type of internal heat sources is not given, which allows one to use the available results for
a wider range of problems.

When describing the properties of a binary gas mixture, it is necessary to account for the dependence

of viscosity |,, diffusion D,,, density p,, and the thermal conductivities A, and A, on temperature. In this
work, we use the power dependences [13, 14]

Me(te) = Mmtfa ke(te) = kmfg, DIZ(te) = Dootel‘+w’ 7\‘i(l‘i) = }\'I'Otiq{’ pe = poo/tw

where 7, = T,/T.; ; = T/T.; Mo = Wo(T2)5 P = Pe(T2); A = Ao(T2); Do = Diy(T2.); Aig = M(TL.);
0.5£0<1.0,0.5<B<1.0;0.5£®w<1.0, -1 <y < +1; subscripts e and i correspond to a binary gas
mixture and a particle; S denotes the values of physical quantities at the average temperature of the
particle surface; “e~” denotes physical quantities characterizing the gas environment far from the
droplet.

A binary gas mixture consists of two components, whose relative concentrations are denoted by C, and
C,. Inthiscase, C, = n,/n,, C, = n,/n,,and n, = n; + n, is the total number of molecules in a unit volume

of the mixture; p, = nm,, p, = mm,, P, = P; + P2, My, 1 and m,, n, is the mass and numerical concentra-
tion of molecules of the first and second mixture components. The composition of the first component

with concentration C, is the same as that of the substance of the liquid droplet, and the second component
with concentration C, is considered to be the main one (carrier).

It is assumed that C, < C,, i.e., diffusion evaporation is considered, in which the main influence on
the process of heat and mass transfer in the vicinity of the droplet is determined by molecular diffusion.
The circulation of the substance inside the droplet and its evaporation (reactive effect) are taken into
account. The droplet radius is assumed to be constant (the variation time of the droplet radius is much
greater than the relaxation time of diffusion and thermal inhomogeneities near it) [15]. As the droplet
moves, it remains spherical in shape, i.e., the surface tension forces are much greater than the viscous
resistance force. Due to the short time of thermal and diffusion relaxation, the process of heat and mass
transfer in the particle—gas system is quasistationary and free convection can be neglected (the Grashof
number is small). The problem is solved by the hydrodynamic method, i.e., the equations of hydrodynam-
ics and heat and mass transfer with the corresponding boundary conditions are solved.
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Within the framework of the assumptions formulated above, we solve a system of gas-dynamic equa-
tions [16]

d p=J {u{aU’waU"—%SﬁaU"ﬂ, divp,U) =0, B = nkyTy;

a e—gj ox; Jx, 0x

J n

(1)
2
WAU, =VP, divU, =0, divA,VT,)=0, div\,VT)=—q;, div[anVCl] =0,

e

describing the distribution of the mass velocity fields U, and pressure fields P, in a binary gas mixture and
inside an evaporating droplet, as well as the temperature fields 7, and 7; and the relative concentration of
the first component C,.

At infinity (y — o) and at y — 0 (the finiteness of the physical quantities characterizing the droplet),
the following boundary conditions are valid:

y oot Ul=U,cos8, Usg=-U,sin®, P =P, T,=T.+|VT|rcosb,
¢, =C., Yy=r/R (2)
y—= 0 Ty #eo, P#oo, |U|#eco
The droplet is considered to be large, so the boundary conditions do not account for the linear correc-
tions of the Knudsen number (temperature jump, isothermal slip, etc.) [3], the thermal diffusion, and the

Dufour effect (second-order smallness effects). On the droplet surface (y = 1), the following conditions
are satisfied:

2 2 )
mU, + Dy, nem 9, _ . mU; =Dy nem 0C, mU,; (3)
PR dy PR dy
; oT, D, dC
Us —Up = KW ~eZe y gm0 1 =, 4
0 0 TS 7.; ae DS R ae e i ( )
2
G Gl = L S o0 R(T T2 5)
u aU;+lM_U_g +a_GE: . a_Ué+la_U'I‘_% (6)
‘\ogy yoo y) 0T 06 Loy yoo y)

Equations (3) account for the impermeability of the radial mass flow for the second component of the
binary gas mixture and the continuity of the radial flow for the first component. Equation (4) accounts
for the difference in the tangential components of the velocities of the internal and external environments,
equal to the sum of the thermal and diffusion slip velocities, as well as the equality of the temperatures.
Equation (5) accounts for the continuity of the radial heat flows, including the heat spent on the phase
transition of the droplet substance into the first component of the binary gas mixture and on radiation.
Equation (6) shows the continuity of the tangential components of the viscous stress tensor and the depen-

dence of the surface tension coefficient on temperature. In system (3)—(6), nU:, nU: and

Dy, (n’m, /(p,R))IC, /9y, D(n’m,/(p,R))IC,/dy are the radial convective and diffusion flows of the first

and second components, respectively; x, are the Cartesian coordinates; U, are the mass velocity compo-
nents; K}g) and Kg); denote the thermal and diffusion slip coefficients, which are determined from the
solution of the Boltzmann equation for the Knudsen layer (in the general case, their form depends on the

molecular interaction model, the masses of the molecules, and the average surface temperature of the par-
ticle [17, 18]); o is the surface tension coefficient; G, is the Stefan—Boltzmann constant; G, is the integral
emissivity of the particle; L is the specific phase transition heat; U, = |Uw| is the free-stream velocity; #;
denotes the number of molecules per unit volume of a droplet; v, is the kinematic viscosity; kg is the

Boltzmann constant; U, , U, denotes the radial and tangential mass velocity components in spherical
coordinates.

Relative concentration of molecules of the first component (undergoing phase transition) of the exter-
nal mixture C;, = C,4(7;5) near the droplet surface in linear approximation with respect to the temperature
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perturbation §7;(y,0) satisfies the condition C, = C\&(T}s) + C(T;5)8T;. Here the value of 8T(y,0) is

determined from the boundary conditions on the droplet surface; Cl(_f )(T,-S) = nf_é’ ) /n,; nl(g ' denotes the
maximum concentration of molecules of the first component, which depends on the average temperature

H

of the droplet surface Tg; Ci = (1/n,)dn\s /9T, is derived from the maximum concentration.

The key parameters in the problem are the material constants L, and A_, as well as quantities R, 7.,
|[VT|,and U, retained during the particle motion. From these parameters, one can construct a dimension-
less combination characterizing the temperature difference on the particle and playing the role of a small
parameter of the problem: € = R|VT|/T., <« 12, 3]. The calculation of the force and velocity of thermo-
phoresis is to be limited to the first order of smallness.

For € <« 1, the incoming flow has only a perturbing effect, so the solution to the equations of gas
dynamics is sought for in the form of an expansion in a small parameter.

2. FIELDS OF VELOCITIES, PRESSURES, TEMPERATURES, AND RELATIVE
CONCENTRATION OF THE FIRST COMPONENT

For most gases, the thermal conductivity of a droplet is much greater than the thermal conductivity of
gas. This means that the equation of dynamic viscosity can be constructed without the dependence on
angle 0 in the particle—gaseous medium system; also, it can be assumed that the mixture viscosity depends
only on temperature 7,,(y), i.e., W (Z,(»,0)) = W (Z,,(y)). In this case, £,(y,0) = t,,(y) + 0t,(y,0), where
01,(3,0), t,,(y) are determined from the solution to the thermal problem.

With this assumption, the hydrodynamic part of the problem can be considered separately from the
thermal and diffusion parts and the relationship between these parts can be established using boundary
conditions. The method applied here is taken from [9—12], in which it was shown that the velocity-linear-
ized Navier—Stokes equations (1) were reduced to a third-order inhomogeneous linear differential equa-

tion with an isolated singular point. The solution to the resulting differential equation was obtained in the
form of generalized power series, and the existence theorem for the resulting solution is proven too [19].

Thus, for the mass velocity components U, and the pressure components P,, the following expressions
are obtained that satisfy the boundary conditions (2):

U;(»,0) =U.cos0G(y), G(y)= AG )+ AG(y)+Gs5(»),

Us(3,0) = —U..sin0g(y), g(y) = AG,(») + A,Gs(y) + G5(),

U 2 ~1 . . .
P(.6) = P. +“°°T°°tfo{y50 +y(3+BTyf)G +(2—y2f —gyzfz +@-2/)G

i

Here

=3

G =53¢ Gy = CP + 0, ()G (),
Y n=0

n=0

= Ldteo(y) G — l N C(z)l” + 1 G )i = Ty
f) o () yZO DI + @, NG, 1) ST

gy =G+ %(G'(y) - fMGR), Gy = (1 + ij—3(y) + %yG}c_a ),

/
2(1+ o)
k=4,5,6,

the primes next to f and G denote the derivatives of the corresponding functions; coefficients C,ﬁl) , C,iz),

and Cf) are determined using the recurrence formulas from [19].
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The general solution to system (1), describing the velocity and pressure fields inside an evaporating
droplet, has the form [16]

Uj(,0) = U..cosO(4 + 4,y°), Ug(y,0) = —U..sin8(4; +24,)%),

P(»,0) = P, +10(u;/R)U.. cos 04,y".
The integration constants 4,, 4,, 4;, A,, and I', are determined using the boundary conditions of the

problem.

The heat conduction equations outside and inside the droplet are solved by the variable separation
method, and the solution to the diffusion equation is given in the form of generalized power series [20].

Thus, the general solutions to the heat and mass transfer equations that satisfy the boundary con-
ditions (6) have the form

te(y; e) = tBO(y) + gtel(ya e)’ t[(ya e) = tzO(y) + 8l‘il(ya e)a

Ci(»,0) = Cp(y) + £C1(1,0),
where

r o—m
1,(3,0) = C‘t’se(w—‘} Cio(y) = Cro + Myl = 1),
y

2
e0

1 1/(1+y) ’

H, WV, _(I+7R
t, B+ — 2| y,dy+ | 2d , H, =+ g
oy) = ( 0 y J.\Ifo y I J’] 0 3,T 0

1/(1+o)
R(1+Y) ZJ‘CIldx feo(Y):(l"'%j )

Ci(»,0) = cosOM (), Wo(y) = S J

00 =258 gy P gy Ll = RO
o th y 3 1y2 yz1 ’ 3T

i0

= I%fqidV, Jy = %fq,-de,

y_[q,xdx V—%‘RR x =cos0, z=rcosb,

v (y) = _2}\”07,

D(y) = —ZA‘”I A" =1, dV =r’sin0drdodeg,

g;zdV isthe dipole moment of the heat source density [21, 22]; integration is carried out over the entire
volume of the evaporating droplet.

. 1 .
For n > 1, we determine A( ) using the recurrence formulas

AV = m[(nﬂ)(z(n D-— )A“) (n—2)(n—1—ﬁ)Ai”2},

forn<0,A =0.
The average value of the droplet surface temperature 74 is obtained by solving the system

_ _ 4o C Coo
lis = les, 1_‘0 — les -1, MO (1+(x ©) : >
teS - 1
R n2mmDS 1+ o — o /8,00 RT
los = 0~ Myt — 0,0, —= (teS 1).
1+ o 3\,sT. p.TAs 140 Aes
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Here T =T.ti;, T.s=T.ls, ts= ’f0|y=1§ les = ’eo|y=1; Aes = Aetoss Mg = Aigtiss  h = n(TL);
— .S 1 S) _
w = P1.); Dy = s = l|

3. THERMOPHORETIC FORCE AND VELOCITY. RESULTS AND DISCUSSION
The resulting force acting on the particle is determined by integrating the stress tensor over the sur-
face [16]:
= '[ (P, cos 0 + G,, cos 0 — G, sin O)r” sin Gdedq){rzk . @)
S
Here G,, and G,4 are the stress tensor components [ 16].

After the resulting expressions are substituted into Eq. (7) and integrated, the resulting force becomes
the sum of the viscous resistance force of the medium £, and the thermophoretic force F:

F, = 6nRu fU.n, Fy =-6nRu, f|VTn, ®)
(n, is the unit vector in the direction of the Oz axis).

The values of f, and f;;, can be calculated using the following expressions:

_ 2N,(1) + N3(DU,s/(Blys) _ . '
f;l 3Nl(1)+N4(1)M35/(3M15), Nl(l) Gl(l)Gz(l) GZ(I)Gl(l),

[ ' '
a](G:%(l)Gl(l)_GI(I)G3(1))3

N3(1) = Gy(1)Gy'(1) = G(DG5 (1) + (2 +

(8)

OJ (G,(DG (1) = G(1)Gx(D)),

N,(1) = G,(DG'(D) = G(1)Gy (1) + [2 +

, , RTt
N,(1) = G(1)G3(1) — G5(1)G{(1), a, =1+ 40,0, ) s =V (Tis),
iS
(S) 2
fu = 4}\‘95' Gi(1) { KO Ves | KO DOCKT. + R 80 n,
Mis 1,68 TL(N, (1) + Ny(1i,s /(i) 3W;s afz Moo

CT<I>(1) 1 | 1+o- (DMOI(S)1+0Lm(1+(D)al_ ® ,
D (1) nliteS 1+o nliteS

5=a0+2h—L ”ozomlmz Dl(ig)(CﬁyTw D) 1+OL wl(S)MO )’
Mis  PTihisles D,(1) 1+o
- m@(l)[l_ Mes Gi(1) + Gy(1) = Gy(1)
P.Gi(1) ;s G, (1)

The total force is equated to zero: the droplet uniformly moves in a straight line as the force of viscous
resistance of the medium is balanced by the photophoretic force. Thus, the following expression is
obtained for the photophoretic velocity of a large spherical evaporating droplet

1

js Wes = Le(Tis),  Wis = Wi(Tis).

Uy = —%IV Tln,. )

This paper developes the general theory of thermophoresis of large evaporating droplets at arbitrary
relative temperature differences in their vicinity.

Coefficient f;, included in the expressions for the thermophoresis force and velocity is the sum of four

terms. The first term, which is proportional to the thermal slip coefficient K. }%) , corresponds to the motion
of the evaporating droplet in the direction of a temperature drop in the environment, i.e., from the higher-
temperature region to the lower-temperature region. The fourth term (describing the reactive component
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of the momentum acting on the droplet) is due to the phase transition and circulation of the substance

inside the droplet (internal flow). These terms are included in the expression for f;, with different signs.
The droplet can move in the direction of both temperature growth and temperature drop. The third term
is due to the presence of variable interfacial tension on the droplet surface. For most liquids, the surface

tension decreases with an increase in the temperature (dG/dt; < 0), so the third term contributes to the
force and velocity in the direction of temperature growth in the environment of the droplet. In the pres-

ence of the second term, which describes the diffusion slip proportional to K ;)os) , the droplet can move in

the direction of both temperature growth and drop, depending on the mass of the binary gas mixture com-
ponents. If the molecular mass of the external mixture component undergoing the phase transition on the

droplet surface is m; < m,, then Kg)s) > 0. Otherwise, KS)S) < 0. The above-considered terms show that
changes are observed not only in the thermophoresis force and velocity, but also in their direction. More-
over, the expression for f;;, includes functions G), G,, G;, and ®,, as well as their first derivatives, which
depend on the average temperature of the droplet surface and on indices o, B, ®, and y. The average tem-

perature of the droplet surface depends significantly on the heat source density ¢;, which, in the case of
absorption of electromagnetic radiation, can be estimated, for example, using the formula

4ntn,.a
i = —k 1y
ns7\’0

where m;, = n, + ia, is the complex refractive index of the droplet; #, is the refractive index of the medium;

A, and I, denote the wavelength and intensity of the incident radiation; B, is the coordinate function cal-
culated using the Mie theory [21]. The specific numerical estimates suggest that the presence of heat
sources also affects the thermophoresis force and velocity.

Equations (8) and (9) for the resistance force, the thermophoresis force, and the thermophoresis
velocity can also be used for small relative temperature differences. In this case, the average temperature

of the particle surface differs slightly from the temperature of the ambient gas far from it; as 'y — 0 we
have G, =1, G =-3,G/' =12, G, =1,G,=-1,G, =2, G, =1,G, =0, Gy =0, Ny,=2, N, =3,
N,=6,N,=6,G,=-1/2,G, =3/2,®, =1,and ®, = -2.

In this case, Egs. (8) and (9) transform into the corresponding expressions [1—3]. In particular, if the
boundary conditions of continuity of radial mass and heat flows are replaced with the corresponding

boundary conditions [4] and the corresponding transformations are performed, then Eq. (9) coincides
with the formula obtained in [4]. With fulfillment of the conditions

L0, Ms 50 p® 50, 99 0 950 Ty -0

Wis a7 ot;
and with the assumption that the value of the thermal slip coefficient is equal to the Maxwell value, the
Epstein formula is obtained [1].

The effect of heating the surface of the evaporating droplet on the thermophoresis force at arbitrary
temperature differences is described. Figures 1 and 2 demonstrate how the average particle surface tem-

perature T} affects functions £ = f, /fis and fif,, = fium/fiums - The calculation of £, is based on the
equations of thermophoresis of a large evaporating droplet at small temperature differences [2, 3].
However, the molecular transfer coefficients are calculated using the average droplet surface tem-
perature. This is necessary to determine the possibility of using equations for describing thermopho-
resis at small relative temperature differences in the case where one not only accounts for surface
heating, but also for the dependence of the transfer coefficients on temperature. Figures 1 and 2 sug-
gest that there is a significant error in the results of the calculations based on the equations of the
thermophoresis force and velocity obtained at small temperature differences. The values of the coef-
ficients are taken from [13, 14, 23].

Bka

CONCLUSIONS

This paper presents the equations of the thermophoresis force and velocity. These equations describe
the motion of large evaporating droplets in a temperature gradient field and account for the power-law
dependence of the molecular transfer coefficients (viscosity, thermal conductivity, and diffusion), as well
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Fig. 1. Dependences of functions fj, () and ft”ﬁm (2) on the average temperature 7 of the surface of the airborne water
droplet having the radius R = 30x 10 ® mat 7., = 273 K, P, = 10° Pa, Cj.. = 0.001, & = 0.765, B = 0.693, ® = 0.652,
K =1.161,and K% = 0.3.
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Fig. 2. Dependences of functions £}, (1) and £}, (2) on the average temperature ;g of the surface of the airborne lithium
droplet having the radius R = 30 x 107 mat T.,=288K, P, = 10° Pa, Ci.. = 0.001, oo = 0.765, f = 0.693, ® = 0.652,
K =1.161,and K% = 0.3.

as the density of the gaseous medium on temperature at arbitrary relative temperature differences.
The numerical estimates show that the dependences of the thermophoresis force and velocity on the aver-
age temperature of the particle surface are nonlinear.
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